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Abstract. Discrete tomography focuses on the reconstruction of functions from their line sums
in a finite number d of directions. In this paper we consider functions f : A — R where A
is a finite subset of Z? and R an integral domain. Several reconstruction methods have been
introduced in the literature. Recently Ceko, Pagani and Tijdeman developed a fast method to
reconstruct a function with the same line sums as f. Up to here we assumed that the line sums are
exact. Some authors have developed methods to recover the function f under suitable conditions
by using the redundancy of data. In this paper we investigate the case where a small number
of line sums are incorrect as may happen when discrete tomography is applied for data storage
or transmission. We show how less than d/2 errors can be corrected and that this bound is the
best possible. Moreover, we prove that if it is known that the line sums in k given directions are
correct, then the line sums in every other direction can be corrected provided that the number of
wrong line sums in that direction is less than & /2.
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1. Introduction

We consider functions f : A — R where A = {(i,j) € Z*> : 0 < i < m,0 < j < n} for given
positive integers m, n and integral domain R, e.g. Z, R or a finite field. We assume that f is unknown,
but that its line sums in a positive number d of directions are given. The line sums are often referred
to as X-rays to highlight the link between discrete tomography and computed tomography scans. This
type of discrete tomography problem has been widely studied, see e.g. [1H10]]. Discrete tomography
originated in the study of crystals which may be damaged when many X-rays are used [11,[12]. In
such applications the possible values of the line sums are linear combinations of a finite set of positive
real numbers. Later applications of discrete tomography were developed where the co-domain of f
can be chosen, such as distributed storage [[13}[14]], watermarking [15.[16], image compression [17]
and erasure coding [18H20]].

It makes an essential difference whether the line sums are exact or not. If they are exact then there
is at least one function satisfying the line sums, but there may be infinitely many. In 1978 Katz [21]]
gave a necessary and sufficient condition for the uniqueness of the solution. The structure of possible
solutions of a discrete tomography problem has been studied by numerous authors. It turns out that
proving the existence of a solution, and in case of existence a subsequent reconstruction, can be very
hard if the range of the function on A is restricted to a fixed finite set. In 1991 Fishburn, Lagarias,
Reeds and Shepp [11] gave necessary and sufficient conditions for uniqueness of reconstruction of
functions f : A — {1,2,..., N} for some positive integer N > 1. See also the thesis of Wiegelmann
[22]]. In 1999 and 2000 Gardner, Gritzmann and Prangenberg [23l124] showed under very general
conditions that proving the existence or uniqueness of a function f : A — N from its line sums in
d directions is NP-complete. The crux of the NP-results is that the co-domain is not closed under
subtraction.

If the co-domain R is an integral domain, then linear algebra techniques such as Gauss elimination
provide polynomial time algorithms. This is useful for the practical reconstruction of f, see e.g.
Batenburg and Sijbers [2]]. In the present paper we investigate the theoretical structure of solutions
and leave such computational techniques aside. If the solution is not unique, then any two solutions
differ by a so-called ghost, a nontrivial function g : A — R for which all the line sums in the d
directions vanish. In 2001 Hajdu and Tijdeman [7] gave an explicit algebraic expression for the ghost
of minimal size and showed that every ghost is a linear combination of shifts of it. It implies that
arbitrary function values can be given to a certain set of points of A and that thereafter the function
values of the other points of A are uniquely determined by the line sums, see Dulio and Pagani [25]].

Suppose A is an m by n grid and the line sums of a function f : A — R in d directions are known.
Recently a method was developed to construct a function g : A — R which has the same line sums as
f has in time linear in dmn as to the number of operations such as addition and multiplication. This
development started with four papers of Dulio, Frosini and Pagani [4}26-28]] with fast reconstruction
results for corner regions of A in case d = 2 or 3. Subsequently Pagani and Tijdeman [29] did so
for general d. In particular, their approach enables one to reconstruct f, if f is the only function
which satisfies the line sums in the d directions. Finally Ceko, Pagani and Tijdeman [30] developed
an algorithm to construct a function g : A — R in time linear in dmn such that g has the same line
sums as f. This yields a parameter representation of all the functions g : A — R which have the same
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line sums as f. We think it is unlikely that there exists a general reconstruction method which requires
essentially less than O(dmn) operations, if the solution is unique.

A remaining problem is to construct the most likely consistent set of line sums if the measured line
sums contain errors. The most common cause of inconsistency of line sums is noise. This happens,
for example, if the line sums are approximations of line integrals. Here the assumption is that many
line sums may not be exact, but that for each line sum the difference between measured and actual
sum is small. Many algorithms have been developed to deal with this situation in case R = R,
often approximation methods which work well in practice but do not guarantee optimality. See for
example Parts 2 of the books edited by Herman and Kuba [9,131]] and the paper by Batenburg and
Sijbers [2].

The consistent set of line sums nearest to the measured line sums in case of & = R can be
constructed as follows. Consider the incidence matrix B of the lines in the d given directions and
intersecting A. This is an L by mn matrix where L is the total number of such lines. Then the range
of B forms a subspace in R”. By constructing the orthogonal projection of the vector of the measured
line sums onto this subspace, we obtain the consistent line sum vector by nearest to the measured one.
Theorem 5.5.1 of [32]] provides the standard tool from linear algebra to compute the vector by. For
more details on this procedure see Theorem 4.1 of [33]].

In the present paper we deal with another type of errors, viz. errors which may be arbitrary large,
but are small in number. For literature in this direction, see e.g. [[13L[14,[18l[19]. Again the properties of
the co-domain of f make an essential difference. Alpers and Gritzmann [34] showed that for functions
f:A—{0,1} the Hamming distance between any two solutions with equal cardinality of the lattice
sets is 2(d — 1). They remarked that the problem of determining how the individual measurements
should be corrected in order to provide consistency of the data is NP-complete whenever d > 3.
The situation is again totally different and much more favourable if the co-domain of f is an integral
domain.

A common approach for error correction in linear systems involves solving an L; minimization
problem [35/36]. Candes, Romberg and Tao showed that an object may be recovered exactly from
incomplete frequency samples via convex optimization [37]]. Chandra, Svalbe, Guédon, Kingston and
Normand [18]] used redundant image regions to reconstruct the original function f in linear time. They
chose m, n and the directions appropriately and assumed that all the line sums in some directions were
wrong. This result is comparable with our Theorem 2.2l which, however, is valid for any m, n and any
finite set of directions. In Theorem we show thatif f : A — Rand g : A — R do not have
the same line sums, then at least d line sums are different and in case of < d/2 wrong line sums
reconstruction of f can be done in polynomial time. (Even < d wrong line sums if it is known which
line sums are wrong). A simple example shows that here the bounds d and d/2, respectively, are the
best possible (see Section [3). After having corrected the wrong line sums, we have a consistent set
of line sums and the method from [29,130] can be applied to find the optimal solution in the above
described sense.

Theorems 2.1] and 2.2] are stated in the next section. Moreover, in Sections 9-11 we give a pseu-
docode algorithm and an example, and prove that the complexity is O(d*mn) operations. Of course, it
may happen that the number of errors is much smaller than d/2. We introduce F for the total number
of errors and G for the maximum of the number of wrong line sums in some direction as parameters so
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that the amount of computation can be reduced if it is expected that there are far less than d/2 errors.
Here F' and G can be freely chosen such that G < F' < d/2.

In the proofs of the theorems we use the fact that there is redundancy in the information given
by the line sums. Hajdu and Tijdeman [38]] pursued an analysis of the redundacy by Van Dalen [39].
Their line sum relation lemma (Lemmal6.1)) is the basis of the present paper. Besides, some properties
of Vandermonde determinants are derived and used. By the redundacy of data the values of the wrong
line sums do not matter. The lines with correct line sums are detected and the right values of the wrong
line sums are derived from the correct line sums.

2. The main results

Let d,m,n be positive integers and A = {(i,j) € Z*:0<i <m,0 < j < n}. Let D = {(ap, by) :
h =1,2,...,d} be a set of pairs of coprime integers with a;, > 0 and b, = 1 if aj, = 0. We call the
elements of D directions. For f : A — R we define the line sum in the direction of (ay, by) by

lpyp = > ) @)

(17])6‘47 bhi_ahj:t

forh=1,2,...,dandt € Z. Denote for all h and ¢ by £} , the corresponding measured line sum. We
call line sums with £} , = ¢}, ; correct line sums and others wrong line sums. In this paper we suppose
that all the line sums in the directions of D are measured and that there are less than d/2 wrong line
sums and show how to correct them.

Theorem 2.1. Let d, m,n be positive integers and let A and D be as defined above. Let f : A — R
be an unknown function such that for h = 1, 2, ..., d the line sums ¢; , in the direction of (ay, by,) are
measured with in total less than d/2 wrong line sums. Then the correct line sums can be determined.

It is remarkable that the bound depends only on d and is independent of m,n and the directions
themselves. The restriction on the entries of the directions serves to choose one of the two directions
(a,b) and (—a, —b) which provide the same line sums.

If k directions with only correct line sums are known and there are not too many wrong line sums
in some other direction, then these wrong line sums can be corrected:

Theorem 2.2. Suppose, in the notation of Theorem all the line sums in directions (ay, by) are
known to be correct for h = 1,2, ..., k. Then the line sums can be corrected in each direction with
less than k/2 wrong line sums, and, moreover, in each direction with at most & wrong line sums where
it is known which line sums are wrong.

In Section [3] we show that the bound d/2 cannot be improved. Sections 4] and [3 contain results
related to Vandermonde determinants. The line sum relation lemma is proved in Section[6l Theorems
and[2.T] are derived in Sections [Zland [8] respectively. In Section[Q]a pseudocode is provided, which
details the steps of the algorithm to find the correct line sums. An example in Section [10] illustrates
the algorithm. Section [[1] provides an analysis of the complexity of the algorithm. In the final section
we state some conclusions.
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3. An example which shows that Theorem 2.1 cannot be improved

Change the value of f at one element of A. Then exactly d line sums change. Thus d of the pairs
of corresponding line sums are different. It follows that the bound d/2 in Theorem is the best
possible.

Example 1. Consider the function f : A — Z with one unknown value indicated by ?.

216|514
3171210
511142
63|14

Suppose the measured horizontal line sum through ? is 7, the measured vertical line sum through ? is
12 and both measured diagonal line sums through ? are 13. Then d = 4, the horizontal and vertical
line sums suggest that the value of ? is 2 whereas the diagonal line sums indicate that it should be 3.
Both values result in 2 = d/2 wrong line sums. ad

Obviously this can be generalized for arbitrarily large m, n and d.

4. Vandermonde equations with variable coefficients

Let r be a positive integer. Let cg, c1, ..., cor—1 and ¢y, to, ..., t, be given real numbers with ¢1, to,
..., t, distinct. It is well known and very useful that a system of linear equations
r .

Z tg.%'i =Cj (2)

i=1
forj =0,1,...,r—1inunknowns x1, xs, . . ., z, has a unique solution which can be found by using
a Vandermonde matrix. In this section we show how to solve the system of equations (2)) for j = 0, 1,
..., 2r —1,if both x1, x9, ..., x, and ¢, to, ..., t, are unknowns.

The method is based on the following lemmas.

Lemma 4.1. Let M be the r by r matrix with entries M, ; = >, _; tﬁ:rj fori,7=0,1,...,r— 1
Then
det(M) = [[ @& —t)*
1<i<ji<r
Proof: _
Observe that M = VT .V where V is the Vandermonde matrix with Vij= tg fort =1,2,...,rand

7 =0,1,...,r — 1. Therefore

det(M) = (det(V))* = | []t; — t:)
1<J
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Lemma 4.2. Let ¢y, c1, ..., cor—1 be given real numbers. If ¢4, to, ..., ¢, and z1, 9, .. ., x, satisfy
@) for j =0,1,...2r — 1, then

Cjtr — Cjpr—1B1+ -+ (=1)"¢;B, =0 3)

forj =0,1,...,7 — 1 where By, Bo, ..., B, are defined by

(z—t)(z—t2)... (2 —t,) =2" = Bi2z" L+ 4+ (=1)"B,. 4)
Proof:
We have
T T T
, B h
Cjtr = Ztg-i_r.%'i = le Z(—l)h 1Bhtg+r
i=1 i=1  h=1
T T
_ i h
— (_1)h 1tht§+r 7
h=1 i=1
T
- Z(_l)h_ BhC]Jrrfh 0
h=1
We are now ready to show how system () can be solved if both 1, 2o, ..., z, and 1, to, ..., t;
are unknowns.
Lemma 4.3. Let r be a positive integer. Let cg, c1, ..., co,—1 be given real numbers. If nonzero real
numbers 1, To, ..., , and distinct real numbers ¢y, to, ..., t, satisfy @) for j = 0,1,...,2r — 1,
then By, Bs, ..., B, defined by @) can be determined by solving the linear system (@) for j = 0, 1,
..., 7 — 1. Subsequently t1, to, . .., t, can be found by computing the zeros of the polynomial
2" — B2 4 By 2 4 (-1)"B,. (5)
If t1, to, ..., t, are chosen, the values of 1, xo, ..., x, can be found by solving system @2]) for j = 0,
1,...,r—1.
Proof:
First we apply Lemma [4.2] where, by @), we have to solve a system of r linear equations in r un-
knowns By, By, ..., B, with coefficient matrix M* with M}, = (=1)""" 37} _, t?]xh fori, j = 0,

1, ..., r — 1. Note that
det(M™) = +x129 - - - ) - det(M)

where M is the matrix from Lemmal.1l Since det(M™*) is nonzero by Lemmald.1l we can solve the
system of r linear equations and so determine the numbers By, Bs, ..., B,. By computing the zeros
of (@) the numbers ¢; are found. Note that the numbers 1, to, ..., t, cannot be distinguished and we
may assume t| < ty < --- < t,. The expression for x; follows from solving system @) for j = 0, 1,
..., 7 — 1 using Cramer’s rule. a
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Remark. Later on we apply Lemma in such a way that the number ¢; corresponds to the line
brx — apy = t; for which the line sum is wrong and the corresponding number x; is equal to the
difference between the measured line sum and the correct line sum. We refer to Section[9] in particular
formula (I7), for the way the x;’s are computed in practice.

We conclude this section with a simple application of the Vandermonde determinant.

Lemma 4.4. Let ¢y, to, ..., t, be distinct integers. If > ;_, tfacz =0forj=0,1,...,k—1, then
k<rorxi=xz9=---=x, =0.

Proof: A

It follows from Y ;_; tJx; = 0for j = 0,1, ..., —1 that the ¢;s are not distinct or all z;’s are 0. O

5. A Vandermonde-related determinant
We prove the following result.

Lemma 5.1. Let a1, ag, ..., ag, b1, b2, ..., by be variables. Set Wy, , = a,b, — ay,b, for u,v =
1,2,...,2k. Let M be a k x k matrix with entries M, y = <Hf:1 m7k+H> /Wh k+n for h, H =
1,...,k. Then

det(M) = (—1)F=1/2 H Whi hs H Wit Hy e+ Hy
1<hi<ho<k 1<H1<H<k

Proof:

Clearly, we can consider det(M) to be a polynomial in the unique factorization domain R[aq, as, . . .,
ask, b1, ba,. .., bog]. The degree of det(M) equals 2k? — 2k. For each hy, hy with 1 < hy < hy < k
the columns numbered h; and hg are proportional if ap, by, = ap,bp, which implies det(M )=0.
Therefore det(M) is divisible by W, p,. Similarly, for each Hi, Hy with 1 < Hy < Hy < k
the rows numbered H; and Hy are proportional if agip,bk+H, = ak+H,bk+m, Which implies that
det(M) is divisible by Wi, i, k+H,. The product of these distinct and coprime factors,

H Whi hs H Wity ket Hs | 5
1<hi <ha<k 1<H1<H><k

has degree 2k? — 2k too. Therefore there is a real number c such that

det(M) =c¢ H Whi ho H Wit Hy k+H,
1<hi<ho<k 1<H1<H2<k

Since a,,b, is lexicographically smaller than a,b, for © < v, we infer that

k—1 k-2 k—1 k-2 2 k—1 2 k1
C-ay Qg “‘ak—l'ak+1ak+2"‘a2k—1‘b2b3“‘bk 'bk+2bk+3"'b2k
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is the smallest lexicographic element in the expansion of det(M). We claim that on comparing the
exponents it turns out that this term can only be obtained by developing the main diagonal of M.
The first column is the only one containing ay41’s. Since no b; should be chosen, the only possi-
bility is to choose —ayy1b2, —ag11b3, ..., —ag1by from the leftmost element of the first column.
The second column is the only one containing ags’s. Therefore it has to be chosen & — 2 times
and the other has to involve a;. Since by should not be chosen anymore, we choose ajby12 and
—apyobs, —agiobyg, ..., —agioby from the element at the second column of the main diagonal. Con-
tinuing in this way it turns out that the only possible choice of the factors is in the expansion of entry
My, j, the term with factors

a1bk4h, @20k 4hs - - -y Ap—1bkthy — Ay nbht1, —Qknbpto, . ., —apynbr,

for h = 1,2,...,k. Since the coefficient of the resulting product is (—1)*(*=1)/2 we conclude that
c= (_1)k(k—1)/2. 0

Example 2. For k£ = 3 the matrix M is as follows, where the chosen elements to obtain the smallest
lexicographic element are boldface.

(a2b4 — a4b2)(a3b4 — a4b3) (a2b5 — a5b2)(a3b5 — a5b3) (a2b6 — a6b2)(a3b6 — a6b3)
(a1by — asby)(agby — asbz) (arbs — asbi)(asbs —asbg) (ai1bs — agb1)(azbs — agbs)
(alb4 — a4b1)(a2b4 — a4bg) (a1b5 — a5bl)(a2b5 — a5bg) (albﬁ — a6b1)(a2b6 — aﬁbg)

An alternative version of Lemma[5.1lreads as follows.

Corollary 5.2. Let ay, ao, ..., as, by, ba, ..., by be reals. Set W, = aub, — a,b, for u,v =
1,2,...,2k. Let M* = {M,’;H ch =1,2,....k;H = 1,2,...,k} be the matrix with entries
M;;,H = 1/Wh,k+H- Then

kok -1
det(M*) = (—1)k(k71)/2 H Whl,hz H Wk-}—Hl,k‘-i-Hz <H H Wh,k‘-{-H) .
1<hi<ho<k 1<H1<H2<k h=1 H=1

Proof:
Note that My, g = (]_[f:1 Wi k+m) - M} 5 and that the factor within brackets is independent of h.

Hence,
k k
det(M) = (H HWZ-7;€+H> det (M™).

H=11=1

6. The line sum relation lemma

The following result is of fundamental importance in our present study. It follows from Lemma 4.1
of [38]]. For the convenience of the reader we give a direct proof here.
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Lemma 6.1. Let A, D, f,{}, be as in Section[2l Let K be a subset of {1,2,...,d}. Forh =1, 2,
= |K| > 2 define E}, by

E}hK = (—1)h71 H (al-bj — ajbi). (6)
i,jEK, i<j, i,j7#h
Then
Z En k Z tk_Qf}ht =0.
heK teZ
Proof:

Without loss of generality we may assume that K = {1,2,... k} with D, = (ap,bp) for h =
1,2,...,k. Puta® = (af,a3,...,a3) and b® = (b3,03,...,b7) for s = 0,1,2,.... We denote the

determinant of the m x m matrix with i-th column vector X; = (z1;,...,Zm;) by det(x1,...,Xp).
Furthermore, we denote the determinant of the matrix which we obtain by omitting its first column
vector and its h-th row vector by det(x2, ..., Xm)n.

Obviously, for s = 0,1,...,k — 2 we have
det(a*b*~27% a*=2 ak=3p a¥1b? ... bF2) = 0.

(Here the product of vectors is defined termwise.) By developing by the first column we obtain, for
s=0,1,...,k—2,

k
Z(_ h 1 sbk 2— sde t( _Q,ak_gb,ak_4b2,...,bk_Q)h:O.
h=1

Observe that (—1)"~1det(a*~2, a*=3b,a*~*b?,... ,b*¥~2), is the Vandermonde determinant EJ, .
Hence, for arbitrary (i, j) € A,

k k=2 0o k
bri — ari k—ZE — ik—s—Q ] as bk72fsE —0.
> (i — ani) PEng =) . A hk
h=1 s=0 h=1
Since for every direction any element of A is on exactly one line in that direction, we get

k

= > f(i,)) (bwi — api) P Ep k= ZZ > F(i,§)(bri — and)* * B k.

(i,j)€A h=1 h=1t€Z (i,j)€Abpi—apj=t

Thus

||
[ M?r

Z "By i > S, 3) Z > En it .
E€Z

(4,7)EA,bpi—apj=t h=1 teZ
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7. Error correction of line sums in one direction

For the proof of Theorem 2.2 we combine the preceding lemmas.

Proof of Theorem 2.2

Number the directions such that Dy, Ds, ..., Dy are directions with only correct line sums and direc-
tion Dy for some fixed H with k < H < d may have wrong line sums. For j < k we apply Lemma
[.1lto the set K i := {1,2,...,5,H},

ZEhKJHZt] fh,t"’EH,Kj,Hth_lgH,t:O- (7)

teZ teZ

Define and compute

JH_ZEh ot 2 T+ By Y 8 ®)

teZ teZ
From (7)) and (8) we obtain,
ZEhKJHZt* Cro =)+ B, S 0 oy — i) = ©
teZ teZ

The choice of D1, Ds, ..., Dy implies £} , = £, forh = 1,2, ..., kand all t € Z. Thus

EHij,H Z tjil( *H,t - gH,t) - c;,H (10)

teZ
for j =1, 2, ..., k. Notice that by our assumption there are at most k& non-zero terms ffq,t — Ly, for
t = t1,to,...,t,, say. Then we have a system of linear equations ) with z; = £3; o CHi ¢ =
(o ¢t y/En, Kin If t1,ts,...,t, are known, then we can simply solve system (@) and find qut —Lp 1, for
1=1,2,...,rand determme the correct line sum /7 4, for the line byxr —apy = t; fori =1,2,... 7.

Ifitis unknown which lines byx — afy = t; have wrong line sums, then r < k/2. Let I be the largest
integer less than k/2. Then we consider the system of linear equations

I
thhxi:cﬁh for j=0,1,...,I;h=0,1,...,1.

The rank r of the matrix with element c;, for j,h = 1,2,...,I equals the number r of line sums
lpy, with wrong line sums. Lemma [4.3] enables us to compute successively Bi, B, ..., B, and
ti,to,...,t, indicating the lines byyx — apy = t; where the wrong line sums are, and x1, xs, ..., %,
which represent the errors £7; o lry, fori=1,2,... r. Thus we can compute the correct line sums
Chy, fori=1,2,....,r. O
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8. Detection of directions with wrong line sums

In this section we prove Theorem 2,11

Proof of Theorem 2.1.

We introduce two parameters which may be used to reduce the amount of computation time: we
assume that we want to find the correct line sums if in total there are at most F' wrong line sums and
these wrong line sums are in at most G directions. Thus G < F < d/2. We prove the following
hypothesis by induction on k.

Hypothesis for k. The number of directions with wrong line sums that we have already detected
equals ry,_1. The remaining directions form a set Ry, such that if there is a wrong line sum in direction
Dy, € Ry, then there are at least k wrong line sums in direction Dy, and for each direction Dy, € Ry,

NS O
teZ tez
forj=0,1,...,k—2.

First we treat the case k = 2. We consider the sums /; of the line sums /7 , in each direction Dj,.
Since there are at most G < d/2 directions with wrong line sums, the majority of directions has the
same correct value £ := ), £}, ; which is the sum of all f-values and therefore independent of h.
We set the, r; say, directions which have a different sum of line sums apart. We continue with the set
Ry of the other d — 1 directions. Observe that the directions in R may have wrong line sums too, but

that then in such a direction there are at least two errors, because the sum of the line sums is correct.
Thus the Hypothesis holds for k = 2.

Suppose the hypothesis is true for k£ with 2 < k£ < G. It follows that the number of directions with
wrong line sums in Ry, is at most

(G—T’kfl)//{?< (d—27“k,1)/(2k). (11

Hence all directions in Ry, have correct line sums if d — 2r;_; < 2k and if this inequality holds, the
induction hypothesis is true for k£ 4 1. In the sequel we assume

d—2rp_1 > 2k +1. (12)

It follows that | Ri| = d —rp_1 > 2k+ 1. By renumbering the directions we may assume D, D, ...,
Dy € R.Forh € {1,2,...,k}, H> kand K, iy :=={1,2,...,k, H} we define and compute

k
k—1 k—1
= Bnkey d 0+ Eng g >t Wy (13)
h=1 teZ teZ

From (Z) with j = k and (I3)) we obtain, for all Dy € Ry, H > k, similarly to (9)),

k
> Buron > NG — i) + By T Oy — i) = Gy (14)
h=1 teZ teZ

We distinguish between the following two cases:
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A) More than (G — r_1)/k directions Dy € Ry, H > k satisfy ¢} ;; # 0.
B) Atmost (G — ri_1)/k directions Dy € Ry, H > k satisfy ¢} , # 0.

Case A) Because of the induction hypothesis the number of H > k for which the direction Dy
contains a wrong line sum does not exceed (G — rx_1)/k. Therefore there are at most (G — r_1)/k
indices H > k with Dy € Ry and Ep i, Y oiez tk_l(E*H7t — L) # 0. It follows that there is at
least one direction Dy with 22:1 En Ky, Xtez tk_l(@ﬂt — lp+) # 0. This implies that there is an
h € {1,2,...,k} such that °, tk_l(f;‘ht — lp¢) # 0. Thus there is a direction with a wrong line
sum among D1, Do, ..., Dy.

Case B) Atleastd — k — rg_1 — (G — ri_1)/k directions Dy € Ry with H > k have no wrong line
sum, hence satisfy ¢}, , = {p 4 for all t. We have, by (12)),

d/2 —rp_ d d 1 d 1 1 d—1

Since k < G < d/2, at least k directions dy € Ry with H > k have no wrong line sums, hence
satisfy Ejﬁit =Ly forallt. Let Dy, Dy4a,. .., Dy be directions in Ry, with
> iez " (03, — L) = O for all . Then we have, by @), for H € {k + 1,k +2,...,2k},

k
S Enken D NG, — lhy) =iy =0 (15)
h=1 teZ

Here we consider E}, g, ,, as coefficients and ), _, tk_l(fz + — Cn+) as unknowns. The coefficient
matrix has as typical element

Ehka,H = (_1)h_1 H (aibj — ajbi).
17]6{17277k7H}7 1<7, Zv];‘éh

We claim that the corresponding determinant is nonzero. Observe that the h-th column has a nonzero

factor
(-1t 11 (aibj — a;b;)
1,j€{1,2,....k}, i<g, 4,j#h
in common. By dividing it out for h =1, 2, ..., k the coefficient Ej, Kin reduces to

E;;Kk,H = H (aiby — amb;).
i€{1,2,..k}, i#h

It follows from Lemma[5.]]that the determinant of the matrix with typical entry £ ,  equals

(—1)FE=D/2 IT  (anbn, — anbn,) 11 (am b, — am,bm,)
1<hy<hs<k k+1<H;<Hs<2k
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Since this expression is nonzero, the system (13) has the unique solution ZteZ tk_l(f;; = lht) =0
forh=1,2,...,k.

By comparing the cases A and B we see that Cy ;; # 0 for at most (G — ri_1)/k directions
Dy € Ry with H > k if and only if ), , tk*1(€717t —lpy) = 0for h = 1,2,..., k. Split the
d—rj_1 directions in Ry, into subsets of k& elements and a remainder subset of < k elements. Then we
have more than (d — r5_1)/k — 1 k-subsets. Among them at most (G — ri_1)/k < (d/2 —ri_1)/k
have a direction with a wrong line sum. Since, by (12,

d— Tk—1 d— 2Tk_1 d

P T T o 7Y

we see that there is at least one k-subset without wrong line sums. Renumber the directions such that
this k-subset is { D1, D, ..., Dy }. Then it follows as in (I0) that

Eupy Y 7y — Lus) = chpr
tez
for H > k with Dy € Ry,. We define the set Ry as the set of directions dj, da, ..., di together
with the directions dyy, H > k for which ¢f, ;; = 0 and define 7 as d — |Ry|. For all dj, € Rj1q we
have ), ., tk_l(ffm — {y¢) = 0. By the induction hypothesis this is also true for the lower powers of
t. Therefore we have the system of equations  ,_, t (f,’;t —lpy) =0forh=1,2,...,k; j =0,
1, ...,k —1. It follows from Lemma [4.4] that =Ly = 0for h = 1,2, ..., k, if the number of
nonzero terms is at most k. Thus we may assume that if there is a direction in Rj41 with a wrong line
sum, then it has at least £ + 1 wrong line sums. This completes the induction step.

We stop detecting directions with wrong line sums at level k if r,_; = G or k > F' — p, where
pg denotes the number of already detected wrong line sums. If 7,_; = G, then a wrong line sum in a
direction D}, € Rj would lead to a total of G + 1 directions with wrong line sums which contradicts
the definition of G. If k > F' — p,, then a new direction with wrong line sums would give a total of
pg + k > I wrong line sums, contradicting the definition of F'. If a direction in 7, is detected with
wrong line sums, then p, is augmented by k. When we stop, we have found all directions with wrong
line sums or the assumptions on F' and GG are not satisfied. In the latter case one might try a higher
value of F' or G.

It remains to show how the errors can be found and corrected for every direction which contains
wrong line sums. For this we proceed as in the proof of Theorem 2.2. O

9. An error correction algorithm

In this section, we explicitly describe an algorithm for finding directions which contain wrong line
sums, and correcting the wrong line sums. Since there may be relatively few errors in practice, we
allow the user to specify the maximum number of errors F' which have been made in at most GG
directions, where G < F' < d/2. If F,G are not chosen, set F' = G = |(d —1)/2]. We use <>
to denote swapped elements. When the line sums of two directions are swapped, {7, <> (], it is
implicitly meant that this occurs for all £.
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The algorithm finds the directions that contain wrong line sums, then the wrong line sums them-
selves, and therafter uses the correct line sums to repair them. We use the variable g to count
the number of detected directions containing an erroneous line sum, and order the directions D =
{D1,...,Dg,Dgy41,...,Dg}, where D; contains wrong line sums for i < g. We denote the total
number of already detected wrong line sums by py and the contribution of Dy to it by py. Steps 1-7
of the algorithm find all directions for which the sum of line sums does not match the majority and
therefore have a wrong line sum. Steps 8-27 detect directions with at least £ > 2 errors which were
not detected yet. Steps 28-40 determine the wrong line sums themselves and correct them.

In Step 29 we introduce parameter S = F' — p, + p7; which is an upper bound for the number of
wrong line sums in direction Dy, since direction Dy already contributed p7; to p,. In Step 31 we use
direction D, 9g. Since

g+25<g+2F —2rg—ry) <g+2F —2(g—1)=2F —g+2<2F+1<d, (16

this value of S is permitted. In Step 33 the exact number s of wrong line sums in direction Dy is
determined.

The computation in Step 35 may not be exact. This is no problem, since the roots ¢1, ¢, ..., ts are
integers and can be found by rounding.

To apply Lemma 4.3in Steps 36-39, we use Cramer’s rule in the form of the matrix determinant
lemma. Let V' = (t;fl)f’j:l be the Vandermonde matrix and fix i. Let ul = (uj)j=15 vl = (v5)521
be column vectors where u; = ¢; — t}_l and v; is equal to 1 for element 4, and zero elsewhere. Then

we can write x; as

- det(V + w?)

_ Ty,—1, _ -1,
T = e ) =1+7V u—1+ZVM u;. (17)

Jj=1
Therefore, we do not need to compute determinants for each ¢. Instead, a Vandermonde inverse matrix
is computed once.

The algorithm may also work well for values of F' and G greater than d/2. This depends on the
way the errors in the line sums are distributed. If, after all, a function f* : A — R has been computed,
then an easy check reveals whether the line sums of f* agree with the measured line sums.

Algorithm 1 Line sum error correction

Input: A finite set of (primitive) directions D = {(ap,by) : h = 1,2,...,d} and (measured) line
sums £}, , in the directions of D of a function f : A — R such that £}, ; contains at most F' errors
in at most G directions where G < F' < d/2 (F, G may optionally be specified).

Output: Corrected line sums £, ;.

1: for h < 1toddo // Find directions with a wrong line sum
2: G o= >0,
=7/

3: g 0,pg <0



4:

*®

9:
10:
11:
12:
13:
14:
15:
16:

17:

18:
19:
20:
21:
22:
23:
24:
25:
26:

27:
28:
29:
30:
31:

32:

33:

for h <+ 1toddo
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if /; # median({¢],05,. ..,
g g+1 pgpg+1,p5 1
Dy <> Dp; £y <> €},

k+ 2

%}) then

// Find other directions with & > 2 wrong line sums

while £ < F' — p, and g < G do
max Directions <— min (G — g, [(F' — pg)/k])

1¢—g—k+1
repeat
11+k
count < 0
for H<+g+1,....,t— 1,21+ k,...,ddo
Km—{z’,...,z‘—i—k—l,H}
cH ZEg+hKOtZZt e 1t+EHKOtZZt"“ Wi, /1 c£.(B)
€ €

if c;y # 0 then
count < count + 1
if count > maxzDirections then

break

until count < maxDirections

for H+g—+1,...

if cy # 0 then
g g+1; pg < pg—1+k; py <k
Dy < Dy €, < Uy,

k<« k-+

1

for H + 1to g do
S F —pg+ pyy
for j + 1to 2S5 do

Ko+ {g+1,. --794‘]
1 p*

R - th + Z
tez h=1

1 €2 C3

C2 C3 Cq4

s<rank |C3 ¢4 Cs
€S CS+1 CS+2

i—1,i+k,...,ddo

// Correct errors in direction Dy
/I An upper bound for the number of wrong line sums in Dy

. H}

Eginto S il "
cf. ®)
+h,t
Fur, iz g
cs
CS+1
CS42

C25-1|



106 M. Ceko and all. | Error Correction for Discrete Tomography

-1

Bl Cs —Cs—1 s (—1)8_161 Cs+1

By Csy1 —C e (=1)5 ey Cs49
34: P o ( ). o i ct. @)

B Cos—1 —Cas—p -+ (=1)" e C2s
35: t1,... ts <= r1o0ts(z® — B12° "1 4 Byz®7% — .. 4 (=1)*By) /] cf. @)
37:. WVt /] cf.
38: for i +— 1to s do .
39: Crg, < Uy, — 2 Wijc

j=1

40: Pg < pg+S—py /I Total of detected errors

10. An example

To illustrate the algorithm we give an example. To show the various aspects of the algorithm, we
choose d = 16,F = 7,G = 4. Let the directions be given by D = {D1,D,,..., Dig} with
D, = (1,0), Dy = (0,1), D3 = (1,1), Dy = (1,-1), D5 = (2,1), D¢ = (2,-1), D7 = (1,2),
Dg = (1,—2) and eight other directions, e.g. Dg = (3,1), Dig = (3,—1), D11 = (1,3), D12 =
(1,-3), D13 = (3,2), D14 = (3,-2), D15 = (2,3), D16 = (2, —3). For reason of transparency we
assume that all the correct line sums are 0. We suppose that there are seven wrong line sums in three
directions, €§70 = -3, €§74 =3, 627_6 = -2, Eal =1, €§73 = 2, €§75 = —4, 6577 = 2. Thus we have
two wrong line sums in direction (1,1), two in direction (2, —1) and three in direction (1, —2). We
indicate the effects of the steps of the algorithm. Comments are given within square brackets.

Steps 4-7. [Selection of directions with deviant sum of line sums. Exchange of D; and Dg.]
median({¢7,65,...,05}) = 0 = ¢} for all £;’s except for f5 = —1, g < 1, p1 < 1, pi « 1,
Dy + (2,-1), Dg + (1,0), O g —2,00 LG _g< {5, < 0.

Steps 8-21. [k = 2, first try. Case A. This will fail since the test directions, Dy and Ds, are as-
sumed to have correct line sums, but D3 has wrong line sums. See (6)) for F.]

k < 2, maxDirections < 3,1 < 0,1 < 2, count <— 0, H < 4, Ko < {2,3,4}, c4 < 12,

count < 1, H < 5, Ko < {2,3,5}, ¢5 < 24, count < 2, H < 6, Ky < {2,3,6}, cg < 12,

count + 3, H < 7, Ky « {2,3,7}, ¢; < 12, count <+ 4, break.

Steps 12-27. [k = 2, second try, Case B. This succeeds since the test directions, D4 and Ds, have
correct line sums. The double error in D3 will be detected. Exchange of Dy and Ds.

The triple error in Dg will not be detected, since Y, £5, = >, tf5, = 0.]

i < 4, count + 0, H < 2, Ky + {4,5,2}, co + 0, H < 3, Ky < {4,5,3}, c3 < 36, count
+— l,cg «+ Ofor H =06,7,...,16, H < 3, g < 2, p2 < 3, p5 < 2, Dy + (1,1), D3 < (0,1),
o =305, 3,050 03, < 0,k <+ 3.
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Steps 9-27. [k = 3. Since the test directions D3, D4, D5 have only correct line sums, this is Case B
and the triple error in Dg will be detected. Exchange of Dg and Ds.]

maxDirections < 1,1 < 0, i < 3, count < 0, Ky < {3,4,5,H}, cg + ¢7 + 0, cg < —96, count
—1,¢ < 0fori=9,10,...,16, g < 3, p3 < 6, p3 < 3, D3 < (1,—2), Dg + (0,1),633 — 2,
g =405, 2,53 (55 (57, 0,k 4

[Condition 9 on F' is no longer satisfied. The directions with wrong line sums have been detected:
(2, —1), (1, 1), (1, —2), now Dl, DQ, Dg]

Steps 28-40: [Correction of the line sums for direction (2, —1). Note that since ¢* = 0 for

g+h,t
g+ h>3,asin (), ¢; reduces to ¢; = >,y /5, ]
H+1,5+2j« 1Ky« {4,1},c1 « —1,5+ 2, Ko« {4,5,1}, co + 11,
Jj 3, Ko<+ {4,5,6,1}, c3 < =71, Ky < {4,5,6,7,1}, cq < 431,
$4 2,By « —7,By + 6,t; + —6,1t0 + —1,V «+ (1,1;-6,—1), W « 1(-1,-1;6,1),
61,76 — 61,1 +— 0, Pg < 7.

Steps 28-40. [Correction of the line sums for direction (1, 1).]
H<+2 52,1+ 0,c0¢ 12,¢c3+ 48,¢4 192,52, B; < 4,By < 0,11 <+ 0,19 < 4,
Vi (1,1;0,4), W+ 2(4,-1;0,1), lo9 < 0, o4 < 0, pg < 7.

Steps 28-40. [Correction of the line sums for direction (1, —2).]

H<+ 3,5+ 3,¢c1 < 0,c0 < 0, c3 < 16, cg + —240, c5 < 2464;cg + —21600, s < 3, By <
—15, By « T1, By < —105, ¢, = —T,ts < —5,t3 < =3,V « (1,1,1;—7, —5, —3; 49, 25,9),

W (15,8, 1;—42, —20,-2;35,12,1), £ 7 ¢ U3 5 €3 3 < 0, py < T.

[All the wrong line sums have been detected and corrected. After all, it can be checked whether a
correct solution has been found indeed by computing the new line sums. If not, the number of wrong
line sums exceeded F' or the number of directions with wrong line sums exceeded G.]

11. Complexity

In order to compute the complexity of the above algorithm we make some preliminary observations.
If there is an h such that aj, > m or |by| > n, then each line sum in direction (ay, by,) is the f*-value
of exactly one point. Without loss of generality we may then assume that aj, = m or |by| = n,
respectively. Hence, for each h the value of |¢| in () is at most 2mn and the number of directions d
does not exceed mn. We further use that g < G < F < d/2,h,H < dand k < G.

In our complexity computation we count an addition, subtraction, multiplication, division and a
comparison of two values as one operation. When computing the complexity we do not take into
account the size of the terms. (This can be quite high because of the factors #/. ) An operation may
therefore mean a multi-precision operation. We assume that the numbers ¢/ for 0 < j < 2d — 1, [t| <
2mmn are computed once. This involves O(dmn) operations.
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The numbers ¢1, t9, ..., ts which are computed in Step 35 of the algorithm are the numbers ¢
indicating the lines of the wrong line sums in direction H. By checking for each integer < 2mn with
Horner’s method whether it is a zero of the polynomial, Step 35 takes O(dmn) operations.

In our analysis, we follow the steps of the pseudocode given in Section [9l

Steps 1-2 (by the above remark on the number of line sums) require O(dmn) operations (addi-
tions).

Steps 3-7 altogether need O(dmn) operations. (By the Floyd-Rivest algorithm the median can
be calculated in linear time, see [40].)

Steps 9-11, 27 require O(F') operations,
Steps 12-14, 22 mean O(d/k) operations,

Steps 15-17 involve O(dk*mn) operations. (According to (6.I) the computation of the E’s
takes O(k?) operations; k does not exceed F'.)

Steps 18-21 take O(G) operations,

Steps 23-26 involve O(dmn) operations.

By the structure of this block, the complexity of Steps 9-27 is

O9-11,27012-14.22(015-21 + O23-26) = O(d*mnF?)

where O; denotes the number of operations in Steps ¢.

Step 28, in view of g < G, implies O(G) repetitions,

Step 29 needs O(G) additions,

Step 30 implies O(F') repetitions,

Steps 31-32, since j < 2F, require O(mnF?3) operations,

Step 33 needs O(F?) operations,

Step 34, by Algorithm 2.3.2 on p. 58 of [41]], altogether takes O(F?3) operations,
Step 35, by Algorithm 2.2.2 on p. 50 of [41]], needs O(F?) operations,

Step 36, by an earlier remark, needs O(dmn) operations,

Steps 37-39 take O(F?) operations,

Step 40, by Algorithm 2.2.2 on p. 50 of [41]], requires O(F3) operations,

Steps 41-43 need O(F?) operations.
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By the structure of this block, the complexity of Steps 28-43 is given by
O28(029-32 + O33_36 + O37_40 + O41-43) = O(mnG(F3 +4d)) = (’)(dmnFQG)

where O; denotes the number of operations implied by the corresponding Steps. Thus the algorithm
can be completed in O(d*mnF?) operations.

12. Concluding remarks

After Ceko, Pagani and Tijdeman [30] had developed a fast method to reconstruct a consistent discrete
tomography problem, the next logical step was to determine what is the most likely set of consistent
line sums in case of inconsistency of line sums. If many line sums are almost correct, we refer to
Section 4 of [33]]. In the present paper we study the case that only a small number of line sums is
wrong and show how to rectify the wrong line sums. We present an algorithm which performs the task
in O(d*mmn) operations. However, the numbers involved in an operation may become quite large.

If the domain of f is finite, but not a rectangular grid, then the algorithm can be applied by
choosing A as the smallest rectangular grid with sides parallel to the coordinate axes containing the
domain and defining function value 0 for each point of A which does not belong to the domain of f.
In this way the domain of f is extended to A. Hereafter the given algorithm can be used.

An obvious question is whether the reconstruction method for cases with only few wrong line
sums can be extended to dimension three and higher. This seems to be hard for two reasons. Firstly a
higher dimensional version of Lemmal6.1]is wanted in order to be able to detect and correct the wrong
line sums. Secondly a three-dimensional version of the algorithm of Ceko, Pagani and Tijdeman is
only known under special conditions, see [42]. The general case might be quite complicated, because
it is much more complex to describe the convex hull of the union of all ghosts in dimension > 2 than
in dimension 2. Thus reconstruction is much more difficult.

Another question is whether it is possible to correct d/2 or more errors in the line sums. In a
generic case more wrong line sums will be corrected by the algorithm. The example in Section 3]
shows that it is not always possible to correct the line sums in d/2 or more directions, since the f-
value of one point is uncertain. Theorem 2.2 shows that if the directions with wrong line sums can be
detected, per direction quite a few wrong line sums can be corrected.
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