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Abstract. The study of networks characteristics is an important subject in different fields, like
math, chemistry, transportation, social network analysis etc. The residual closeness is one of
the most sensitive measure of graphs’ vulnerability. In this article we calculate the link residual
closeness of Harary graphs.
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1. Introduction

One important characteristic of networks is their robustness, studied in many different fields of the sci-
ence. One of the most sensitive measures of network’s vulnerability is residual closeness, introduced
in [1] - Dangalchev proposed to measure the closeness of a graph after removing a vertex or a link
(edge). The definition for the closeness of a simple undirected graph, introduced in [1], is:

C(G) =D 279,
i ji

In the above formula, d(i,j) is the standard distance between vertices ¢ and j. The advantages of
the above definition are that it can be used for not connected graphs and it is convenient for creating
formulae for graph operations.
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Let r and s be a pair of connected vertices of graph G and graph G/ ; be the graph, constructed by
removing link (7, s) from graph G. Let d'(i, j) be the distance between vertices ¢ and j in graph G, 5.
Using the above formula, with distances d'(7, j) instead of d(i, j), we can calculate the closeness of
graph G/ 5. The link residual closeness R is defined in [1] as:

R(G) = min{C(Gy,)}.

If we remove a vertex, instead of a link, we can define vertex residual closeness. The vertex residual
closeness is more important for the social network analysis, while the link residual closeness is studied
in transportation, utility networks, etc. In this article we will consider only the link residual closeness.
To find the difference between the closeness and the residual closeness we have to compare distances
d(i,7) and d'(i, 7).

Harary graphs are introduced in [2] by F. Harary as graphs that are k-connected, having n vertices
with the least number of edges. The notation Hj, ,, for Harary graphs, where 2 < k < n is used in
West [3]. A simple construction of Harary graphs is: Let us place n vertices in a circle and name
them 1,2, 3,...,n. In case of k = 2p even, every vertex is connected to nearest p vertices in each
direction. In case of k = 2p + 1 odd and n = 2q even, Hy, , is created by connecting every vertex to
the nearest p vertices in each direction and to the diametrically opposite vertex (adding links (i, i+ q)).
In these two cases there is an automorphism between any two vertices. In case of £k = 2p + 1 odd
and n = 2¢ + 1 odd, the Harary graph is created by connecting every vertex to the nearest p vertices
in each direction and for vertices ¢ € [1,q + 1] are added links (7,7 + ¢). This way every vertex is
connected to k = 2p + 1 other vertices, except for vertex ¢ + 1, which is connected to 2p + 2 vertices:
in addition to the 2p links to the neighbors, there are 2 more links - (1,¢ 4+ 1) and (¢ + 1,2¢ + 1).

The relative impact of a failure of a link can be seen in normalized residual closeness NR ([1]) of
graph G: NR(G) = (C(G) — R(G))\C(G). In this article we will calculate the difference between
the closeness and the link residual closeness of Harary graphs. The closeness and the vertex residual
closeness of some Harary graphs are given in [4]. We can determine the link residual closeness using
the results of this article and the closeness from [4]. Throughout this article we will use the term
“residual closeness” instead of “link residual closeness”. More information on closeness, residual
closeness, and additional closeness can be found in [5-25].

2. Residual closeness of >,

Graph Hy ,, is cycle graph C,,. After deleting any link of H>, we receive path graph P,. Using
formulae for closenesses of cycle graphs (given in [4]) and path graphs (in [1]) we can prove:

Theorem 2.1. The residual closeness of Harary graph Ho ,, is:
R(Ha o) = C(Hagr) — 4+ 2°72F 4 3k2' 7,

R(Haop11) = C(Haopi1) — 4+ 2172 4 (2k +1)21 7%,
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Proof:
The formulae for closeness of cycle graphs, given in [4] are:

C(Cop) = 4k — 6k27F,
C(Copy1) = 2(2k +1) — 2(2k +1)27%.
The formula for closeness of path graphs, given in [1] is:
C(P,) =2n—4+2>"

Replacing in the last formula n with 2k and 2k + 1, and subtracting it from the upper two formulae,
we prove the theorem. O

3. Residual closeness of 5, ,,

We will consider all cases where p > 1. In graph Ho, ,, vertex 1 is connected to vertices 2,...,p + 1 as
well as to n,...,n — p + 1. Because of the automorphism between any two vertices of the graph we will
consider only deleting links starting from vertex 1.

By deleting link (1,2), distance d(1,2) is changed from 1 to 2. The new distance is d'(1,2) =
d(1,3) + d(3,2) = 2. The same is the change of the distances (from 1 to 2) when deleting links
(1,3),....,(1,p + 1), because d'(1,5) = d(1,2) 4+ d(2,j) = 2. No other distances are changed when
n < 4p. Every change of a distance should be counted twice, e.g. for distance d(1,2) and for
distance d(2,1). In this case the difference A; between the closeness and the residual closeness is
Ay =2-271-2.272 = 0.5 and:

R(Hypp) = C(Hayppn) — 0.5, n < dp.

Deleting links (1, 2),...,(1, p) cannot result in any changes between different vertices. For example,
if4,...1,s,¢,...7 is a path with the shortest distance between vertices ¢ and j, where s € [2,p], then

the same distance is given by path ¢,...1,s 4+ 1,¢,...7.

When n = 4p + 1 deleting link (1,p + 1) will change, in addition to distance d(1,p + 1), also
distance d(1,2p + 1) from 2 to 3. The same will be the change for distance d(n — p + 1,p + 1).
Deleting any other link will not have bigger change in closenesses. The new difference is Ay =
A1 +2(2-272 —2-273) = 1. The same (A») is the difference when n = 4p + 2, ..., 6p.

When n = 6p + 1 deleting link (1, p + 1) will change additionally distance d(1,3p + 1) from 3 to
4. The same will be the change for 2 other distances: d(n —p+1,2p+ 1) andd(n —2p+ 1,p + 1).
The new difference Az = Ay +3(2-273 —2.27%) = Ay +3-273 = 1.375. The same (As3) is the
difference when n = 6p + 2, ..., 8p. Using the floor function ¢ = | ¢], where c is the integer part of
the division of a by b, we can prove:

Theorem 3.1. The residual closeness of Harary graph Hy,, , is:
R(Happ) = C(Happn) — 2+ (k+ 2)27]?,

where k = L”Q—;lj and p > 1.
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Proof:
In general:
Ap=A7N,_1+k2F=2"142.27243.273 4 k27"

in Appendix A is proven formula(1):
3-272 4 L+ k2YF =2 (k+2)2" (1)

Dividing formula (1) by 2 and adding 1 we receive: Ay, = 2 — (k + 2)27%, which proves the theorem.
O

4. Residual closeness of H3 o,

There is automorphism between any two vertices of graph H3 o, - instead of deleting link (7,7 + 1)
we will delete link (1, 2); instead of deleting link (7,7 + n) we will delete link (1,7 + 1);

Hs 4 is a complete graph and d'(1,2) = d(1,3) + d(3,2) = 2. No other distances are changed.
We have Ay =2-271 —2.27% = 0.5 and:

R(Hs ) = C(Hs.) — 0.5.

For n > 3 we have to consider 2 cases.

Case 1 - Deleting link (1,7 + 1):
Distance d(1,n + 1) is changed from 1 to 3:

d(1,n+1)=d(1,2) +d(2,n+2) +d(n+2,n+1) =3.

This is the only changed distance. For example: d(1,n + 2) = d(1,n + 1) + d(n + 1,n + 2) and
d'(1,n +2) = d(1,2) + d(2,n + 2). The difference in closenesses is: A = 2(27! —273) = 0.75.

Case 2 - Deleting link (1,2):
A) Distance d(1,2) is changed from 1 to 3:

d(1,2) =d(l,n+1)+d(n+1,n+2)+dn+2,2) =3.
This is true when n > 3. When n = 3 this is the only changed distance, hence:
Ag=2.271-2.273 =0.75,

R(Hsg) = C(Hsg) — Az = C(Hsg) — 0.75.

B) When n = 4 two more distances are changed from 2 to 3. Distance: d’(1,3) = d(1,5) +
d(5,4) 4+ d(4,3) = 3. The same is the situation with distance d’(2, 8), hence:

Ag=A3+2(2-272-2.273) = 1.25.

R(H3,8) = C(H3,8) — Ay = C(H378) — 1.25.
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C) When n > 5, distance d(1, 3) is changed from 2 to 4:
d(1,3) =d(l,n+1)+dn+1,n+2)+dn+2,n+3)+dn+3,3) =4
The same is situation with distance d(2,2n). When n = 5 these are the only changed distances and:
As=A3+22-272-2.27%) =15,
R(Hs10) = C(Hs,10) — As = C(H3 10) — 1.5.
D) In general, when n = 2k distance d(1,k + 1) is changed from & to k + 1:
d(Lk+1)=d(l,n+1)+dn+1,2k) +...+dk+2,k+1) =k +1,

or the closeness is changed with A = 2-27% — 2. 2751 = 2=% The same is true for other k — 1
distances: d(2n, k),d(2n — 1,k — 1),...,d(2n — k + 2, 2). The difference in closenesses is:

Aoy = Nogp1 + k27F.
The residual closeness is:
R(Hj k) = C(Hzax) — Doy, = C(Hz ax) — Aoj—q — k275
E) Distance d(1,k + 1), when n > 2k + 1, is changed from k to k + 2:
d(Lk+1)=d(l,n+1)+dn+1,n+2)+dn+2,2)+..+dk,k+1)=k+2

The closeness is changed with 2 - 27% — 2. 27572 — 3. 27%=1  The same is the situation with the
other k — 1 distances: d(2n,k), d(2n — 1,k — 1),....d(2n — k + 2,2).

The difference and the residual closeness are:
Aojy1 = Agj_q + 3k27F 1,
R(Hj ap42) = C(Hsapy2) — Dop_q — 3k27F1,

We can prove now:

Theorem 4.1. The residual closeness of Harary graph H3 o, is:
R(Hj ) = C(Hzax) — 3+ (2k + 3)27F,
R(Hjap12) = C(Hsgp0) — 3+ 3(k +2)27 7%
Proof:
From: Agji1 = Doj—q + 3k27H1

we receive:
Agpp1 =As+3-3-274 4 4 3k27F 1,
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Multiplying formula (1) by % gives:
33- 27+ .+ k27 =327 — (k+2)2717F).
Agpy1 = A5 +3 (271 = (k+2)2717F).
Aopy1 =3 —3(k +2)27 17k,
From Agy, = Agi_1 + k27F we receive:

Agp =33k +1)27F +k27F =3 — 2k + 3)27F,

which are exactly the formulae for the residual closeness of Hg oy,. O

S. Residual closeness of H 5,

Graph Hs g is a complete graph and deleting any link will result in change of the distance from 1 to
2: Ay =0.5and R(Hs6) = C(Hs6) — 0.5. Graph Hj g has also plenty of links and by deleting any
link, only one distance is changed from 1 to 2: R(Hsg) = C(Hsg) — A1 = C(Hsg) — 0.5.

For the bigger graphs we have to consider 3 cases:

Case 1 - Deleting link (1,2):
Distance d(1,2) is always changed from 1 to 2: d’'(1,2) = d(1, 3) + d(3,2). No other distances are
changed.

Case 2 - Deleting link (1,7 + 1):
When n > 4 distance d(1,n + 1) is changed from 1 to 3:

d(1,n+1)=d(1,2) +d(2,n +2) +d(n+2,n + 1),

or the change is A = 2 - 27! — 2.273 = (.75. No other distances are changed.

Case 3 - Deleting link (1, 3):
By deleting link (1, 3), distance d(1, 3) is changed from 1 to 2 and this is the only changed distance
when n < 6. Hence we receive A = 0.75 and :

R(Hs10) = C(Hs10) — 0.75, R(Hs12) = C(Hs,12) — 0.75.

When n = 7, other distances start changing. Not only d(1, 3) is changed from 1 to 2, but also d(1,5)
and d(3, 13) are changed from 2 to 3. The residual closeness is:

R(Hs14) = C(Hs14) — 0.5 —2(2-272 —2.273) = C(Hs14) — 1.

The difference between the closeness and the residual closeness, when n = 8,9, 10, is also As = 1.0.
Now we can prove:
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Theorem 5.1. The residual closeness of Harary graph Hyp o, is:
R(Hs2,) = C(Hs20) — 2+ (k +2)27F,
where k = |2 | and n > 7.

Proof:

When n = 4k — 1, not only the previous distances are changed, but new & distances are changed from
ktok+1:d(1,14+2k),d(2n—1,2k—1),..., d(3,2n — 2k + 3). The difference between the closeness
and the residual closeness Ay is:

A=A 1+ k(2 27k 9. 27]671) =Ap_1+ K27k,

Ap=AMAy+3-273 4 . +k27F
The residual closeness is:
R(Hs gi—2) = C(Hs gi—2) — Ak

The difference in closenesses Ay is the same for n = 4k, 4k + 1,4k 4 2. Dividing formula (1) by 2
we receive:
3-27% 4 L4 k2F=1—(k+2)027

For the difference Ay, we receive:
Ap=14+1—(k+22F =2—(k+2)27%,

which proves the theorem. ad

6. Residual closeness of Hy, 1 2,

We will follow the previous section. When n € [p + 1,2p|, by deleting any link, the distance is
changed from 1 to 2: A; = 0.5.

When n € [2p + 1, 3p], by deleting link (1,n + 1), distance d(1,n + 1) is changed from 1 to 3
and A = 0.75. This is the biggest decrement for n in this range.

When n > 3p, by deleting link (1,p + 1), distance d(1,p + 1) is changed from 1 to 2. Also
d(1,2p+1)and d(p + 1,2n — p + 1) are changed from 2 to 3. No other distances are changed when
n € [3p + 1, 5p| and the decrement is: Ag = 1.

In general, when n = (2k — 1)p 4+ 1 and k > 2, by deleting link (1, p + 1), not only the previous
distances are changed, but new k distances (d(1, 1+ p.k),..., d(p+ 1,2n — p(k — 1) + 1)) are changed
from k to k + 1. The differences is:

Ap=Ap 1+ K27k

Similarly to Theorem 4 we can prove:
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Theorem 6.1. The residual closeness of Harary graph Hoy, 1 2, is:
R(Hapi120) = C(Hapi1,2n) =2+ (k +2)27%,
where k = L%’;lj,p >1,andn > 3p + 1.

Proof:
The difference Ay is:
Ap=AMAs+3-273 4+ . +k27F

Dividing formula (1) by 2 we receive:
3-27% 4 L4 k27F=1—(k+2)27"
Using Ao = 1, we receive:
C(Hzps1,00) = R(Hapi1,00) = Dp =2 — (k +2)27",

which proves the theorem. ad

7. Residual closeness of H3 9,1

All vertices are connected to 3 other vertices, only vertex n + 1 is connected to 4 vertices: 1, n, n + 2,
and 2n + 1.

Deleting any vertex of graph Hjz 5 changes only this distance from 1 to 2 and the difference be-
tween the closeness and the residual closeness is Ay = 0.5.

When n > 2 we have to consider 4 cases.

Case 1 - Deleting link (1,7 + 1):

Distance d(1,n + 1) is changed from 1 to 2:
d(1l,n+1)=d(1,2n+1)+d2n+1,n+1) = 2.

When n = 3, this is the only changed distance and the difference in closenesses is 0.5. When n > 3,
deleting link (1,7 + 1) does not supply the residual closeness.

Case 2 - Deleting link (2, n + 2):
When n > 3, distance d(2,n + 2) is changed from 1 to 3:

d(2,n+2)=d(2,1)+d(l,n+1)+d(n+1,n+2)=3.

This is the only changed distance and the difference in closenesses is 0.75.

Case 3 - Deleting link (1,2):
When n > 3, distance d(1,2) is changed from 1 to 3:

d(1,2) =d(1,n+1)+d(n+1,n+2) +dn+2,2) =3.
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Distance d(2,2n + 1) is changed from 2 to 3 when n = 3: d/(2,2n + 1) = d(2,n + 2) + d(n + 2,
n+ 1) +d(n+1,2n 4+ 1) = 3. The residual closeness, when n = 3, is:

Az=202"1—273) 4222 -27%) =1

R(Hs7) = C(Hs7) — Ag=C(Hsy7) — 1.
The only cases when deleting link (1, 2) supplies the residual closeness are n = 2, 3.
Case 4 - Deleting link (n,n + 1):
A) Distance d(n,n + 1) is changed from 1 to 3:

d'(n,n+1) =d(n,2n) +d(2n,2n +1) + d(2n + 1,n + 1) = 3.

When n = 3 this is the only changed distance. The difference is less than the difference in case 3:
2271 —273) = 0.75 < As.
B) When n > 4 distance d(1, n) is changed from 2 to 3 :

d(1,n) =d(1,2n + 1) +d(2n + 1,2n) + d(2n,n) = 3.
When n = 4 distance d(n — 1,n + 1) is changed from 2 to 3:
d'(3,5) =d(3,7) + d(7,6) + d(6,5) = 3.
When n = 4 distance d(n,n + 2) is also changed from 2 to 3:
d'(4,6) = d(4,8) + d(8,7) + d(7,6) = 3.
These are the only changed distances when n = 4 and:
Ay=202"1-273)+32(272-273) =1.5.

R(H379) = C(H3,9) - Ay = C(Hg,g) — 1.5.

C) When n > 4, two of the changed (from 2 to 3) distances in subcase B have bigger changes
(from 2 to 4). Distance d(n — 1,n + 1) is changed from 2 to 4:

dn—1n+1)=dn—-1,2n—1)+d(2n —1,2n) + d(2n,2n + 1) + d(2n + 1,n + 1).
Distance d(n,n + 2) is also changed from 2 to 4:
d'(n,n+2)=d(n,2n) +d2n,2n+1) +d2n+1,n+ 1) +d(n+ 1,n + 2).
These are the only changes when n = 5 and:
As =221 -2 42022 -27% +2.20272 271 = 1.75.

R(Hs11) = C(H311) — As = C(Hs 1) — 1.75.
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D) In general, when n > 2p, new p — 1 distances d(1,n —p+2),d(2,n —p+3),....d(p—1,n)
are changed fromptop + 1, e.g. frompath I, n +1,n,n —1,....n —p+ 2 topath 1,2n 4+ 1,2n,n,
n—1,...n—p+ 2.

When n = 2p another p distances d(n —p+1,n+1),d(n —p+2,n+2),...d(n —1,n+p+1)
are changed fromptop+1.e.g. frompathn+1,n,n—1,..n—p+1ltopathn+1,n+2,...,2n—
p+ 1,n — p+ 1. The distance between verticesn +1 =2p+1and2n —p+ 1 = 3p + 1 is equal to
p. These are the only new changes when n = 2p and:

Asp = Doyt + (p—1)2(277 = 27771 4 p2(277 — 27771) = Mg,y + (2p — 1)277.

R(H34p+1) = C(Hzapt1) — Agp.

E) When n > 2p the p distances d(n —p+1,n+1),d(n—p+2,n+2),...dn—1,n+p+1)
from subcase D are changed from p to p + 2, e.g. from path n + 1,n,n — 1,...,n — p + 1 to path
n+1.2n+1,2n,n,n—1,....n —p+ 1.

These are the only new changes when n = 2p + 1 and:
Aspi1 = Doy — p2(277 = 27771) 4 p2(27P — 27772 = Ay, 4 p2 P,

R(H34p13) = C(H34pt3) — Agpra-

Now we can prove:
Theorem 7.1. The residual closeness of Harary graph H3 9,11 is:
R(Hap1) = C(Hzapi1) — 4+ (3p+4)277,

R(Hs 4p3) = C(Hsapys) — 4+ (5p +8)2777 1,

where p > 1.

Proof:
Agp =Ny 1+ (2p—1)27P =Agp o+ (p—1)277 +(2p—-1)277

Agp = Agp_g + (3]9 — 2)271). 2)
Formula (1) for k = p, divided by 2, becomes:

3.2 4 4p2P=1—(p+2)277.
Formula (1) for k = p — 1 divided by 2, becomes:
3-2% 4 420p—12P=1—(p+1)27.
Adding both equation we receive:

6-270+ ..+ (Bp—2)2F=2—(3p+4)27". 3)
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The first items of the sum for Ay, are not added in the formula above. To determine linear component
L (the first items of the sum) we use:

15=A,=L+2-10-2"2=L—-0.5,
or L = 2. Then the difference Ay, becomes:
Aoy, =4—(3p+4)277,
For the next difference Ag, 1 we receive:
Agpi1 = Doy +p27 P71 =4 — (5p+8)277 7,

which proves the theorem. ad

8. Residual closeness of H 9,1

A) Deleting any link (¢, j) of graph Hj 7 changes distance d(i, j) from 1 to 2. The same is the
situation with graph H 9. Hence:

R(H572n+1) = C(H572n+1) - 0.5, when n = 3, 4.

B) For graph Hj 11, deleting link (2, n + 2) changes distance d(2,n + 2) from 1 to 3. Deleting
a link, connecting nodes with closer numbers, like (1,2) or (1,3), changes the distance from 1 to 2.
The same change in the distance (from 1 to 2) causes deleting link (1,7 + 1). Hence :

R(H5711) = C(H5711) — 2(271 — 273) = C(H5’11) —0.75.
C) For graph Hj ;3, deleting link (1,2n) changes distance d(1,2n) from 1 to 2 and distances
d(1,2n — 2) and d(3,2n) from 2 to 3:
R(Hs13) = C(Hs13) —2(271 —27%) —2.2(272 - 273) = C(H;513) — 1.
D) For graph Hs 2,11, n > 6, deleting link (n, n + 2) changes distance d(n,n + 2) from 1 to
2: d'(n,n+2) =d(n,n+1)+d(n+ 1,n+ 2). Distance d(2,n) = d(2,n +2) + d(n + 2,n) is
changed from 2 to 3: d'(2,n) = d(2,n+2)+d(n+2,n+ 1)+ d(n+ 1,n). The same is for distance
d(n + 2,2n). Distance d(n — 2,n + 2) = d(n — 2,n) + d(n,n + 2) is also changed from 2 to 3:
d(n—2,n+2)=d(n—2,n)+d(n,n+1)+d(n+1,n+2). The same is for distance d(n,n + 4).
No other distance is changed when n = 7, 8,9, 10 and:
Ay =2(271 —272) +4.2(272 - 273) = 1.5,
R(H572n+1) == C(H572n+1) - 1.5, when n = 7, 8,9, 10.

E) In general, whenn = 2k + 1, k € {4p — 1,4p,4p + 1, 4p + 2}, deleting link (n,n + 2) of
graph Hs 9,11, in addition to the previous changed distances, 3p — 2 distances are changed from p to
p + 1. The change in closeness A, = C(Hs 2n41) — R(Hs 2n41) is:

Ap=A0, 1+Bp—2)2027F 2P ) = A, 1+ (3p—2)27P. 4)

We can prove now:
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Theorem 8.1. The residual closeness of Harary graph Hs 9,11 is:
R(Hs2n+1) = C(Hs204+1) — 4+ (3p +4)277,
where p = 2 | and p > 1.

Proof:
Formula (4) is the same as formula (2) from Theorem 6. Using formula (3) from Theorem 6, we
determine linear component L:

15=Ay=L+2-10-2"2=L—0.5,
or L = 2. Then the difference A, becomes:
A, =4—(3p+4)277,

which proves the theorem. ad

9. Residual closeness of Hy,,1 12111

We will consider the cases m > 2 similar to Hs 2,,11. The differences in closenesses of Harary graphs
Hop 41,2041 for the smaller numbers n are: A = 0.5, when m +1 < n < 2m; A = 0.75, when
2m+1<n < 3m;and A = 1, when n = 3m.

When n = 3m + 1, deleting link (n, n+m) of graph Hoy, 1 6m-+3, changes distance d(n, n +m)
from 1 to 2 and 4 more distances (d(m,n), d(n +m,2n), d(n — m,n +m), and d(n,n + 2m)) from
2 to 3. The difference in closenesses Ay is:

Ay =21271—272) 4+ 4.2272 —27%) =05+ 1= 1.5,

C(Hamy1,6m+3) — R(Homi1,6m+3) = Az = 1.5.

In general, whenn € {m(2p—1)+1,m(2p—1)+2,...,m(2p+ 1)}, deleting link (n,n+m) of
graph Ho,, 11,2541, in addition to the previous changed distances, new 3p — 2 distances are changed
from p to p + 1. The difference in closenesses A, is:

Ay=A, 1 +Bp—2)202°P 2P =A, | +(3p—2)27P. 6))

We can prove now:

Theorem 9.1. The residual closeness of Harary graph Ho;;, 41 2,41 1:

R(Hom+1,2n+1) = C(Ham+y1,2n+1) —4+ (3p+4)277,

where p = [282=1 | and p > 1.
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Proof:
Formula (5) is the same as formulae (2) and (4). Similarly to the proof of Theorem 6 we have:

A,=L+2—-3p+4)277,

where L is a linear component, corresponding to the first terms of the sum of A,,. Using Ay = 1.5,
we determine L:
15=Ay=L+2-10-2"2=L—0.5,

or L = 2. Then the difference A, becomes:
A, =4—(3p+4)277,

which proves the theorem. ad

10. Conclusion

The link residual closeness is one of the most sensitive indicators for robustness of networks. In this
article we consider Harary graphs Hj, ,,. The residual closeness of Hs ,, (cycle graph) is supplied by
path graph P,, (both with known closenesses). When k > 2 we have calculated the difference between
the closeness and the link residual closeness of Harary graphs Hy, ,,.

11. Appendix A. Proof of Formula 1.

Proof:
We start with:
Y =X+ X2+ X%+ ...+ X"

Y(1-X)=X— XM

or.:
X — X+
X+ X2+ X34+ Xk
+ XA+ X0 L+ -

Differentiating both sides of equation, we receive:

1—(E+1DXF X — xh+l
1—-x) Ta-xpe

1+2-X"4+3.- X2+ . +kXF1=

Replacing X with % we receive:
1—(k+1)27F 27127k
2-1 T
142270432724 g2t =42k (k4 1)20F
3-272 4 L4 k2VF =2 (k+2)21F,

1+2.27043.272 4 4 k2lF =

which is exactly Formula (1). ad
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