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Abstract. Let G be a graph and S C V(G) with |S| > 2. Then the trees 77,75, -, in
G connecting S are internally disjoint Steiner trees (or S-Steiner trees) if E(T;) N E(T;) = 0
and V(T;) N V(T;) = S for every pair of distinct integers 1 < ¢, < £. Similarly, if we only
have the condition E(T;) N E(T;) = 0 but without the condition V(T;) N V(T;) = S, then
they are edge-disjoint Steiner trees S-Steiner trees. The generalized k-connectivity, denoted by
kk(G), of a graph G, is defined as k,(G) = min{xg(S)|S C V(G) and |S| = k}, where
k(S) is the maximum number of internally disjoint S-Steiner trees. The generalized k-edge-
connectivity A\, (G) of G is defined as \;(G) = min{Ag(S)|S C V(G) and |S| = k}, where
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A (9) is the maximum number of edge-disjoint Steiner trees connecting .S in G. These concepts
are generalizations of the concepts of connectivity and edge-connectivity, and they can be used
as measures of vulnerability of networks. It is, in general, difficult to compute these generalized
connectivities. However, there are precise results for some special classes of graphs. In this paper,
we obtain the exact value of \;(S(n,¢)) for 3 < k < £", and the exact value of k. (S(n, ¢£)) for
3 < k < ¢, where S(n, ) is the Sierpiniski graphs with order ¢™. As a direct consequence, these
graphs provide additional interesting examples when A (S (n, £)) = ki (S(n, £)). We also study
the some network properties of Sierpifiski graphs.

Keywords: Steiner Tree; Generalized Connectivity; Sierpifiski Graph.
AMS subject classification 2010: 05C40, 05C85.

1. Introduction

All graphs considered in this paper are undirected, finite and simple. We refer the readers to [[1]]
for graph theoretical notation and terminology not described here. For a graph G, let V(G) and E(G)
denote the set of vertices and the set of edges of G, respectively. The neighborhood set of a vertex
v € V(G) is Ng(v) = {u € V(G)|uv € E(G)}. The degree of a vertex v in G is denoted by
d(v) = |Ng(v)|. Denote by 6(G) (A(G)) the minimum degree (maximum degree) of the graph G.
For a vertex subset S C V(G), the subgraph induced by S in G is denoted by G[S] and similarly
G[V \ S] for G\ S or G — S. Especially, G — v is G[V \ {v}]. Let G be the complement of G.
For a partition P = {V1,V5,...,V;} of V(G), let G/P be the graph obtained from G by deleting
U, ey B (G]V;]) and then identifying each V;, respectively. For any positive integers n, we always use
the convenient notation [n] to denote the set {1,2,--- ,n}.

1.1. Generalized (edge-)connectivity

Connectivity and edge-connectivity are two of the most basic concepts of graph-theoretic mea-
sures. Such concepts can be generalized, see, for example, [16]. For a graph G = (V, F) and a set
S C V(G) of at least two vertices, an S-Steiner tree or a Steiner tree connecting S (or simply, an
S-tree) is a subgraph T' = (V'/, E’) of G that is a tree with S C V. Note that when |S| = 2 a minimal
S-Steiner tree is just a path connecting the two vertices of S.

Let G be a graph and S C V(G) with |S| > 2. Then the trees 11,5, -+ , Ty in G are internally
disjoint S-trees if E(T;) N E(Tj) = (0 and V(T;) N V(T;) = S for every pair of distinct integers
i,j, 1 < 4,7 < £ Similarly, if we only have the condition E(T;) N E(T;) = () but without the
condition V (T;) N V(Tj) = S, then they are edge-disjoint S-trees (Note that while we do not have
the condition V(7;) N V(T;) = S, it is still true that S C V(T;) N V(7)) as T; and T} are S-
trees.) The generalized k-connectivity, denoted by i (G), of a graph G, is defined as ki(G) =
min{xg(S)|S C V(G) and |S| = k}, where k(S) is the maximum number of internally disjoint
S-trees. The generalized local edge-connectivity \(.S) is the maximum number of edge-disjoint .S-
trees in G. The generalized k-edge-connectivity A\i,(G) of G is defined as A (G) = min{Ag(S5)|S C
V(G) and |S| = k}. Since internally disjoint S-trees are edge-disjoint but not vice versa, it follows
from the definitions that x;(G) < A;(G). There are many results on generalized (edge-)connectivity;
see the book [15] by Li and Mao.
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For a graph G and two distinct vertices =,y of G, the local connectivity pg(x,y) of = and y
is defined as the maximum number of pairwise internally disjoint paths between x and y, and the
local edge-connectivity Ag(x,y) is defined as the maximum number of pairwise edge-disjoint paths
between z and y. The connectivity of G is defined as x(G) = min{pg(z,y) |z,y € V(G), = # y},
and the edge-connectivity of G is defined as A\(G) = min{ g (z,y) |2,y € V(G), = # y}. Itis clear
that when |S| = 2, A2(G) is just the standard edge-connectivity A(G) of G, k2(G) = k(G), that is,
the standard connectivity of G. Thus k(G) and A\;(G) are the generalized connectivity of G and the
generalized edge-connectivity of G, respectively.

As it is well-known, for any graph G, we have polynomial-time algorithms to find the classical
connectivity x(G) and edge-connectivity A(G). Given two fixed positive integers k and ¢, for any
graph G the problem of deciding whether A (G) > ¢ can be solved by a polynomial-time algorithm.
If k (k > 3) is a fixed integer and ¢ (¢ > 2) is an arbitrary positive integer, the problem of deciding
whether x(S) > ¢ is N P-complete. For any fixed integer ¢ > 3, given a graph G and a subset S
of V (@), deciding whether there are ¢ internally disjoint Steiner trees connecting .S, namely deciding
whether x(S) > ¢, is N P-complete. For more details on the computational complexity of generalized
connectivity and generalized edge-connectivity, we refer to the book [15]].

In addition to being a natural combinatorial measure, generalized k-connectivity can be motivated
by its interesting interpretation in practice. For example, suppose that G represents a network. If one
wants to “connect” a pair of vertices of G “minimally”, then a path is used to “connect” them. More
generally, if one wants to “connect” a set S of vertices of G, with |S| > 3, “minimally”, then it is
desirable to use a tree to “connect” them. Such trees are precisely S-trees, which are also used in
computer communication networks (see [8]]) and optical wireless communication networks (see [6]).

From a theoretical perspective, generalized edge-connectivity is related to Nash-Williams-Tutte
theorem and Menger theorem; see [15]]. The generalized edge-connectivity has applications in V LST
circuit design. In this application, a Steiner tree is needed to share an electronic signal by a set
of terminal nodes. Another application, which is our primary focus, arises in the Internet Domain.
Imagine that a given graph (G represents a network. We arbitrarily choose k vertices as nodes. Suppose
one of the nodes in G is a broadcaster, and all other nodes are either users or routers (also called
switches). The broadcaster wants to broadcast as many streams of movies as possible, so that the users
have the maximum number of choices. Each stream of movie is broadcasted via a tree connecting
all the users and the broadcaster. So, in essence we need to find the maximum number Steiner trees
connecting all the users and the broadcaster, namely, we want to get A\(S), where S is the set of the k
nodes. Clearly, it is a Steiner tree packing problem. Furthermore, if we want to know whether for any
k nodes the network G has above properties, then we need to compute A\;(G) = min{A(S)} in order
to prescribe the reliability and the security of the network. For more details, we refer to the book [[15]].

1.2. Sierpinski graphs

In 1997, Klavzar and Milutinovi¢ introduced the concept of Sierpinski graph S(n, ¢) in [11]. We
denote n-tuples V" by the set

V" = {{upuy -+ up—1)| u; € {0,1,...,£—1}andi € {0,1,...,n— 1}}.
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A word u of size n are denoted by (ugu, - - ,up—1) in which u; € {0, ...,¢—1}. The concatenation
of two words u = (uguy -+ up—1) and v = (vgv1 - - - v,—1) is denoted by wv.

Definition 1. The Sierpiriski graph S(n, () is defined as below, for n > 1 and { > 3, the vertex set
of S(n,{) consists of all n-tuples of integers 0,1,--- £ — 1. That is, V(S(n,t)) = V", where uv =
(uouy « -+ Up—1,VV1 * + - Up—1) is an edge of E(S(n, 0)) if and only if there exists d € {0,1,...,0—1}
such that: (1) u; = vj, if j < d; (2) uq # vas (3) uj = vq and vj = ug, if j > d.

Figure 1: S(2,4)

Sierpiriski graph S(2,4) is shown in Figure [II Note that S(n,¢) can be constructed recursively
as follows: S(1,¢) is isomorphic to K, which vertex set is 1-tuples set {0, ...,¢ — 1}. To construct
S(n,?) forn > 1, we take copies of ¢ times S(n — 1,¢) and add the letter 7 on the top of the vertices
in i-th copy of S(n — 1,¢), denoted by S?(n, ¢). Note that there is exactly one edge (bridge edge)
between S¢(n, £) and S7(n, £), i # j, namely the edge between vertices (ij - - - j) and (ji - - - 7).

The vertices (i,i,--- ,i), i € {0,1,...,¢ — 1} are the extreme vertices of S(n,¢). Note that

——

n

an extreme vertex u of S(n,¢) has degree d(u) = ¢ — 1. Fori € {0,...,£ — 1} and n > 2, let
S%(n — 1,4) denote the subgraph of S(n, £) induced by the vertices of the form {(iuy - - - u,_1) |0 <
u; < ¢ — 1}. The vertex set V(S(n, £)) can be partitioned into ¢ parts V (S°(n — 1,£)), V(S*(n —
1,0),...,V (S~ (n —1,£)). Foreach 0 < i < £ — 1, S%(n — 1,) is isomorphic to S(n — 1, ).
Note that V(S(n,£)) = V(S°(n —1,£))U---UV(S*1(n —1,£)) and S(n, ¢) is the graph obtained
from SO(n —1,¢),..., 871 (n — 1,£) by adding exactly one edge (bridge edge) between S’(n — 1, )
and S7(n — 1,£), i # j, and the bridge edge joins (ij ---j) and (ji--- i) (notices that (ij - --j) and
(ji--- i) are extreme vertices of S*(n — 1,¢) and S7(n — 1, /), respectively, if we regard S*(n — 1, /)
and S7(n — 1, /) as two copies of S(n — 1,/)).

Sierpiriski graphs generalize Hanoi graphs which can be viewed as “discrete” finite versions of
a Sierpiniski gasket [23 [10]. Xue considered the Hamiltionicity and path ¢-coloring of Sierpifiski-
like graphs in [23]]; furthermore, they proved that Val(S(n,k)) = Val(S[n,k]) = |k/2], where
Val(S(n, k)) is the linear arboricity of Sierpinski graphs. We remark that although Sierpinski graphs
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are not regular, they are “almost” regular as the extreme vertices have degrees one less than the degrees
of non-extreme vertices.

1.3. Preliminaries and our results
Chartrand et al. [4] and Li et al. [16] obtained the exact value of kj (K},).

Theorem 1.1. (|16, 4])
For every two integers n and k with 2 < k < n,
ki(Kn) = M\ (Ky) =n — [k/2].

The following result is on the Hamiltonian decomposition of Sierpiriski graphs.

Theorem 1.2. [23] (1) For even { > 2, S(n,l) can be decomposed into edge disjoint union of g
Hamiltonian paths of which the end vertices are extreme vertices.

(2) For odd ¢ > 3, there exist % edge-disjoint Hamiltonian paths whose two end vertices are
extreme vertices in S(n, {).

In fact, Theorem[L.2]is used in the proof of Theorem[L.3] which give an lower bound for the generalized
k-edge connectivity of Sierpinski graphs S(n, ¢). We require the following result.

Theorem 1.3. ([5, 26])
Suppose that G is a complete graph with V(G) = {vg, -+ ,on_1}. If N = 2n, then G can be
decomposed into n Hamiltonian paths

{ie{l,2,...,n}: Li = V04iV14iV2n—14iV21iV2n—2+i " ** Unt14iVnt 1},

where the subscripts take modulo 2n. If N = 2n + 1, then G can be decomposed into n Hamiltonian
paths

{ie{l,2,...,n}: Li = v01iV1iV2n4iV21iV2n—14i " * UntiVnt1+i}

and a matching M = {v,—jvp41: i € {1,2,...,n}}, where the subscripts take modulo 2n + 1.

The following result is derived from Theorem[L.3] and we will use it later.

Corollary 1.4. Let s be an integer with s < % Suppose that G is the complete graph with V (G) =

{v1,--- ,on}and S = {{vi,,vi, } 1 € {1,2,...,s}} is a collection of pairwise disjoint 2-subsets of
V(G). Then there are s edge-disjoint Hamiltonian paths L1, - - - , L such that v;, ,v;, are endpoints
OfLZ

Our main result is as follows.

Theorem 1.5. (i) For 3 < k < ¢, we have
"ik(S(n7€)) = )‘k(S(n7€)) ={— U{:/Q-I :
(1) For 0 +1 < k < (", we have
5i(S(m, 0) < 1£/2] and M(S(n,0)) = £/2]
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2. Proof of Theorem [1.3

This section is organized as follows. We first introduce some notations, operations and auxiliary
graphs that are used in the proof. Then we give a transitional theorem (Theorem 2.1), which is the
main tool for the proof of Theorem Theorem will be proved by constructing an algorithm,
and the proof takes up almost entire Section 2] (the proof is divided into two parts: the construction of
algorithm and the proof of its correctness). Finally, we complete the proof of Theorem by using
Theorem 2,11

2.1. Notations, operations and auxiliary graphs

For 1 < s < n, by the definition of the Sierpiriski graph S(n, /), we have that G = S(n,{)
consists of ¢"~* Sierpiniski graphs S(s, ¢), and we call each such S(s,¢) an s-atom of G. Note that
P ={V(H): H isan s-atom of G} is a partition of V' (G). We use G, to denote the graph G/P.
It is obvious that G is a simple graph and G5, = S(n — s,¢). Note that G,, is a single vertex and
Go = G. For a vertex u of G5, we use Ay ,, to denote the s-atom of G which is contracted into u. See
Figures 21 [3land ] for illustrations.

Notation | Corresponding interpretation
s-atom A copy of S(s,£) in G = S(n,{), where 0 < s < n.

Gs The graph obtained from G by contracting all £"~% s-atoms in G.
Ay s The s-atom in G which is contracted into u, where u € V(Gj).
H Gs_1 can be obtained form G5 by expending each u € V(Gs) to a

complete graph H" = K.

u®, v If e = ww is an edge of G, then e is also an edge of G,_1. let u,, ve
denote endpoints of e in G5 such that u, € H" and v, € H".
U The set of labelled vertices in G (|U| = k).
Us The set of labelled vertices in G.
w The set of labelled vertices in H".

Table 1: Notations for and their meanings.

Note that G;_1 is the graph obtained from G by replacing each vertex u with a complete graph
Ky. We denote by H" the complete graph replacing u (see Figures 3] and 4] for illustrations). For an
edge e = uv of Gg, e is also an edge of Gs_1. We use u, and v, to denote the ends of e in G5_1,
respectively, such that u, € V(H") and v, € V(H"). (See Figure 3 for an illustration.)

Fix a subset U of V(G) arbitrary such that |U| = k, where 3 < k < /. For the graph Gg, a
vertex u of Gy is labelled if V(As,) NU # 0, and w is unlabelled otherwise. We use U*® to denote
the set of labelled vertices of Gs. For a labelled vertex u of G, let W = V(H%) N U*~1, that is,
the set of labelled vertices in H". See Figure 2 as an example, if U = {ugoo, o1, U013, U122}, then
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U = {ugo, uor, u12} and W* = {ugg, up1 } in Figure Bl For ease of reading, above notations and
their meanings are summarized in Table 11

We construct an out-branching T with vertex set V(?) = Uicgo1,..mp{z: € V(G;)} and arc

set A(?) = {(z,y) : y € V(H")}. The root of T is denoted by Vpoer (it is clear that V(G,,) =
{Vroot }). For two different vertices x, y of V/(T'), if there is a direct path from z to y, then we say that
x < y, and denote the directed path by zT'y. The following result is straightforward.

Factl. Ifz; € V(?)fori €lplandxy <o < ... < xp, then ;e IW"| <k +p—1.

2.2. A transitional theorem and its proof

In order to prove our main result (Theorem [L.3)), we first prove the following transitional theorem
by constructing ¢ — [k/2] internally disjoint U-Steiner trees in G.

Theorem 2.1. Let G = S(n,¢) and U C V(G) with |U| = k (U is defined before), and let ¢ =
¢ —Tk/2]|. For 0 < s < n, Gy has c internally disjoint U*-Steiner trees T}, --- , T, such that the
following statement holds.

(%) For each uw € U® (say u € WV and hence v is a labelled vertex of Gsy1 if s # n) and i € [c],
dTi (u) S 2.

The rest part of this subsection is the proof of Theorem 2.1

Proof of Theorem 2.1 Suppose that s is the minimum integer such that G» has exactly one labelled
vertex (note that s’ exists since G, consists of a single labelled vertex). This means that Gy_; has
at least two labelled vertices. Let v be the labelled vertex in G». Then U C Ay . Thus, in order to
find c internally disjoint U-Steiner trees of (& satisfying (x), we only need to find c¢ internally disjoint
U-Steiner trees in Ay ,, satisfying (x). Hence, without loss of generality, we can assume that G is a
graph with

[Woreet| = |U™ | > 2. (1)

Therefore, |U?| > 2 for eachi < n — 1.

The proof is technical and is via induction. Note that since G,, is a single vertex and G = Gy, the
induction is from G, to G. The basic idea is to use the U*-Steiner trees of G to construct appropriate
Us~1-Steiner trees of Gs_1. Since each vertex in G, corresponds to a complete graph in G,_1, it is
not a straightforward process to extend U*-Steiner trees of G to Us~1-Steiner trees of G5_1.

If s = n, then each T} in G,, is the empty graph and the result holds. Thus, suppose s < n — 1.
Hence, the labelled vertex v of G441 always exists. The following implies that the result holds for
s =n — 1. Note that U~ = W/ ¥reot,

Claim 1. If s = n — 1, then we can construct c internally disjoint U?-Steiner trees, say 11, ..., T,
such that for each i € [c| and u € U?, dr,(u) < 2. Moreover,

() If|U®| < [k/2], then for each i € [c] and w € U®, dr,(u) = 1;
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Figure 5: From graph GG to GG by u.v, contraction edge uv.

(i) otherwise, for each u € U®, there are at most |U®| — [k /2] internally disjoint U*-Steiner
trees T; such that dr,(u) = 2.

Proof:
Note that G,,—; = S(1,¢) = K.

Suppose |[U"~| < [k/2]. Then |V (G,,_1) — U™} > ¢ — [k/2] = c and we can choose c stars
of {x vVU" ! : z € V(G,_1) — U1} as internally disjoint U™ !-Steiner trees 771, ..,T.. It is
easy to verify that dr, (u) = 1 fori € [¢] and u € U™,

Suppose |[U"~1| > [k/2]. Since [U™ | < k, it follows that 0 < |[U™~Y| — [k/2] < [JU™Y]/2].
By Corollary [[4] there are |U™ 1| — [k/2] edge-disjoint Hamiltonian paths in G,,_1[U™"!]. So,
we can choose c internally disjoint U™ !-Steiner trees consisting of |[U"~!| — [k/2] edge-disjoint
Hamiltonian paths in G,,_1[U" ! and £ — |[U" Y| stars {z VU ' : 2 € V(Gnq) — UL It
is easy to verify that dr. (u) < 2 for i € [c] and u € U™}, and there are at most |[U""1| — [k/2]
internally disjoint U~ !-Steiner trees T} such that dr, (u) = 2. 0

Our proof is a recursive process that the c internally disjoint U?®-Steiner trees of G5 are constructed
by using the c internally disjoint U**!-Steiner trees of G 1. We will find some ways to construct the
c internally disjoint U*-Steiner trees such that (x) holds. In the finial step, the ¢ internally disjoint U-
Steiner trees in Gy = G will be obtained. We have proved that the result holds for s € {n,n—1}. Now,
suppose that we have constructed c internally disjoint U !-Steiner trees, say 7 = {F}, ..., F.}, and
the trees satisfy (x), where s € {0,...,n — 1}. We need to construct ¢ internally disjoint U*-Steiner
trees 7 = {T1,...,T.} of G satisfying (%).

Recall that each edge of G5 is also an edge of Gs. In addition, let £, ; denote the set of edges
in F; incident with the labelled vertex v in G and let V;,; = {u. : e € E,;} (recall that the edge
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e = uw in Ggy1 is denoted by e = u.w, in G, where u, € V(H") and w, € V(H"™)). Note that
E,;and V,,; are the subsets of E(G) and V' (Gj), respectively.

Our aim is to construct internally disjoint U*-Steiner trees 71, . .., T, that is obtained from U**!-
Steiner trees F1, ..., F.. So, we need to “blow” up each vertex w of G4, into H" and find internally
disjoint W*-Steiner trees F}°, ..., FY of HY (F}" may be the empty graph if w is a unlabelled vertex)
such that

T=ST,=Fu |J F':ield
wGV(Gs.H)

Each F;” can be constructed as follows.

o If w is a labelled vertex of G441, then w is in each U st1_Steiner tree of F. We choose ¢
internally disjoint W"-Steiner trees F*,..., F:’ of H" such that V,,; C V(F}) for each
i€ [c].

e If w is an unlabelled vertex, then w is in at most one U**1-Steiner tree of F. For each i € [c],
if w € V(F;), then let F be a spanning tree of H"; if w ¢ V(F;), then let F” be the empty
graph.

Fori € [d], let E; = E(F;) UUyev(q.,,) E(F}") and let T; = G4[E;]. Itis obvious that Ty, ..., T,
are internally disjoint U*-Steiner trees. We need to ensure that each labelled vertex of G* satisfies ().

In fact, without loss of generality, we only need to choose an arbitrary labelled vertex u € G441
and prove that each vertex of W* satisfies (x). This is because F};" is clear when w is an unlabelled
vertex (in the case F}" is either a spanning tree of H" or the empty graph). By Eq. (I) and Fact[I]
|[W| < k — 1 since u # Upoot-

Since dp,(u) < 2 for each i € [¢] and u € U¥, it follows that |E,, ;| = |V, ;| < 2. Therefore, we
can divide F7, ..., F, into the following five types on u:

Type1: |V, ;| =1and V,,; C W*.

Type 2: |V, ;| =1and V,,; £ W™

Type 3: |V, ;| =2and V,,; C W*.

Type 4: |V, ;| =2 and V,,; N W* = {.

Type 5: |V, ;| = 2 and |V, ; " W"| = 1.

If F; is a graph of Type j (1 < j < 5) on u, then we also call F}* a W"-Steiner tree of Type j.
Suppose there are n;(u) trees F; that belong to Type j on u for j € [5]. Then

5
Z nj(u) = c. 2
i=1

It is obvious that 1 (vyo0t) = 0 for each j € [5]. Let
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Note that R(u) is the set of unlabelled vertices in G, which will be used to construct the W *-Steiner
trees in H“. Itis clear that

[R(u)| = £ = [W"| = [n2(u) 4+ 2n4(u) + ns(u)]. 3)
@H“ @H“ @H“ @{u @t

Type 1 Type 2 Type 3 Type 4 Type 5
R Nt e S AR iy
b “

Type 1 Type 3 Type 1 Type 3
........................... iathoa sy Method3
w »»

HY H
: Type 2 Type 5 Type 4

..........................................................................................................................

Figure 6: Five types and methods 1, 1a, 2 and 3.

We have the following five methods to choose FY, ..., F¥ for the labelled vertex u € Gy (see
Figure [a)).

Method 1 If F; is a graph of Type 1 and |W*¥| > 2, or F; is a graph of Type 3, then let F* =
x VWY where x € R(u).

Method 1a If F; is a graph of Type 1 and |[IV*| > 2, then let F* be a Hamiltonian path of H"[IW"]
such that the vertex in V, ; is an endpoint of this Hamiltonian path; if F; is a graph of Type 3, then let
F}" be a Hamiltonian path of H"[W™"] such that the endpoints of F; are two vertices in V;, ;.

Method 2 If F; is a graph of Type 2 or Type 5, say « is the only vertex of V, ; with x ¢ W*, then
let F =ax Vv WY

Method 3 If F; is a graph of Type 4, say V,,; = {z, y}, thenlet F}* = 2y U (z vV W").

Method 4 If F} is a graph of Type 1 and |[W"| = 1, then let F} be the empty graph.

It is worth noting that the method is deterministic if F}* is a graph of Types 2, 4 and 5, or F}" is
a graph of Type 1 and |[IW*| = 1. So we firstly construct these F}'s by using Methods 2, 3 and 4,
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respectively, and then construct F}*s of Type 1 with |IW*| > 2 and construct F}*s of Type 3 by using
Method 1 or Method 1a.

The following is an algorithm constructing c internally disjoint U-Steiner trees of G.

Algorithm 1: The construction of ¢ internally disjoint U-Steiner trees of G

Input: U, cand G = S(n, £) with |IW"°°!| > 2

Output: c internally disjoint U-Steiner trees 77,75, ..., T, of G
1 1Y, Ty, ..., T/ are empty graphs;
2 s = n//(* in initial step, G is a single vertex*);
3 for s > 1do

4 for each vertex u of Gs do

5 if w is an unlabelled vertex then

6 for 1 <i<cdo

7 if u is a vertex of F; then

8 | F}*isaspanning tree of H";

9 else

10 | F}* is is the empty graph;

11 end

12 T, =T UFY;

13 i =1+ 1;

14 end

15 end

16 if w is a labelled vertex then

" = |R(w)l:

18 for 1 <i<cdo

19 if T} is of Type 2 or Type 5 then

20 | construct F;* by using Method 2;
21 end

2 if T} is of Type 4 then

23 | construct F3* by using Method 3;
24 end

25 if T} is of Type 1 and |W*"| = 1 then
26 | construct F* by using Method 4;
27 end

28 if either T} is of Type 1 and |W*| > 2, or T} is of Type 3 then
29 if 1 > 0 then

30 construct F}* by using Method 1;
31 w=pu—-1

32 end

33 if 1 <0 then

34 | construct F;* by using Method 1a;
35 end

36 end

37 T, =T/ UF}"

38 i =1+ 1;

39 end

40 end
41 end
2 s=s—1;

43 end
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Algorithm [T]is an algorithm for finding ¢ internally disjoint U-Steiner trees of G. For each step of
s, the algorithm will construct c internally disjoint U~ !-steiner trees 77, T4, . . . , T".. For convenience,
we denote each T} by T} after the s step of outer “for”, thatis, 77, T, ..., T} are ¢ internally disjoint
U*-Steiner trees in G° generated in Algorithm [Il If Algorithm [lis correct, then Lines 1640 indicate
that d7v () < 2 for any z € W*, and hence (x) always holds.

We now check the correctness of the algorithm. Since F}" is deterministic when w is an unlabelled
vertex (Lines 5-15 of Algorithm[I)), and F* is deterministic if u is a labelled vertex and either F* is a
graph of Types 2, 4 and 5, or F is a graph of Type 1 and |IW*| = 1 (Lines 19-27 of Algorithm[I)), we
only need to talk about the labelled vertex u with |[IW*| > 2 and check the correctness of Lines 28-36
of Algorithm [Il That is, to ensure that there exist n; (u) F's of Type 1 and n3(u) F}"s of Type 3. If
F}* is constructed by Method 1, then F}" is a star with center in R(u) (say the center of the star is a;);
if " is constructed by Method 1a, then F is a Hamiltonian path of H* with endpoints in V/, ;. Since
a;s are pairwise differently and are contained in R(u), and H" has at most ||I¥*|/2] Hamiltonian
paths to afford by Corollary we only need to ensure that |R(u)| + ||[W"|/2] > ni(u) + n3(u).
Thus, we only need to prove the following result.

Lemma 2.1. For each labelled vertex u € V(G5) with |[W"| > 2, Ineq.
n1(u) + ng(u) — [R(u)| < [[W*]/2] )
holds.

Proof:
By Egs. @) and (@),

ni(u) +n3(u) — [R(u)| = ni(u) + n3(u) — [ = [W"| = na(u) — 2na(u) — ns(u)]
= [n1(u) + na(u) + n3(u) + ng(u) + ns(w)] + ng(u) + W — £
=c+na(u) + WY - L.

Since ¢ = ¢ — [k/2], it follows that
i (u) + n3(u) = [R(u)| = na(u) + W] = [k/2]. )
Before the proof of Lemmal[2.1] we give a series of claims as preliminaries.

Claim 2. Suppose that a € V(vmot?u) is a labelled vertex with a € U", where 1 < 1 < n. If
|[We| =1 (say W* = {z}), then ns(a) < 1. Moreover,

1. ifns(a) = 1, then ny(x) < 1;
2. ifns(a) = 0, then n3(x) = n4(x) = ns(z) = 0.

Proof:
Note that x € U*~L. in Algorithm[Tl(Lines 18-39), if T} is not a tree of Type 5 on a, then F* is chosen
such that d.—1(x) = 1 (here W* = {z}); if T} is a tree of Type 5 on a, then F* is chosen such that
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dyo-1(z) = 2. Since |W®| = 1, there is at most one 7} of Type 5 on a, and hence ns(a) < 1.
Furthermore, if n5(a) = 1, then there is exact one 7} ' in G*~! such that d.—1(z) = 2. Hence,

ny(z) < 1. If n5(a) = 0, then d -1 (z) = 1 for each T}~ *. Therefore, n3(z) = n4(x) = ns(z) = 0.
' O

Claim 3. Suppose that a,b are two labelled vertices of vmot?u and a € WP, where a € U for some
L € [n]. Then there are at most max{1,n1(b) + n3(b) — |R(b)| + 1} T}s such that dr:(a) = 2.
Furthermore, ny(a) < max{1,n1(b) + n3(b) — |R(b)| + 1}.

Proof:

Since a € WP and a € U, it follows that b € U*T!. For an i € [c] with dr+(a) = 2, we have that
either F? is a Hamiltonian path of the clique H°[W?], or a € V},; N W? for some i € [c] (recall that
Wi=1{2€V(H b) . 2 is an end vertex of some edge in Ey;}, where Ey ; is the set of edges in T{“
incident with b). Hence, if there are h edge-disjoint Fibs that are constructed as Hamiltonian paths of
HP[W?), then there are at most & + 1 internally disjoint U*-Steiner trees 7} such that dr:(a) = 2. By
the definition of n4(a), we have that ns(a) < h + 1.

In Algorithm[Il(Lines 28-36), if n1(b) +ns3(b)—|R(b)| > 0, then there are at most n1(b) +ns3(b) —
|R(b)| FPs that are constructed as Hamiltonian paths in H?[W?]; if nq(b) + n3(b) — |R(b)| < 0, there
is no F that is constructed as a Hamiltonian path in H?[W?]. Hence, h < max{0,n1(b) + ng(b) —
|R(b)|}. Thus, there are at most max{1,n1(b) + n3(b) — |R(b)| + 1} internally disjoint U*-Steiner
trees T} such that dr:(a) = 2, and n4(a) < max{1,n1(b) +n3(b) — [R(b)| + 1}. 0

Claim 4. Leta € V(vm@t?u) be a labelled vertex, where a € U" for some v € [n]. If ny(a) < 1 and
2 < |W% < [k/2] — 1, then ni(a) + nz(a) — |R(a)| < 0. Moreover, for each vertex x € W*, there
is at most one T such that dp—1 (z) = 2.

Proof:
Since n4(a) < 1 and [W*| < [k/2] — 1, it follows from Eq. (@) that ni(a) + ng(a) — |R(a)| =
|We — [k/2] +1 < 0. By Claim 3] for each vertex x € W?, there is at most one 7* such that

Claim 5. Leta € V(vmot?u) be a labelled vertex, where a € U" for some v € [n]. If ny(a) < 1 and
[k/2] < |W <k —1, then ni(a) + n3(a) — |R(a)| < [|W?|/2|. Moreover, for each x € W*,
1. if ny(a) = 1, then there are at most |W?| — [k/2] + 2 internally disjoint U*~'-Steiner trees
T~ such that dTikl () =2
2. ifng(a) = O, then there are at most |W°| — [k/2] + 1 internally disjoint U*~'-Steiner trees
T: 1 such that dp—1 (z) = 2.

Proof:
Since n4(a) < 1, it follows from Eq. (@) that

ni(a) +n3(a) — [R(a)| < W] = [k/2] + n4(a)
< W —=Tk/2] +1



C. Yang et al. | Constructing disjoint Steiner trees in Sierpiriski graphs 15

and the equality indicates n4(a) = 1. If [IW¢| < k — 2, then
ni(a) + n3(a) — |R(a)| < W = [((W*[+2)/2] + 1 < [|[W*|/2];
if [W4| = k — 1 and k is even, then
ni(a) + n3(a) — [R(a)| = (W = [(IW* +1)/2] + 1 = [(IW*| +1)/2] = [[W*]/2];
if 9| = k — 1 and k is odd, then
ni(a) + n3(a) — [R(a)| = (k — 1) — [k/2] + 1 < [k/2] = [(k —1)/2] = [[W*[/2] .

Therefore, n1(a) + n3(a) — |R(a)| < [|W*]/2]. By Eq. (3) and Claim[3] if n4(a) = 1, then for each
vertex x € W, there are at most n1(a) +n3(a) — |R(a)| +1 = |[W?| — [k/2] + 2 internally disjoint
U*~!-Steiner trees T} ' such that d.—1(z) = 2; if n4(a) = 0, then for each vertex x € W4, there
are at most n1(a) + nz(a) — |R(a)| + 1 = [W¥| — [k/2] + 1 internally disjoint U*~!-Steiner trees
T}~ such that d .1 (z) = 2. 0

Claim 6. Suppose a,b € V(?) a < band a?b = az123 ... 2pb, where a € U* for some v € [n]. If
|W#i| < [k/2] — 1 for each i € [p], and either |W®| = 1or2 < |W® < [k/2] — 1 and ny(a) <1,
then ny(b) < 1.

Proof:

Since a € U, it follows that z, € U4 for each ¢ € [p] and b € U*"P~1. Since [W?| = 1 or
2 < |W? < [k/2] — 1 and n4(a) < 1, by Claims 2l and 4, there are at most one 7} * such that
dyo-1(z1) = 2. Hence, n4(z1) < 1. Since [W*1| < [k/2] — 1 and n4(z1) < 1, by Claims 2 and 4]
thére are at most one sz such that d.—2(22) = 2. Hence, n4(22) < 1. Repeat this progress, we can
get that n4(z,) < 1. Since |[W?| < [k}/Q] — Ll and n4(z,) < 1, by Claims2land @] there are at most
one 7/ ""~" such that dTihpfl(b) = 2. Hence, ny(b) < 1. 0

Claim 7. Suppose |W'roet| < [k/2], b € V(?) and vmot?b = Vpoot 2122 - . - 2pb. If [W#| =1 for
each i € [p], then ny(b) = 0.

Proof:

Since |Wvreet| < [k/2], by Claim [l dyn-1(21) = 1 for each U™ !-Steiner tree 7" '. Hence,
n3(z1) = na(z1) = ns(21) = 0. Since ]Wél\ = 1 and n5(z1) = 0, by the second statement of Claim
2l n3(z2) = na(z2) = ns(z2) = 0. Since |[IW*2| = 1 and n5(z2) = 0, by the second statement of
Claim[2] n3(z3) = n4(z3) = ns(z3) = 0. Repeat this process, we get that ny(b) = 0. 0

Claim 8. Suppose that a,b are two labelled vertices and a. € W, where a € U* for some 1 € [n]. If
k is even and |W°| = |W?| = k/2, then ni(a) +n3(a) — |R(a)| < ||W?|/2] and the following hold.

1. If b = VUpoot, then for each vertex x € W, there is at most one Ti‘_1 such that dTiLfl (x) =2
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2. If b # Vpoot, then for each vertex x € W€, there are at most two Tihls such that dp.—1 (x) = 2.

Proof:
Suppose b = V0t Then by Claim[Il n4(a) = 0. Thus,

n1(a) + na(a) — [R(a)| = na(a) + [W*| = k/2 = [W) — k/2 = 0.

By Claim[3] for each vertex = € W, there is at most one 7}~ * such that d .1 (z) = 2.

Now assume that b # v,o0:. Without loss of generality, suppose vmgt7b = UrootV102 - . . Upb. By
Fact[Il we have that [IW"™°| = 2 < k/2 and |W"i| = 1 for each i € [p]. By Claim[Z} n4(b) = 0. By
Claim[3]

n4(a) < max{1l,nq(b) + ng(b) — |R(b)| + 1}
< max{1,n4(b) + [W°| - [k/2] + 1}
— 1< w2,

By Claim [3again, for each vertex = € W, there are at most two 7}~ * such that dp-1(z)=2. O
With the above preparations, we now prove Lemma [2.Il Recall that u € V(Gy) is a labelled

vertex with |[WW*| > 2. Then each vertex of V(vmot?u) is also a labelled vertex. Suppose that v* is
the maximum vertex of vroot?u such that one of the following holds (if such vertex v* exists).

@ W =1,

@) 2 < |[WY| < [k/2] — 1 and ny(v*) < 1.
We distinguish the following two cases to show this lemma, that is, to prove Ineq. () holds (recall
that the Ineq. (@) is nq(u) + n3(u) — |R(u)| < [|[W"]/2)).
Case 1. v* exists.

Let P = v*Tu = v*2122 ... zpu. By the maximality of v*, we have that [IW*/| > 2 for each
i € [p]. If \?] = 1, then v* = w. Since [W*| > 2, it follows from (i7) that 2 < |[W"| < [k/2] — 1
and ny(u) < 1. By ClaimH] we have that n(u) +n3(u) — |R(u)| < 0, and Ineq. @) holds. Thus, we
assume that |?| > 2 below.

By Claim[6] we have that

714(21) S 1. (6)

Thus, by the maximality of v*, we have that |[W?*'| > [k/2]. Since |W"reot| + |W?| < k + 1 (by
Fact[I)) and |Wvroet| > 2, it follows that |[IW*| < k — 1. Hence,

[k/2] < |W™ | <k—1. )

Subcase 1.1. p = 0.
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Then P = v* T'u = v*u and z1 = u. Since ng(u) < 1and [k/2] < |[W*| < k — 1 by Inegs. (€)
and (@), it follows from Claim[3 that nq (u) + ns(u) — |R(u)| < ||W"|/2], Ineq. @) holds.

Subcase 1.2. p = 1.

Then ? = v*?u = v*z1u and u = z5. By Fact[Il we have that
|W2LH| 4+ (W] + |[WPreot| — 2 < k. ()

Hence [W?!| + [W"| < k. Recall that |W*| > [k/2]. If [W¥| > [k/2], then k is even and |[W?*!| =
|W"| = k/2. By Claim[8] we have that ny(u) 4+ ng(u) — |R(u)| < ||W*"|/2]. Therefore, Ineq. (@)
holds. Now, we assume that 2 < |[W*"| < [k/2] — 1. Since n4(z1) < land k —1 > |W*| > [k/2],
by Claim [3 there are at most |W*!| — [k/2] + 2 internally disjoint U*-Steiner trees 7;° such that
drs(u) = 2 (note that u € G5). Hence, ny(u) < |W*'| — [k/2] + 2. Thus, by Eq. (),

ni(u) +n3(u) = [R(u)| = na(u) + W = [k/2] < W+ W] = 2[k/2] + 2.

If (W] + |W?#| < k—1orkisodd, then ny(u) + nz(u) — |R(u)| <1 < [|W*|/2], Ineq. @) holds.
Thus, assume that |[IW*| + |W#1| = k (recall that [W¥| 4+ |[IW*!| < k) and k is even below (k > 4).
Since |WW?*1| > [k/2], it follows that [W"| < k/2. Suppose that Vyeot T 2p = UreotWiws . . . W™ 2p.
Since |Wvroet| > 2, it follows from Ineq. (8) and Fact[Ilthat |[IW¥reot| =2 < k/2 and |[W™| = ... =
|Wwa| = [W?"| = 1. According to Claim[7] we have that n4(u) = 0. Hence,

n1(u) +n3(u) — [R(u)| = na(u) + W] = [k/2] <0 < [[W¥]/2],
the Ineq. @) holds.

Subcase 1.3. p > 2.

Then u > z3. Recall that |[WW?*i| > 2 for each i € [p]. Since
Wt W5 (W2 4[] =3 < ©)

and |W*1| > [k/2], it follows that [W?2| |W?*3| < |k/2] — 1 and |W?*| + |[W?*2| < k — 1. On the
other hand, since |W?*3| > 2, it follows that & > 6.

Without loss of generality, suppose z5 € U*. Recall Inegs. (6) and (7)), and combine with Claim
[ there are at most |[W#| — {%W + 2 internally disjoint U*-Steiner trees 7T} such that dr:(22) = 2.
Hence, na(z0) < [W*| — [£] + 2. By Claim[3l n4(23) < max{1,n4(22) + |[W?2| — [k/2] + 1}.
However, by the maximality of v*, we have that n4(z3) > 2. Hence,

na(z5) < ma(zs) + (W22 = [k/2] +1 < (W] + W] - 2[k/2] +3. (10)

Since |W?| 4+ |W#2| < k — 1, it follows that if & is odd or [W?*1| + |W?2| < k — 2, then ny(z3) < 1,
a contradiction. Hence, k is even and |[W?*!| + |W?2| = k — 1. This implies that |IW?*3| = ny(z3) = 2
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by Inegs. () and (I0). Since k > 6, it follows that n4(z3) + |W?23| — [k/2] <1 < ||W?|/2]. Recall
that u > z3. If v3 = u, then

n1(u) +n3(u) — [R(u)| = na(u) + W = [k/2] < [[W¥]/2],
Ineq. (@) holds. If u = z3, then since
|Whroot| 4 |W3| + |W=22| 4 W= | 4+ |[W¥| — 4 < F,
we have that
(WU < k44— ([Wreot] + W= 4 [W=| 4+ W) = 1,
a contradiction.

Case 2. v* does not exist.

Let ? = vmgt?u = Vpoot21 - - -, 2tU. Since v* does not exist, for each vertex z € V(?), either
2 < |W?| < [k/2] — 1 and ng(z) > 2, or [W?| > [k/2]. Since ny(vroot) = 0, it follows that
|Wvreot| > [k/2]. By Claim[I] ng(z1) < |[WUreet| — [k/2].

Subcase 2.1. |WW*| > [k/2].

Since |Wvroot| |W*1| > [k/2], we have that ¢t < 1. Otherwise,

ST OWwE = (Pl-1) >k,

zEV(?)

which contradicts Fact[Il Moreover, if t = 1, then k is even, |WWVreot| = |[W?*1| = k/2 and |W"| = 2.
Suppose that ¢ = 0. Then u = z;, and hence ny(u) < |Wrot| — [k/2]. Thus

ni(u) + n3(u) — [R(u)| = na(u) + (W] = [k/2]
< [Whreet] + |[WH| = 2[k /2]
< (k+1)—2[k/2] (by Fact)
<1< [[WH/2],

Ineq. (@) holds.

Suppose t = 1. Then ? = Upootz1u. Hence, k is even (k > 4), [WVreot| = |[W?*| = k/2 and
|W*| = 2. By the first statement of Claim [§] (here, we regard v,,,¢ and z; as the vertices b and @ in
Claim|[8] respectively, and then u can be regarded as the vertex x in Claim[8)), we have that ny(u) < 1.
Hence,

ni(u) +n3(u) = [R(u)| = na(u) + W = [k/2] <1< [[WH]/2],
Ineq. @) holds.
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Subcase 2.2. 2 < |[W*| < [k/2] — 1.

Recall that ny(z1) = |[WUreot| — [k/2]. Since ny(z1) > 2, [WVreot| > [k/2] + 2. If [WWVroot| 4
|[W#1| =k + 1, then v = V0, u = 21 and

n1(u) +nz(u) — [R(u)] = na(u) + W] = [k/2] <1< [[W"]/2].
Thus, suppose |Wroot| + |IW#1| < k. Then
ni(z1) + ng(z1) — [R(z1)] = na(z1) + (W | = [k/2] < 0.

If 21 = u, then ny(u) + n3(u) — |[R(u)| < 0, Ineq. @) holds. Now, assume that z; # w. Then 22
exists. By Claim[3] n4(z2) < 1. Since 2 is not a candidate of v*, it follows that |[W*?2| > [k/2]. Since
|Wreot| > [k /2] 42,|W?2| > [k/2] and |W#1| > 2, it follows that [TV reot| + |W=1 |+ |[IW?2| —2 >
k + 2, which contradicts Fact [Tl a

With the conclusion of Lemma[2.1] the proof of Theorem 2.1]is completed.

2.3. Proof of Theorem [1.5

We first consider 3 < k < ¢. The lower bound ¢ — [k/2] < ki(S(n,£)) < A\g(S(n,£)) can be
obtained from Theorem [2.1] directly. For the upper bounds of k(S (n,¢)) and A\;(S(n,¢)), consider
the graph G,,—;. Let V(Gp—1) = {u1,...,u}, U = {x1,..., 2} and z; € A, _1,,, Where k < £.
Suppose there are p edge-disjoint U-Steiner trees 77, ..., T, of G = S(n,£) and P = {A; 1,4 : u €
V(Gn-1)}. Let T} = T} /P fori € [p]. Then T}, ..., T, are edge-disjoint connected graphs of G,
containing {uy,...,ux}. Thus, p < A\e(Gp—1) = M\(Ky) = £ — [k/2]. Therefore, ki (S(n,t)) <
Ae(S(n,l)) < €— [k/2], the upper bound follows.

Now consider the case ¢ + 1 < k < ¢". By Theorem [.2} A\(S(n,¢)) > [£/2]. Since
A (S(n,0)) < Xe(S(n,0)) = |€/2], it follows that ki (S(n,€)) < A\p(S(n,¢)) < |¢/2]. There-
fore, A\, (S(n,?)) = |£/2] and ki (S(n,£)) < [£/2]. The proof is completed.

3. Some network properties

Generalized connectivity is a graph parameter to measure the stability of networks. In the follow-
ing part, we will give the following other properties of Sierpifiski graphs.

The Sierpiriski graph(networks) is obtained after ¢ iteration as S(¢,¢) that has Ny nodes and E;
edges, wheret = 0,1,2,-.- ;T —1, and T' is the total number of iterations, and our generation process
can be illustrated as follows.

Step 1: Initialization. Set¢ = 0, (G; is a complete graph of order /¢, and thus N7 = fand F; = (5)
Set G; = S(1,0).

Step 2: Generation of Gy, | from G;. Let S'(¢,¢), S%(t,£),...,S%(t,¢) be all Sierpifiski graphs
added at Step t, where S%(t,¢) = S(t,£)(1 < i < ). At Step t + 1, we add one edge (bridge edge)
between S(t, ¢) and S7(t, /), i # j, namely the edge between vertices (ij - - - j) and (ji - - - 7).
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Figure 7: The Function of E; = 3! and N; = 3t+21 =3

Table 2: The size and order of G; for £ = 3

t 1 2 3 4 5 6 t
N, 3 9 27 81 242 729 ot

E, 3 12 39 120 363 1092 L=t

ey

For Sierpifiski graphs Gy = S(t, ), its order and size are N; = ¢' and E; = 5 respectively;
see Table Pland Figure [Z(for ¢ = 3).
The degree distribution for ¢ times are
C—1,0—-1,--- 4—=1,00,0,--- 0 ]. (11)

4 £t—2

From Equation[TT] the instantaneous degree distribution is P(¢ —1,¢) = 1/¢* 1 fort = 2,--- T and
P(¢,t) = ({'—0)/¢ fort = 2,--- , T. Note that the density of Sierpifiski graphs is p = E;/("}) — 0
for t — +oo. For large enough £ and any 1 < k < ¢, we have [{v € V(G)|dg e (v)| > k} =~
V(S(t0).

Theorem 3.1. [11] Ifn € Nand G is a graph, then k (S(n,G)) = k(G) and X (S(n,G)) = A(G).

From Theorem 3.1} we have « (S(n,¢)) = k(K;) = £ — 1 and A (S(n,{)) = A(K;) = £ — 1. Note
that A, (S(n,?)) = ¢ — [k/2] and ki (S(n, ) = £ — [k/2]; see Figure[8l
The number of spanning tree of G denoted by 7(G). Let

(12)

where p(G) is called the entropy of spanning trees or the asymptotic complexity [2, [7].
As an application of generalized (edge-)connectivity, similarly to the Equation [I2] it can describe
the fault tolerance of a graph or network, a common metric is called the entropy of spanning trees.
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Figure 8: The generalized (edge-)connectivity of S(n, ¢)

we give the entropy of the k-Steiner tree of a graph G can be defined as

()
G = hm —_—
Y N i Te]

The entropy of the 3, 6, 9-Steiner tree of Sierpiniski graph S(8, ¢) can be seen in Figure [0l

4.x1076
_ logfi-[3])
B
2.x1076 .
_ tog(-[3])
,8
B e
S 2 |
,8
-2.x1076 -

Figure 9: Entropy of S(n,¢)forn =8, k = 3,6,9 and £ — +00

The definition of clustering coefficient can be found in [3]. Let N, (¢) be the number of edges in
G among neighbors of v, which is the number of triangles connected to the vertex v. The clustering
coefficient of a graph is based on a local clustering coefficient for each vertex

Ny(t)
dg(v)(da(v) —1)/2°

If the degree of node v is 0 or 1, then we can set C'[v] = 0. By definition, we have 0 < C[v] < 1 for
v e V(G).

Clv] =
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The clustering coefficient for the whole graph G is the average of the local values C'(v)

1
C(G):m > Chl

veV(G)

The clustering coefficient of a graph is closely related to the transitivity of a graph, as both measure
the relative frequency of triangles[22} [24]].

Proposition 3.1. The clustering coefficient of generalized Sierpiriski graph S(n, () is
(20 — 20 4 ¢ F)

C(S(n,0)) = .

Proof:
For any v € V(S(n,()), if v is a extremal vertex, then dg, »(v) = £ — 1 and G[{N(v)}] = K1,

and hence
Ol = do(v)(cé\czv(f)) “h2 (t 1>/ (t 1) -

If v is not a extremal vertex, then dg, ¢)(v) = £ and G[{N(v)}] = Ky + e, where K; + e is graph

obtained from a complete graph K by adding a pendent edge. Hence, we have C[v] = (3') /(%) =
=
VA

Since there exists ¢ extremal vertices in Sierpiriski graph S(n, £), it follows that

1 1 =2\ (20— 20" 4
C(S(n,0)) = C =—({x1+("—4 =
S0 =g | S clil| = (ex 100 - 02 .
veV(Q)
O
14/ CEEND 30000 D)
25000
1.0 20000
15000
09 10000
5000
0.8
‘ ‘ 26 40 60 80 100 : 2 4 6 8 10 ‘ ‘1‘2‘ ‘ ‘14 16 !
Figure 10: The Function of Cg3 ) Figure 11: The diameter of S(n, ¢)

Theorem 3.2. [21]] The diameter of S(n, ) is Diam(S(n,{)) = 2¢ — 1;

For network properties of Sierpiriski graph S(n, £), the the diameter function can be seen in Figure
[Tl and its clustering coefficient is closely related to 1 when £ — oo; see Figure [[0L which implies
that the Sierpiriski graph S(n, ) is a hight transitivity graph.
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