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Abstract. We show that every locally integral involutive partially ordered semigroup (ipo-semi-
group) A = (A4, <, -, ~,—), and in particular every locally integral involutive semiring, decom-
poses in a unique way into a family {A,, : p € A"} of integral ipo-monoids, which we call its
integral components. In the semiring case, the integral components are unital semirings. Moreover,
we show that there is a family of monoid homomorphisms ® = {ypq: A, = Ay : p < ¢},
indexed over the positive cone (AT, <), such that the structure of A can be recovered as a glueing
/. o Ayp of its integral components along ®. Reciprocally, we give necessary and sufficient condi-
tions such that the Ponka sum of any family of integral ipo-monoids {A, : p € D}, indexed over
a join-semilattice (D, V) along a family of monoid homomorphisms ® is an ipo-semigroup.
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1. Introduction

Idempotent semirings are algebras of the form (A, V,-) where (A, V) is a semilattice (with order
x <y < xVy=y),(A,-)isasemigroup, and the semigroup operation distributes over the
join. They play an important role in mathematics, logic, and theoretical computer science, since they
generalize distributive lattices and, if they have an identity element, they expand to Kleene algebras and
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residuated lattices. An involutive semiring is an idempotent semiring with two antitone operations ~
and — satisfying ~—x = x = —~x and

T YL 2 &= Y - ~2 <~ &= —2-T < Y.

These algebras are term-equivalent to identity-free involutive residuated lattices and, in the case that the
lattice is complete, to Frobenius quantales (see [S] and [4]). Furthermore, algebras of binary relations
are involutive semirings under the operations of union, composition, and complement-converse. The
structural characterization obtained in this paper is valid for more general partially ordered structures
called involutive po-semigroups (ipo-semigroups) where the semilattice (A, V) is replaced by a poset
(A,<). In these structures, the product is residuated and its residuals \ and / are term-definable.
Prominent examples of ipo-semigroups are (1-free reducts of) groups (where the poset is an antichain)
and partially ordered groups (in both cases ~x = —x = 7).

An ipo-semigroup has a global identity if there is an element 1 satisfyingz -1 =2z =1 z,
which implies the inequality y < (z/z)y. An ipo-semigroup is integral when it possesses a global
identity which is moreover the top element, that is, x < 1. Integrality is an important property for
residuated lattices, since it is equivalent to the proof-theoretical rule called weakening. Every integral
ipo-semigroup is integrally closed (see [8]), namely, z\z = 1 = x/x, and satisfies \1 = 1. In this
work we investigate a much larger class of structures, which we call locally integral ipo-semigroups.
A balanced ipo-semigroup, (i.e., one satisfying 1, := z\z = x/x) is locally integral if it satisfies
y < 1,y (and in particular, 1, - © = x), z < 1,, and \1, = 1,. For this reason, we call the elements
of the form 1, local identities. An integral ipo-semigroup is a locally integral one satisfying 1, = 1,,.

The main result in this paper is that every locally integral ipo-semigroup A can be decomposed
in a unique way into a family of integral ipo-monoids {A, : p € AT}, indexed on the set AT =
{p€ A : forevery z, x < px} of positive' elements of A, which we call its integral components.
Two locally integral ipo-semigroups can have the same integral components, but may differ in the way
these components are glued together. We find in the literature similar situations in which a number
of structures are glued together to form a new one: for instance, in [7] it is described how chains can
be attached to an odd Sugihara monoid in order to form a commutative idempotent residuated chain,
and in [10] how Boolean algebras can be glued together to form commutative idempotent involutive
residuated lattices.

In our present case, we associate to every locally integral ipo-semigroup A the join-semilattice
AT = (A",.) and a family of monoid homomorphisms ® = {p,,: A, > A, : p < gin A1}
between its integral components such that the structure of A can be completely recovered as an
aggregate or glueing |, o Ap of these integral components along ® in two stages: first, the semigroup
part of A turns out to be the Ptonka sum of the family ®, and the involutive negations can be defined
componentwise. Then, we recover the order of A using the product, the negations, and the local
identities.

As an application of our results, we can combine certain semantics for fuzzy logics with semantics
for relevance logic using, for example, the well-understood MV-algebras as building blocks of a
glueing. We also exploit this decomposition in order to prove that several properties of locally integral

! In an ipo-semigroup with a global identity 1, the positive elements coincide with the elements greater than 1.
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ipo-semigroups are local, in that a locally integral ipo-semigroup satisfies them if and only if all its
integral components satisfy them. One of the most significant local properties established here is local
finiteness.

Previous research into the structure of doubly-idempotent semirings can be found in [1, 2]. The
structure of all finite commutative idempotent involutive residuated lattices is completely described
in [10] in a step-by-step decomposition. In the current paper, this is significantly generalized to all
locally integral ipo-semigroups, without any restrictions regarding finiteness, commutativity, or full
idempotence. Similar results were originally proved for the special case of locally integral ipo-monoids
[6]. In the present form they are valid for locally integral Frobenius quantales (without a unit). We also
characterize the ipo-semigroups that can be embedded into ipo-monoids. A further use of Plonka sums
can be found in [9], where the structure of even and odd involutive commutative residuated chains is
studied.

We set the terminology and notation in Section 2, and describe the fundamental properties of
ipo-semigroups needed in the rest of the paper. In Section 3, we introduce the class of locally integral
ipo-semigroups and show that every locally integral ipo-semigroup is the glueing of its integral
components. Finally, in Section 4, we solve the reverse problem, that is, we provide necessary and
sufficient conditions so that the glueing of a system of integral ipo-monoids is an ipo-semigroup. In the
final section we consider the category of idempotent ipo-semigroups and describe its duality with a
subcategory of semilattice directed systems of sets and partial maps.

2. Involutive partially ordered semigroups and semirings

An involutive partially ordered semigroup, or ipo-semigroup for short, is a structure of the form
A = (A, <, ,~,—) such that (A4, <) is a partially ordered set, (A4, -) is a semigroup with two antitone
(i.e., order-reversing) unary operations ~ and — satisfying double negation (dn) ~—x = x = —~z
and rotation:

T YLz &= Yy ~2< vy &= —2-Tr < Y. (rot)

This is then a po-variety, in the sense of [12], namely, a class of partially ordered algebras that satisfy a
set of equations and inequations. The unary operations ~ and —, which are allowed to coincide, are
called involutive negations. Indeed, we call A cyclic if it satisfies ~x = —z. An element = of A is
central if x - y = y - x for any other y € A, and A is commutative if all its elements are central. An
element x of A is idempotent if x - x = x, and A is idempotent if all its elements are idempotent. From
now on, if no confusion is likely, we will write xy instead of x - y.

We can readily check that, in the presence of antitonicity and double negation, rotation is equivalent
to the following property of residuation:

YLz = < —(y-~z2) <= y< ~(—z-x). (res)

Thus, the multiplication of every ipo-semigroup is residuated in both arguments, with left and right
residuals given by z/y = —(y - ~z) and z\z = ~(—2z - x), respectively. With this notation, (res) can
be rewritten as follows:

ry<z <= < z/y <= y<z\z
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An immediate consequence of this observation is that multiplication preserves arbitrary existing joins
and is therefore order-preserving in both arguments. Also, an ipo-semigroup is commutative if and
only if it satisfies z\y = y/x.

Lemma 2.1. Every ipo-semigroup satisfies the following laws of contraposition:

y/z=—y\—z and z\y=~z/~y.

Proof:
For any arbitrary z we have the equivalences

z2Ly/r <= zx <y < —yz< -1 < z< —y\—u,

by residuation and rotation, and therefore the first equation follows. The second equation is a conse-
quence of the first one and double negation. a

Using the involutive negations and the multiplication, we can define a binary operation + on A in
two different ways: © +y = ~(—x - —y) and © + y = —(~x - ~y). The previous lemma guarantees
that both definitions agree, since

~(—z—y) = —y\r = y/~r = = (v ).

An element p of an ipo-semigroup A is positive if for all x € A, x < pz, or equivalently, for all
x € A, z < xp. Indeed, suppose that for all x € A, the element p satisfies x < pz. In particular,
~(zp) < p- ~(xp), whence we obtain that

r < (zp)/p = —(p- ~(xp)) < —~(xp) = zp,

by residuation, antitonicity, and double negation. The other implication is analogous. Notice that this
also implies both that p\x < z and z/p < x. We denote by A™ the set of all positive elements of A,
which one can readily prove is closed upwards, that is, if p € AT andp < ¢, theng € A™.

An element 1 of an ipo-semigroup A is a global identity if 1 - x = x, for all x € A. In particular, a
global identity is always positive, and therefore z < z - 1. At the same time, 1 - ~z = ~x implies that
1 < ~z/~x = x\x and hence x - 1 < z, by residuation and contraposition. Thus, global identities
also satisfy x - 1 = z, for all z € A, and therefore an ipo-semigroup cannot have more than one global
identity. In that case, the structure A= (A, <, -, 1,~,—) is an ipo-monoid as defined in [6] and the
set A of positive elements of A coincides with the positive cone {p € A : 1 < p} of A. Indeed, an
ipo-monoid is a structure (A, <, -, 1, ~, —) consisting of a poset (4, <), amonoid (A4, -, 1), and two
unary operations ~ and — satisfying the following condition:

z-~y<0 <= <y < —y-x<0, (ineg)

where 0 = —1. Then, if A is an ipo-semigroup with a global identity 1, we have that (A, <) is a poset
and (A, -, 1) isamonoid. Also, 1-—1 < —1implies —1 = —1-1 = —1-~—1 < ~1, by (dn) and (rot).
Analogously, ~1 < —1, and therefore —1 = ~1. Hence, rotation and the factthat 1 -z =z =« - 1
imply (ineg). On the other hand, the 1-free reduct of any ipo-monoid is an ipo-semigroup.
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Lemma 2.2. If (A, <, -, 1,~,—) is an ipo-monoid, then (A, <, -, ~, —) is an ipo-semigroup.

Proof:

By definition, (A, <) is a poset and (A, -) is a semigroup. First of all, notice that (ineg) applied to
x < x implies that —x - © < 0 as well as « - ~x < 0. In particular, —~z - ~z < 0and —x - ~—z < 0,
which in turn imply that —~2z < z and ~—x < z, respectively. From these inequations we obtain
that —~—2z < —z, from the first one, and that ~—~—2 < =z, from the second one, and then
—z - ~—~—2 < 0, and then —x < —~—z. Thatis, —~—z = —z. In turn, this implies that
—~—x-x = —x -z < 0, and therefore x < ~—z. Thus, we have shown that ~—z = z. In particular
~—~gx = ~z,and hence x - ~—~x = x - ~x < 0, and then x < —~x. Thus, —~x = x. This shows
that ~ and — satisfy double negation.

Now, using (ineg), associativity, double negation, and (ineg) again, we have:

Yy <z <= (2y) ~2<0 <= 2(y-~2) <0 <= —~z(y-~2) <0 <= y- -~z <~z

And analogously, ry < z <= —z-x < —y. That is, the structure satisfies rotation. Finally, using
rotation and the fact that 1 is the identity of - we obtain that

TLYy &= 21Ky &= 1~y ~zr <= ~y <~z
And analogously, z < y <= —y < —x. That is, the operations ~ and — are antitone. a

We say that A is integral if it possesses a global identity 1 which is also the top element of the
order of A. The confluence of these two properties on 1 imposes a number of restrictions on A. For
instance, since 1 - © = x = x - 1, we obtain by residuation that 1 < z/z and 1 < z\z, and since 1 is
the top element, we deduce that z\z = 1 = z/z. Also, since 1 - & < 1 and = - 1 < 1, we also have
that 1 < 1/z and 1 < z\1, and therefore \1 = 1 = 1/x. The next lemma characterizes the integral
ipo-semigroups as the ones satisfying two particular inequations. As a consequence, we obtain that the
class of integral ipo-semigroups is a po-subvariety of the po-variety of ipo-semigroups, in the sense
of [12].

Proposition 2.3. An ipo-semigroup A is integral if and only if it satisfies < (z/x)z and yz < x.

Proof: If A is integral and 1 is the global identity and top element of A, then forall z € A, 1 = z/x.
In particular z = 1 - z = (z/x)z. Also, yx < 1 -2 = x. In the other direction, if A satisfies yx < z,
by residuation we have that y < z/z, that is, x/x is the top element of A. Let’s call this element
1. Since by residuation we always have that (z/z)z < x, we deduce that if in addition A satisfies
x < (z/z)z, then we have that 1 - © = (z/x)x = x, and therefore A is integral. O

The following lemma about ipo-semigroups will be used numerous times in the following sections.

Lemma 2.4. For every ipo-semigroup A, the following conditions are equivalent:

1. The identity '\« = x/x holds in A.
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2. The identity —z - x = = - ~x holds in A,

Proof:
Suppose that the equation z\x = z/z holds in A, and in particular —z\—2 = —z/—x. Then, by
double negation and contraposition,

—z-x=r~—(—x-~—zx)=~(—z/—2) =~(—2\—2) = ~(z/r) = ~—(T - ~x) =2 ~T.

In order to prove the other implication, suppose that the equation —z - x = = - ~x holds in A, and in
particular —~x - ~x = ~x - ~~x. Then, by contraposition and double negation,

2\ = ~x/rvr = —(~a - ~oevx) = —(—~x s ~x) = —(x- ~vx) = x/x. O

We end this section by underlining a special class of ipo-semigroups, namely those which have a
lattice order. These can be then presented as algebraic structures (A, A, V, -, ~, —) called il-semigroups
or involutive semirings® and integral il-semigroups or integral involutive semirings, if they are integral
as ipo-semigroups. Notice that, since the inequality zy < y can be expressed as zy V y = y in the
language of involutive semirings, the integral involutive semirings form a subvariety of the variety of
involutive semirings.

Note that the variety of unital i/-semirings (without the assumption of integrality) coincides with
the variety of involutive residuated lattices, and unital Frobenius quantales are the same as complete
unital i/-semirings.

3. Locally integral ipo-semigroups and involutive semirings

An ipo-semigroup A has local identities if for all z € A, z\z = x/x, in which case we use 1, to
denote this element, and 1, - x = x. Notice that, if A has local identities, by Lemma 2.4, we also have
that forall z € A, —z - x = x - ~x and we use 0, to denote this element. If A possesses a global
identity 1, then it is the smallest of the local identities: this is because 1\1 =1 =1/1 and then 1; = 1,
and 1 -z = x implies that 1 < z/x = 1,, for all z € A. Hence, if A has a global identity, all local
identities are positive. The following are other fundamental properties of local identities.

Lemma 3.1. If A has local identities, then A satisfies the following equations:
1.1, =—-0, =~0,and 0, = =1, = ~1,.
2.1, =1_,=1_,and 0, = 0_, = 0.
3. 2\0p = ~zand z/1, = x.
4. 1,1, =1, andx -1, = x.

5. 0;/z = —zand 1,\z = x.

2 This terminology is based on the observation that (A, V, ) is an idempotent semiring since the residuation property implies
thatz(y V z) = xzy Vzz and (x V y)z = zz V yz, and A is term definable by the De Morgan laws.
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~ 1 b T
- 1 c bT

Figure 1. Commutative and noncyclic ipo-semigroup.

Proof:

1. Notice that 1, = z/x = —(z - ~x) = —0, and 0, = ~—0, = ~1,. The other two equalities

are proven in the same way.

2. We have that 0., = —~x - ~x = x - ~x = 0, and therefore 1., = —0., = —0, = 1,. The

proof that 0_, = 0, and 1_, = 1, is analogous.

3. The first equality follows from x\0, = ~(—0; - z) = ~(1, - ) = ~z. As for the second,

4. First, notice that 0,1, = 0,-~0; = —0,-0, = 1,0, = 1,-2-~x = x-~x = 0,. Hence, 1;, =
1;/1, = —(1; - ~1,) = —(1,0,) = —0, = 1,. And therefore, 1,1, = 1, - 1, = 1,, as we
wanted to show. Now, —(z1,) = —(x1;1;) = —(xly - ~0;) = 0, /(z1;) = (0,1,)/(x1y) =

(—x(x1;))/(21,) and multiplying by x1, we obtain

0p1, = —(215)(21z) = ((—2(21s))/(z15)) (21s) = —2(x1,) = 051, = 0,.

Thus, 1,1, = —0;1, = —0; = 1,, whence we deduce that
x < (2ly) /1, = (21y)/(141,) = 21, = z(z\z) < x,

and therefore x1, = .

5. The first equality follows from 0,/z = —(x - ~0,) = —(z - 1) = —=z and for the second

equality, 1,\z = ~1,/~x = 0y /~2x = —~x = 2.

Remark 3.2. Commutativity doesn’t imply cyclicity for ipo-semigroups (see Figure 1). But, it follows
from the previous lemma that it does for ipo-semigroups with local identities, since in any commutative
ipo-semigroup the equality y/z = x\y holds and therefore —x = 0, /2 = z\0, = ~z. Hence, the

example of Figure 1 doesn’t have local identities. Indeed, 1, - a = L # a.

Inspired by the notion of an integral ipo-semigroup and its elementary properties, we define an
ipo-semigroup A to be locally integral if it has local identities (1, = z\@ = z/z and 1, - x = z)

satisfying, moreover, the following conditions for all z,y € A:
1. the local identities are positive, that is, y < 1.y,
2. the elements are locally bounded by their identities, that is, z < 1,4,

3. and z\1,; = 1,.
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As we have seen before, in an integral ipo-semigroup with global identity 1 we have that x\x =
1 =2x/x,hence 1, = land 1, - x = 1 -z = x. Thus, all local identities coincide with 1, which
is positive and also satisfies * < 1 and z\1 = 1. That is, every integral ipo-semigroup is locally
integral. The following proposition characterizes local integrality for ipo-semigroups and shows that if
a locally integral ipo-semigroup A has a global identity, then the corresponding Aisa locally integral
ipo-monoid as defined in [6], and the 1-free reducts of the locally integral ipo-monoids are locally
integral ipo-semigroups.

Proposition 3.3. An ipo-semigroup A is locally integral if and only if it satisfies the following condi-
tions for all x,y € A:

l. —x-z=2-~x,
2. x/x is positive, that is, y < (z/x)y,
3. multiplication is square decreasing, that is, zx < x,

4. 0, is idempotent, that is, 0,0, = 0.

Proof:

By virtue of Lemma 2.4, condition (1) is equivalent to z\z = x/x, and together with condition (2),
we have that © < (x/x)z < z, thatis, 1, - © = x, and hence A has local identities. Condition (2)
corresponds to the positivity of the local identities, and being square decreasing is equivalent to
x < 1, by residuation. As for the last condition, if 2\1, = 1, holds in A, then 0, = —(z\1,) =
—~(—1; - x) = 0y - x. Therefore,

0,0, =0y -2-~x=0p -~ =0~p ~r=0.; =0,
For the converse, if 0, is idempotent in A, then
0,=0,0,=0, -~ <021z =0, -2-1, =0, -2 <0;-1; =0,
since ~r < 1., = 1, and x < 1. Hence 0, - © = 05, whence 1, = ~0; = ~(0, - z) = 2\1,. O

Example 3.4. Consider the structure A = ({e,a},=, -, ~, —), with the commutative multiplication
given by e - x = x and a - a = e, and the involutive negations given by ~x = —z = x. We can readily
check that this is a commutative ipo-semigroup and moreover z\y = y/x = x - y, whence we deduce
that 1, =z -x =eand thus 1, - ¢ = e - x = x, for all x. In particular, A has local identities, both of
them equal to e. Nonetheless, A is not locally integral, because it is not square decreasing.

Remark 3.5. If a locally integral ipo-semigroup has a minimal (or maximal) element then it is bounded.
In particular all finite ipo-semigroups are bounded. However, there exist unbounded idempotent locally
integral ipo-monoids.
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Op=1p=p qg=14=04
1

Figure 2. Locally integral ipo-semigroup with three different local identities.

Example 3.6. Consider the cyclic, commutative, and idempotent ipo-semigroup of Figure 2, whose
product is determined by L -z = Landp-q=p-T =¢q- T = T, and the involutive negations are the
identity on p and ¢ and transpose T and L. This ipo-semigroup has local identities 1,, = p, 1, = ¢, and
11 = T, and by definition it satisfies all the properties of Proposition 3.3. Thus, it is locally integral. It
doesn’t contain a global identity, and therefore it is not integral. Notice also that 0, £ 1, and 0, £ 1,,.

The main goal of this section is a decomposition theorem stating that every locally integral ipo-semi-
group (involutive semiring, respectively) can be decomposed in a very particular way into integral
involutive ipo-semigroups (involutive semirings, respectively). But, before addressing this decomposi-
tion, we need a better description of the positive elements of a locally integral ipo-semigroup A. Recall
that AT = {pe A:forallz,z < pr} = {p € A:forall z,z < zp} and that by definition 1,, € A™,
for all x € A. We also define the set A~ = {~p : p € AT}, which is closed downwards, since A" is
closed upwards and ~ is antitone.

Proposition 3.7. The positive elements of any locally integral ipo-semigroup are central.

Proof:

Suppose that p is a positive element and let x be an arbitrary element. By the square decreasing
property, pp < p and therefore ppx < pz, which implies p < pz/pz = pa\px by residuation and local
integrality. Therefore pzp < pz. Since p is positive, we have z < pzx, and multiplying by p, we obtain
xp < prp < px. The reverse inequality follows by symmetry. a

Lemma 3.8. Let A be a locally integral ipo-semigroup. For all p and a in A, we have that p € AT if
and only if 1, = p and a € A~ if and only if 0, = a. As a consequence, AT = {1, : € A} and
A~ ={0, : x € A}. Moreover, 0, < 1, for every = € A, thatis, ~p < p, forevery p € A™.

Proof:

By local integrality, p < 1,, is valid for all p in A. If moreover p € A, then1, < p-1, = p and
hence, 1, = p. The reverse implication is trivial, since by local integrality 1, € A™. For the second
part, suppose thata € A~ and let p € A™ so that a = ~p. Then,

And for the reverse implication, notice that 0, = ~1, € A", since 1, € A" by local integrality.
Finally, for every z € A we have that 0, < 1o, = 0,/0, = —0, = 1,. O
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Given a locally integral ipo-semigroup A, the sets AT and A™ are obviously partially ordered by
the order of A. It turns out that (A", <) and (A™, <) are semilattices dual to each other, and their
properties are very consequential. For instance, if (A", <) has a minimum element p then it is the
global identity of A, because for every a € A we have that p < 1, = a/a, and therefore pa < a; but
since p is positive, we also have that a < pa, showing that pa = a. The next proposition describes
these two posets in more detail.

Proposition 3.9. Let A be a locally integral ipo-semigroup. Then AT = (AT, .) is a join-semilattice
whose order coincides with the order of A. Also, A~ = (A™, +) is a meet-semilattice, whose order
coincides with the order of A, and is dually isomorphic to AT, Moreover, if z,y < a € A™, then
xy =z Ay = x +y. As a consequence, if X C AT is closed under joins and meets, then (X, <) is a
distributive lattice.

Proof:

For the first part, it is immediate to check that A™ is closed under products. Furthermore, for all
p,q € AT, we have that that p < pg and ¢ < pg. Moreover, if p < r and ¢ < r, then pg < rr < 7.
This shows that pg = pV q and therefore A™ = (AT, ) is a join semilattice whose induced order is the
restriction of < to A™. The second part is a consequence of the fact that the order-reversing bijection
n: AT — A~ given by n(p) = ~p satisfies n(p - q) = ~(p - q) = ~(—~p - —~q) = ~p + ~q =
n(p) + n(q). Hence, z +y = x Ay forall x,y € A™. Using the characterization of Lemma 3.8, for all
p.q € AT,

Op A 0g = 0p +0g = ~(=0p - =0g) = ~(1; - 1g) = ~(pq) = ~1pg = Opg.

Suppose now that a € A™ and &,y < a. Then, there are p, q,7 € AT such that z = ~p, y = ~q,
a = ~r, and moreover 7 < p,q. Notice that x < a = ~r <r < gandhence, zy < qy =¢q-~q =
04 = ~14 = ~q = y. Analogously, zy < x and therefore zy < zAy = 0, A0y = 0pg = 0pq0pq < Y,
since —x =p < pVq=pqg= 1, and also —y < 1,,. Hence,zy =z ANy =z +y.

Finally, if X C A7 is closed under joins and meets, then so is X~ = {~p:p e X}, and for all
x,y,z € X~ we have that

zAyVz)=z-(yVz)=(x-y)V(r-z)=(xAy)V(rA:z).
Thus, (X, <) is a distributive lattice, and therefore so is the dually-isomorphic lattice (X,<). O

In order to obtain the aforementioned decomposition theorem, we start by noticing that the equiva-
lence relation z = y if and only if 1, = 1, partitions every locally integral ipo-semigroup into its equiva-
lence classes A, = {y € A: 1, = 1,} and, obviously, z € A,. The next lemma offers a very useful de-
scription of A, in which we make use of the interval notation [0, 1,] = {y € A: 0, <y < 1,}. Recall
that by virtue of Lemma 3.1 and Proposition 3.3, both 1, and 0, are idempotent. This implies that every
interval [0,, 1,] is closed under products. Indeed, if y, z € [0, 1,] then 0, = 0,0, < yz < 1,1, = 1,,
by monotonicity, and hence yz € [0,, 1,].
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Lemma 3.10. For any locally integral ipo-semigroup A and all z and y in A:
1. z €[04, 1],
2. ye0,1;] <= 1, <1, < [0,,1,] C[0,,1,],
3.1, y=y <= 1, <1y,
4. ye Ay < y€ [0y, 1]and 1, -y =y.
Proof:
1. By antitonicity, ~x < 1., implies that 0, = 0, = —1., < —~x = x. Hence, = € [0, 1,].

2. For the left-to-right implication, notice that 0, < y < 1, implies that 0, < ~y < 1, by
antitonicity, and then 0, = 0; - 0, < y - ~y = 0,. By antitonicity again, we obtain that 1, < 1,
and hence [0y, 1] C [0;, 1,]. The reverse implication is a consequence of part (1).

3. Since 1, € AT, we have that y < 1, - y. Hence, 1, - y = y is equivalent to 1,, - y < y which is
equivalent to 1, < y/y = 1,, by residuation.

4. Ify € A, then 1, = 1,, and thus y € [0y, 1,] = [0, 1], by part (1). Moreover, 1, -y = 1,,-y =
y. For the reverse implication, notice that if y € [0, 1,] and 1, -y = y, then 1,, < 1,, by part (2),
and 1, < 1,, by part (3). O

Next, we will use the description of A, of the previous lemma in order to show that the sets A, are
closed under several operations of A.

Lemma 3.11. Let A be a locally integral ipo-semigroup. For every z in A:
1. A, is closed under the involutive negations,
2. A, is closed under multiplication,

3. A, is closed under all existing nonempty joins and nonempty meets.

Proof:
1. Ify € A then 1., =1, = 1., and hence ~y € A,.

2. Ify,z € Ay theny,z € [0,,1;] and 1, -y = y and 1, - z = 2. Hence, yz € [0, 1,] and
1z - (yz) = (13 - y)z = yz. Therefore, yz € A,, by Lemma 3.10.

3. Suppose that ) # Y C A, and the join \/ Y exists in A. Since forevery yinY,y € A, C
[0, 1;], we obtain that also \/ Y € [0,, 1;]. And since multiplication distributes with respect to
all existing joins, we have that 1, - \/ Y =/, oy 1oy = \/,cy ¥ = V Y. Thus, by Lemma 3.10,
VY € A,. The closure under all existing nonempty meets can be obtained from the fact that A,
is also closed under negations and A\ Y = =/, oy ~y. O
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Figure 3. Representation of the structure of a locally integral ipo-semigroup and ipo-monoid.

Our next goal is to find a canonical representative for each equivalence class A,.

Lemma 3.12. Let A be a locally integral ipo-semigroup. For every x in A, 1, is the only positive
element of A, and 0, is the only element of A, N A™.

Proof: Since 1, € [0,,1,] and also 1, -1, = 1,, we have that 1, € A,, by Lemma 3.10. Now, for any
positive p € A,, we have that p = 1, = 1,, by Lemma 3.8. The second part follows from Lemma 3.8,
antitonicity, and the fact that A, is closed under the involutive negations. a

Remark 3.13. Notice that the previous lemma tells us that for every x in A, there is only one positive
element p such that A, = A,,. This means that the family { A, : © € A} is actually indexed by A* and
that for all p, ¢ € A*, we have A, = A, if and only if p = q.

We can now show that the relation and operations of a locally integral ipo-semigroup furnish each
equivalence class A, with the structure of an integral ipo-monoid A,,. We call every A,, an integral
component of A.

Proposition 3.14. If A is a locally integral ipo-semigroup, then for every p € A", the structure
A, = (4,,<,-,1,,~,—), where the relation and the operations are the restrictions to A, of the
corresponding relation and operations of A, is an integral ipo-monoid. If in addition A is a semiring,
cyclic, or commutative, then every A, is also a semiring, cyclic, or commutative, respectively.

Proof:

By Lemma 3.11, every A, is closed under multiplication and involutive negations, and by Lemma 3.8,
1, = p € Ap. Therefore, the structure A, is well defined and the reduct (A, <,-,~,—) is an
ipo-semigroup. Moreover, 1, - ¢ = 1, - = x for all z € A}, and by Lemma 3.10, A, C [0,, 1,], and
consequently 1, is the top element of (A, <). Hence, (A, <, -, ~, —) is integral and 1,, is its global
identity, rendering A, an integral ipo-monoid. Obviously, cyclicity and commutativity are hereditary
properties. Finally, the proof for the locally integral involutive semirings follows from the fact that A,
is also closed under all existing binary joins and meets, by Lemma 3.11. a

What we have proven so far is that every locally ipo-semigroup A can be broken into a disjoint
union of a family of ipo-monoids {A,, : p € AT}. But, obviously, A is not the mere “union” of these
ipo-monoids: the elements from different components can be multiplied and compared with each other.
This is the content of the following two lemmas.
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Lemma 3.15. Given a locally integral ipo-semigroup A, positive elements p and ¢, and elements
x € Apandy € Ay, the product zy is in Ap,.

Proof:

The inequalities 1, = p < pg = 1,5 and 1, < 1,, imply that A, U A, C [0,,1,]U[04, 14] € [0pg, 1pgl,
and therefore z, y € [0,q, 1,4/, Whence we deduce that vy € [Opq, 1pq]. ‘Moreover, 1pq - (xy) = pgry =
prqy = 1, - -1, - y = xy, by Proposition 3.7. Hence, by Lemma 3.10, zy € A,,. a

Lemma 3.16. Let A be a locally integral ipo-semigroup and p and q positive elements. Then for all
x € Apandy € A,
Ty &= -~y =0, < —y-x =0y

Proof:
By Lemmas 3.11, 3.15, and 3.10, both « - ~y and —y - x are in A,y C [0y, 1pq]. Hence 0y < - ~y
and 0,y < —y - x. It therefore suffices to prove that x <y <= x -~y <0y & —y - < Opg.
For the first equivalence, using (rot) and Proposition 3.7 we obtain that
Ty <= lLhr<y < zv-~y<0, < zl;-~y <0,
— Lzl <y <= Llx<y < 1y <y < z-~y <0y
Also, 2 -~y <0y = 1pg- o<y <= x-1)y <y <= —y-x < Oy d

All these results point toward the idea that locally integral ipo-semigroups are built up from integral
ipo-monoids, or at least their semigroup reducts are, by means of a Ptonka sum. This construction was
first introduced and studied in [13, 14, 15]; for more recent expositions see [16] and [3]. Let (1, V) be
a join-semilattice. A family of homomorphisms {;;: A; — A, : i < j € I} between algebras of the
same type is said to be compatible if for every i € I, ;; is the identity on A;, and thatif i < j < k
then ;i 0 v;; = @;x. Given such a compatible family of homomorphisms, its Pfonka sum is an algebra
S defined on the disjoint union of their universes S = U ;1 A;. For every nonconstant n-ary operation
symbol o and elements a; € A;,, ..., a, € A;,, (al, covan) = aBi (g (ar), . e i(an)),
where j = 41 V -+ V i,. One can readlly prove that the Plonka sum of a compatible family of
homomorphisms is well-defined and it satisfies all regular equations that hold in all the algebras of
the family which do not involve constants. Recall that a regular equation is an equation in which the
variables that appear on the left-hand side are the same as the variables that appear on the right-hand
side.

Given a locally integral ipo-semigroup A, consider the map ¢,,: A, — A, given by ¢pq(x) = gz,
for every pair of positive elements p < g. We will show that & = {¢,, : p < ¢} is a compatible family
of monoid homomorphisms between the family of algebras {A,, : p € AT}, and that the semigroup
reduct of A can be reconstructed as the Ptonka sum of ®.?

Lemma 3.17. Let A be a locally integral ipo-semigroup and p < ¢ two positive elements. Then
©pq: Ap — A, is a well defined monoid homomorphism. Moreover, it respects arbitrary nonempty
existing joins and is therefore monotone.

3 The general theory ([3]) tells us that Plonka sums can be described using partition functions. We note that, in this particular
setting, the partition function is definedby a © b =15 - a.
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Proof:

For all positive elements p and ¢, and = € A, we have that gz € Ay, by Lemma 3.15. Moreover,
by Proposition 3.9, the inequality p < ¢ implies that gp = ¢. Hence, the map ¢,,: A, — A, is well
defined. Furthermore, ¢,4(1p) = ¢l, = qp = ¢ = 1 and forall z,y € A,

epg(T - y) = qry = qqry = qTqY = Ppe(T) - Ppe(Y),

since q is positive and therefore idempotent and central, by Proposition 3.7. This shows that ¢, is a
monoid homomorphism. Finally, if @ # Y C A, is such that \/ Y exists, then ¢, (VYY) =¢- VY =

Vyey @9 = Vyey pqa(y)- O

Proposition 3.18. Let A be a locally integral ipo-semigroup. Then, its associated family ® = {¢,,:
A, — A, : p < ¢} is a compatible family of monoid homomorphisms indexed by the order of the join
semilattice A ™.

Proof:

For every positive element p and x € A,, we have ¢,,(x) = pr = 1,z = z, since z € A,.
That is, ), is the identity homomorphism on A,. And if p < ¢ < r are positive elements, then
©qr(@pg(x)) = rqr = re = pp-(x), since rq = r by Proposition 3.9, because ¢ < . O

As we will show next, the semigroup reduct of a locally integral ipo-semigroup is the Ptonka sum of
(the semigroup reducts of) the family above. Moreover, although this is not the case for the rest of the
structure, we can still recover it from its integral components by virtue of Lemma 3.16. Also, we saw in
Proposition 3.14 that some properties of A are inherited by each of its integral components. Sometimes
the converse is also true. We call a property of ipo-semigroups local whenever an ipo-semigroup has it
if and only if all its integral components have it.

Theorem 3.19. Let A be a locally integral ipo-semigroup and ® its associated family of monoid
homomorphisms defined above. Then, its Plonka sum (Lﬂpe A+ Ap, ~S) is the semigroup reduct of
A, where z S y = ¢, (2) A g (y) forz € Ap,y € Ay and 7 = pg. Moreover, if we define

~Sz = ~Argand —Sz = —Arz, forevery = € A, with p positive, and

S

<SSy < z- Nsy:()pq, forallz € A, andy € A,

then S = (LJ_rJ Ap, <8,.8 8, —S) is A. Furthermore, cyclicity and commutativity are local properties.

Proof:
By Remark 3.13, the set {A, : p € A"} is a partition of A, and therefore 4} 4, = A. Given two
elements x € A, and y € A, for arbitrary positive elements p and ¢, and r = pq, we have that

x-S Y = @opr(x) Ar Ogr(x) =12 Ty = rrey =rey = 1, - (xy) = xy,

since r is positive, and therefore central and idempotent, and zy € A, by Lemma 3.15. The involutive

negations of every integral component A,, are the restrictions of the corresponding operations of A, by

S A A

Proposition 3.14, and thus ~Sz = ~Arz = ~g and —Sz = —Arx = —1.
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Number of elements = 123 4 5 6 7 8 9
ipo-semigroups 1 4 10 48 160 933 4303
ipo-monoids 1 35 20 39 179 500 2525
locally integral ipo-semigroups |1 1 2 6 12 39 90 306
locally integral ipo-monoids 11 2 5 9 28 57 194 448
integral ipo-monoids 111 3 3 13 17 84 145

Table 1. Number of ipo-semigroups up to isomorphism. Integral ipo-monoids are building blocks for locally
integral ipo-semigroups.

Notice also that, by virtue of Lemma 3.16, we have that for x € A, and y € A,, with p and ¢
positive,

S

Ty <= x-~y=0y &< z- Nsy:0pq = :Eésy.

Finally, A is commutative if and only if all its integral components are commutative, since commutativ-
ity is expressible by the regular equation xy = yx. The same is true for cyclicity because the involutive
negations ~ and — are unary operations defined componentwise. a

The previous theorem covers the structural decomposition results in [10] (see Theorem 5.1
and Corollary 5.2 below). In that paper it is also shown that the variety of commutative idempo-
tent involutive residuated lattices fails to be locally finite. Without the lattice operations, however, we
have the following result.

Corollary 3.20. Local finiteness is a local property of ipo-semigroups.

Proof:

Suppose that the integral components of A are locally finite and let X C A be a finite set and
J = {1, : x € X }. Without loss of generality, we can assume that .J is closed under binary joins (i.e.,
products), and that J C X. We will prove the proposition by induction on the cardinality of J. Let p be a
minimal element in .J and Y, the closure of X, = XN A, under products and involutive negations. Since
A, is locally finite, Y}, is also finite. Consider the finite set X' = (X \ X, )U{ry:y € Y,, p<r e J}
and notice that J' = {1, : z € X'} = J . {p}, which is closed under binary joins, and J' C X'. By
the inductive hypothesis, the subalgebra B generated by X" is finite. And since .J’ is closed under
binary joins, B C J,¢ ;s Aq. Now, forany y € Y, andz € B, yx = (ry)z € Band zy = z(ry) € B,
where 7 = p - 1, € J \ {p}. Since both Y, and B are closed under products and involutive negations,
the universe of the subalgebra generated by X is Y}, U B, which is finite. The reciprocal is obvious. 0O

4. Glueing Constructions

The last theorem of the previous section shows how every ipo-semigroup is an aggregate of its integral
components. Our next question is, what are the conditions that a family of integral ipo-monoids and a
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compatible family of monoid homomorphisms between them should satisfy so that the construction of
Theorem 3.19 is a (locally integral) ipo-semigroup?

To make this question precise, suppose that D = (D, V) is a join-semilattice, A = {A, : p € D}
is family of integral ipo-monoids, and ® = {¢,,: A, = Ay p <P ¢} is a compatible family of
monoid homomorphisms. We call (D, A, ®) a semilattice directed system of integral ipo-monoids.*
Letting A}, = (Ap, <p, *p, 1p, ~p, —p), for all p in D, we define the structure

f(I)AP: (LHDA;D?g?'?N?_))

where ( Hp Ap, ) is the Ptonka sum of the family ®, and therefore a semigroup, and for all p,q € D,
a€ Ay and b € A,, we define ~a = ~pa and —a = —pa, and

a<b < a-~b=0py.

We call this structure | o Ap the glueing of A along the family ®. With these definitions, one can see
that given a locally integral ipo-semigroup A, its semilattice of positive elements A, its family A
of integral components, and its associated family ® = {¢,,: A, = A} of monoid homomorphisms
determined by ¢,,(x) = gz, we have that (AT, A, ®) is a semilattice directed system of integral
ipo-monoids. We can restate Theorem 3.19 as saying that every locally integral ipo-semigroup A is the
glueing | o Ap of its integral components along the family of homomorphisms o

Proposition 4.1. If fq) A, is the glueing of a semilattice directed system of integral ipo-monoids
(D, A, ), then the restrictions of <, -, ~, and — to A, are <, -p, ~p, and —,, respectively. Moreover,
for all p <P gand a € A, we have that a < ¢p,(a) = 1, - a.

Proof:

The fact that ~ and — restricted to A, are ~, and —, is immediate, by the definitions. Now, if
a,b € Ay, then pV p = p, and by the definition of < we have thata < b < a-~b=0,
Opp(@) -p Ppp(~b) =0, <= a-,~b=0, < a <, b, since ¢, is the identity on A,,. For the
same reason, a - b = @, (a) - @pp(b) = a -, b. Finally, if p <P gand a € A, then a - ~ppy(a) =
pg(a) -q ~ppg(a) = 0g. Hence a < ppg(a) = 1 - ppg(a) = 94q(1q) g Ppg(a) = 14 - a. o

Remark 4.2. An immediate consequence of this result is that < is a reflexive relation, since for every
p € Danda € A,, we have that a < a if and only if a <, a, which we know is true. This result also
implies that ~ and — satisfy (dn), since ~—a = ~,—pa = a = —p~p,a = —~a.

* From a categorical point of view, a semilattice directed system of integral ipo-monoids can be understood as a functor
®: D — IIPOMn from a skeletal and thin category D with binary coproducts to the category IPOMn of integral ipo-monoids
and monoid homomorphisms.

5 That is to say, A is completely described by the functor ®* : A* — 1IPOMn such that &*(p) = A, and ®*(p < ¢) =
©pq Via the glueing construction. It is worth noticing that the decomposition of A also induces a functor F**: AT — Poset,
such that F2(p) = (A, <) and F*(p < q) = @y, since these maps are monotone. Hence, the Grothendieck construction
of FA is a poset f FA = (A, <*) determined as follows: for every a € A, and b € A,, a <* bif and only if p < ¢ and
wpqg(a) < b. We can easily see that <* C <, but in general these are two distinct partial orders.
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1s

Figure 5. A glueing of integral ipo-monoids that is not an ipo-monoid.

2

The last proposition can be interpreted as saying that the glueing |. o Ap is indeed an “aggregate
of the integral ipo-monoids A, although not necessarily an ipo-semigroup itself, since the relation
< could fail to be antisymmetric and transitive. For instance, in the example of Figure 5, 0, < 0, <
1, < 14, but 0, £ 1,. The natural question is then: given a semilattice directed system (D, A, ®) of
integral ipo-monoids, what are the conditions that ® must satisfy in order to ensure that |, o Apisan
ipo-semigroup?

To answer this, our first step will be to examine the sets GT = {a € § A, : < a-z,for all 2} and
G~ = {~a : a € G1} associated to any given glueing G = f@ A,,. As a corollary to Proposition 4.1,
we will show that the elements of GT are the elements of the form 1,, and the elements of G™ are the
ones of the form 0,, for some p € D.

Corollary 4.3. If G = |, o Ayp is the glueing of a semilattice directed system of integral ipo-monoids,
then for all p € D and a € A,,, we have that

a€Gt <= a=1, and a€G” < a=0,.

Proof:

If a € G™ then, in particular, 1, < a-1, = a -, 1, = a < 1,, by Proposition 4.1, and therefore
a = 1,. Conversely, suppose that p,q € D, x € Ay, and r = p V q. Also by Proposition 4.1, we
have that z < 1, - & = ©p,(1p) - @gr(x) = 1, - 2, and hence 1, € G™. For the second part, note that
a € G~ < a=~1,=0,by the first part. ad

Reflecting on Proposition 3.9, we would like to show that the relation < endows G with the
structure of a join-semilattice isomorphic to D, and G™ with the structure of a meet-semilattice dually
isomorphic to D. In general, this will not be true. For this to hold, it will be necessary to assume an extra
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property of ®. We will prove first that this property is valid for the family of monoid homomorphisms
associated to a locally integral ipo-semigroup.

Lemma 4.4. Let A be a locally integral ipo-semigroup and p < ¢ positive elements of A. Then,
©pq(0p) = 04 if and only if p = q.

Proof:
The implication from right to left is obvious, since p = ¢ implies that ¢, is the identity map. As for
the other implication, just notice that p < ¢ implies that 0; < 0, < ¢ - 0, = ¢q(0,), and therefore

©pq(0p) # 0g. O
This suggests the following condition for ®, which we call zero avoidance:
forall p <P q, ©p,(0,) =0, <= p=¢q. (za)

Lemma 4.5. If |, o Ap is the glueing of a semilattice directed system of integral ipo-monoids (D, A, )
and @ satisfies (za), then forallpand ¢in D, 1, <1, <= p <P gand 0, <04 <= ¢ <P p.

Proof:
For all p,q € D, with r = p V ¢, we have the following equivalences:

1, <1y <= opr(1p) + 0gr(0g) =0, <= 1, -+ 9gr(0g) =0, <= @4, (04) =0,
& qgq=1r=pVq & pqu.

As for the second equivalence, 0, < 0, <= ~1, <~1; < 1, <1, < ¢ <P p. O

Next, recall that by virtue of Lemma 3.16, in any locally integral ipo-semigroup A, for all positive
elementspandgandz € Ayandy € Ag, wehavethatz <y <= -~y =0, < —y- T = 0y
Therefore, for a glueing |, o Ap to be alocally integral ipo-semigroup, the family ® has to satisfy the
corresponding condition:

forallp,ge D,ac Ay,be Ay, a-~b=0py < —b-a=0pyy. *)

As we will see in the next lemma, this is equivalent to the requirement that all the morphisms in ¢
satisfy the following balance property:

forevery a € A,, ~ppe(—a) = —pp(~a). (bal)

Lemma 4.6. If [; A, is the glueing of a semilattice directed system of integral ipo-monoids (D, A, ®),
then | o Ap satisfies (*) if and only if every morphism in ® satisfies (bal).

Proof:
Suppose that ® satisfies (bal), and let p,q € D,a € A,andb € Ay, andr =pV gq.

a-~b=0, < pp(a) y Pgr(~b) =0, <= @pr(a) <r —pgr(~b)
= gpr(a) <6 ~pgr(—b) <= @u(=b) v opr(a) =0, <= —b-a=0,.
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For the other direction, suppose that fq) A, satisfies (*) and let p < ¢ in D and @ € A,. The
property (bal) follows from the fact that for every x € A, we have that

T g —ppg(~a) <= @ g ppg(~a) =05 <= ©gq() ¢ Ppg(~a) =04
= r-~a=0 <= —a- =0 <= @pe(—a) g pg(r) =04
= ppg(—a) qr =04 <= z<q ~ppe(—a) o
We say that @ is balanced if all the morphisms in ® are balanced. One can readily check that the

commutativity of | o Ap implies that ® is balanced. We will prove next that when @ is balanced, the
operations ~ and — are involutive with respect to the relation < and the glueing satisfies rotation.

Lemma 4.7. If [; A, is the glueing of a semilattice directed system of integral ipo-monoids (D, A, ®)
such that ® is balanced, then for all p,q € D,a € A,,and b € A,

a<b < —-b<—-a <<= ~b<~a.
Moreover, for all p,q,r € D,a € Ap,bc Ag,andc € A,,
a-b<c < b-~c<~a << —c-a< b

Proof:

The first equivalence can be proven as follows: a < b <= a-~b =0,y <= —b-a =0y, <

—b-~—a =0y <= —b< —a. As for the second one, ~b < ~a <= a= —~a < —~b="0.
Regarding rotation, suppose thata € Ay, b€ A, c€ A, andu=pVqgVr.Thena-b < c <=

(a-b)-~c=0, < —~a-(b-~c)=0, < (b-~c):~~a=0,by (bal), that is, b - ~c < ~a.

For the second equivalence, a - b < ¢ <= (a-b)-~c=0, <= —c-(a-b)=0, <=

(—c-a)-b=0, < (—c-a)-~-b=0, < —c-a< —b. O

The semilattice directed system of Figure 5 avoids zeros and is balanced —since its components
are commutative, and therefore cyclic—, but the glueing is not an ipo-semigroup because the relation
< is not transitive. Hence, we also need to impose the following condition on the family ® for |, o Ap
to be an ipo-semigroup:

foralla,b,c € JA,, ifa<bandb<c, thena <c. (tr)
Our next result characterizes the condition (tr) in simpler terms.

Lemma 4.8. If |, o Ayp is the glueing of a semilattice directed system of integral ipo-monoids (D, A, ®)
and ® satisfies (za) and (bal), then ® satisfies (tr) if and only if it satisfies:

1. forallp <P ¢,and a,b € Ap,a<pb = ppela) <q @pg(b)s (mon)
2. forallp <P ¢, p <P r,anda € Ap, ~ppg(a) < ppr(~a); (1ax)

Proof: Suppose that ® satisfies both (bal) and (tr).
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1. By Proposition 4.1, a < b < ¢pq(b), and by (tr), we obtain that a < ¢, (b). Hence, ppq(a) 4
~ppg(b) = a - ~ppq(b) = 04, and therefore ppq(a) <q @pq(b).

2. By Proposition 4.1, we have that ~a < ¢, (~a) and a < ¢pq(a), and then by Lemma 4.7,
~ppg(a) < ~a. We deduce by (tr) that ~pp,(a) < @pr(~a).

In order to prove the reverse implication, suppose that ® satisfies (za), (bal), (mon), and (lax), and
p,q¢,7 € D,withs =pVgt=qVr,u=pVr,ac Ay, bec Ay andc € A, are such thata < b
and b < c. Then, by definition of <, we have that @,s(a) -5 pgs(~b) = 05 and @4 (b) -+ pre(~c) = Oy,
whence we deduce that ¢p,s(a) <s —@gs(~b) and @i (~c) <t ~pq(b). Taking v = s V t, we deduce
by (mon) that @, (a) <y @su(—@gs(~b)) and @, (~c) <y @i (~pqe(b)). Moreover, by (lax), we
have that ~pg(b) < pgs(~b) and by Lemma 4.7, we deduce that —pgs(~b) < —~@g(b) = gt (b),
and therefore

va(a) v Pro(~c) <y ‘Psv(_@QS(Nb» ‘v (Ptv(N‘Pqt(b)) = Oy,

SO @pv(a) ‘v QOTU(NC) = O’U and hence @uv(@pu(a) ‘u QDTU(NC)) = @uv(‘ppu(a)) ‘v @uv(@ru(’\“c)) =
Op(@) v Pro(~c) = 0,. By (za), v = u = p V r and @p,(a) - @ru(~c) = 0,, thatis, a < c. O

Remark 4.9. Notice that if a compatible family ® satisfies (bal), then it satisfies (lax) if and only if for
allp<P g, p<P r,anda € Ay, —ppg(a) < opr(—a).

Lemma 4.10. If |, » Ap is the glueing of a semilattice directed system of integral ipo-monoids (D, A, ®)
and ® satisfies (za), (bal), and (lax), then < is antisymmetric.

Proof:

Suppose that p,g € D withr = pV ¢g,and a € A, and b € A, are such that @ < b and b < a. That
is, @pr(a) - @gr(~b) = 0, and g, (b) - @pr(~a) = 0,, or equivalently ¢,,(a) <, —@q-(~b) and
©qr(b) <r —ppr(~a). By (lax) and the preceding remark, we get

@pr(a) <r _‘qu(Nb) <r ‘qu(_’\‘b) = ‘qu(b) <r _Sppr("’a)~

Hence, we would have that ¢, (0,) = @pr(a - ~pa) = @pr(a) - @pr(~pa) = 0,. By (za), this only
is possible if p = . By a symmetric argument, we also obtain that ¢ = r, and therefore p = ¢q. Thus,
by Proposition 4.1, we have that a <, b and b <, a, and therefore a = b. O

We are now in the position to prove our main result.

Theorem 4.11. A structure A is a locally integral ipo-semigroup if and only if there is a semilattice
directed system (D, A, ®) of integral ipo-monoids satisfying (za), (bal), (mon), and (lax) such that
A= o Ap- Moreover, A has a global identity if and only if D has a minimum element.

Proof:

As we showed in Theorem 3.19, if A is a locally integral ipo-semigroup, then A™ is a join-semilattice,
the integral components of A form a family {A, : p € AT} of integral ipo-monoids, and ® =
{¢pg: Ap = Ay : p < q}, where ¢,(z) = gz, is a compatible family of monoid homomorphisms,
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Figure 6. Two glueings, one being a semiring, the other just an ipo-monoid.

such that A = f@ A,. Moreover, ® is balanced by Lemma 3.16, avoids zeros by Lemma 4.4, and
satisfies condition (tr), and therefore (mon) and (lax), since < is a partial order.

Conversely, if D = (D, V) is a join-semilattice, {A,, : p € D} is a family of integral ipo-monoids,
and ® = {pp: Ay — A, : p <P ¢} is a compatible family of monoid homomorphisms satisfy-
ing (bal), (za), (mon), and (lax), then < is a reflexive binary relation on A = (4} A, by Remark 4.2,
which is also transitive by Lemma 4.8, and antisymmetric by Lemma 4.10. That is, ( HA,, < ) is
a poset. By construction as a Plonka sum of monoids, (L+J Ap, ) is a semigroup. Furthermore, the
involutive negations — and ~ satisfy (dn), by Remark 4.2, and since ® satisfies (bal) they are antitone
by Lemma 4.7 and [ A, satisfies (rot). Hence, [; A, is an ipo-semigroup.

It can be readily checked that forallp € D and xz € A), —x - x = x - ~ux, since these involutive
negations and products are computed inside A,, which is integral. Moreover, 1, = —(z - ~x) =
—p(@ -p ~pz) = 1,, which by Corollary 4.3 is positive, and 1, - = 1,, - = x. For the same reasons,
one can check that z < 1, = 1, and z\1, = z\1, = ~(0,,-x) = ~0, = 1, = 1,, since the restriction
of < to A, is <, and the product and negation are computed inside A, by Proposition 4.1, and A, is
integral. In summary, |, o Ap is alocally integral ipo-semigroup.

Since forallp € D and x € A,, 1, = 1,,, we deduce that {A, : p € D} is the family of integral
components of |, o Ap- Also, by Proposition 4.1, we know that ¢,4(z) = 1, - z, for all p <P ¢gand
x € Ap, thatis, ® is the family of homomorphisms of the decomposition of Theorem 3.19.

Finally, if the locally integral ipo-semigroup A has a global identity 1, then it is the smallest of all
the identities of A, that is, the minimum of A ™, as we already observed at the beginning of Section 3.
For the other direction, by Lemma 4.5, there is an isomorphism between the semilattices A™ and D.
Therefore, if D has a minimum element p, so does A™, namely, 1,. And, as we mentioned before
Proposition 3.9, this implies that 1, is the global identity of A. a

Corollary 4.12. Given any nonempty family of nontrivial integral ipo-monoids (involutive semirings,
respectively) there is a locally integral ipo-semigroup (involutive semiring, respectively) whose integral
components are the given ones. Furthermore, we can construct it so that it has a global identity.

Proof:

If {A, : p € D} is a nonempty family of nontrivial ipo-monoids, let’s choose a linear order on D
and let D = (D, V) be the associated join-semilattice. Let ® = {¢p,: A, — A, : p <P ¢} be the
family of maps such that ¢, is the identity map and ¢,,(z) = 14 if p < g. Then ® is a compatible
family of monoid homomorphisms satisfying (za), (bal), (mon), and (lax). By Theorem 4.11, f o Ap
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is a locally integral ipo-monoid whose integral components are {A,, : p € D}. Moreover, for every
ac Ay bec A;withp < g,a <bifandonlyif b =14, and b < ¢ if and only if a = 0,,.

If in addition all the integral components are involutive semirings, then | o Ayp is also an involutive
semiring, since the joinof a € A, and b € A, in fq) A, is their joinin A, if p = ¢, or 1, if p < g and
b # 04, or aif p < g and b = 0. If moreover we choose (D, V) to have a lower bound p, then 1, is the
global identity of [; A,,. O

The last theorem is the object correspondence of a categorical equivalence. First, for any arbitrary
category C, we can define the category CSP of semilattice directed systems on C as the category
whose objects are functors ®: D — C, where D is a skeletal and thin category with binary coproducts
(i.e., a join-semilattice). A morphism ® — W in C5P is a pair (r,7), where 7: Dg — Dy is a
coproduct-preserving functor and 7: & — U is a natural transformation.

Now, let LIIPOSg be the category whose objects are the locally integral ipo-semigroups and
morphisms are the monotone algebraic homomorphisms. Let [IPOMn be the category of integral
ipo-monoids and monoid homomorphisms, and let SDIIPOMn be the full subcategory of IIPOMnSP
whose objects are the functors ®: D — IIPOMn satisfying (za), (bal), (mon), and (lax). 6

Every morphism n: A — B induces a semilattice homomorphism 7: AT — B™ and monoid
homomorphisms 7, : A, — B, —which are the corresponding restrictions of 17— such that

forall p < g in A%, 1pp = OF)r(g) - (nat)

Conversely, any semilattice homomorphism 7: A™ — B™ and family of monoid homomorphisms
np: Ap — By (p) satisfying (nat) induce a morphism 77: A — B. That is, every morphism7: A — B
in LIIPOSg corresponds to a morphism (7,7): ®* — ®B in SDIIPOMn. For the other direction, every
object ® of SDIIPOMn gives rise to an object [ ® in LIIPOSg, and every morphism (7,7): & — ¥
induces a morphism n: [ ® — [ W in LIIPOSg. This correspondence is an equivalence of categories
between LIIPOSg and SDIIPOMn.

A morphism in LIIPOSg is an embedding if it is order-reflecting, and therefore injective. A
is a substructure of B if and only if the inclusion map A — B is an embedding, that is, if AT
is a subsemilattice of BT, for every p € A*, A, is a substructure of B,, and for all p < ¢ in
AT, the associated monoid homomorphisms cpl‘?:]: A, — A, is the restriction of the corresponding
gpll?q: B, — B,. Also, A is isomorphic to B if and only if there is a semilattice isomorphism
7: AT — B™ and isomorphisms 7,: A, — B, forall p € A™ satisfying (nat).

We have already characterized which locally integral ipo-semigroups are the 1-free reducts of
the locally integral ipo-monoids, namely those that have a global identity, or equivalently, those that
have a smallest positive element. We end this section by responding to a very natural question: which
locally integral ipo-semigroups are the subreducts of locally integral ipo-monoids? Notice that, by the
discussion above, checking if a locally integral ipo-semigroup is a substructure of or isomorphic to
another one can be done componentwise.

% Notice that both (mon) and (bal) could also be encoded as conditions on the morphisms of IPOMn, but (za) and (lax)
cannot.
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Theorem 4.13. For any locally integral ipo-semigroup A, the following conditions are equivalent:
1. A is a subreduct of a locally integral ipo-monoid.
2. A satisfies the equation 0,0, = 0.
3. Forall p,q € A", 0,04 = Opq.
4. Forallp,q € A*,0, < 1,.

Moreover, the same conditions characterize the locally integral ipo-semirings that are subreducts of a
locally integral unital semiring.

Proof:

(1 = 2) If B is a locally integral ipo-monoid, then for all z,y € B we have that 1, - 0, = 0, <
0 <1 < 1y, and by rotation we obtain that 0, - ~1, < ~1,, thatis, 0,0, < 0,. Analogously, we can
prove that 0,0, < 0, and therefore 0,0, < 0, A 0, = 05y = 04,04y < 0,0,. Thatis, 0,0, = 0, is
valid in B. Therefore, if A is a subreduct of B, the equation is also valid in A.

(2 = 3) This implication is trivial.

- nce =0, N0, < 0,, the equation < 1umplies that < 0,, an rotation
(3 4) Si Opg = 0, A 04 < 0p, the equation 0,0, < 0,, implies that 0,0, < 0,, and by i
we have that —0,, - 0, < —0y, thatis, 0, < 1.

(4 = 1) We will distinguish two cases according to whether one of the integral components of A is
trivial or not:

If one of the integral components of A is trivial, that is, there is p € AT such that 0, = 1,,
we can readily check that p = 1, is the minimum of A™, since for every ¢ € A" we have that
1, =0, < 14 = q. Thus, 1,, is the global identity of A and the structure A= (A, <, 1,,~,—)isa
locally integral ipo-monoid, as a consequence of Proposition 3.3.

If for every p € AT, 0, < 1,, let (AT, A, ®) be the semilattice directed system associated to A.
Consider the join-semilattice D = (A" U {1}, V) that results from adding a lower bound to A™
and let A | be any integral ipo-monoid and A= AU {A.}. Letp, : A; — A be the identity
homomorphism, ¢,: A; — A, the monoid homomorphism determined by ¢,(a) = 1,, and
d=dU {¢.1p : p € D}. One can check that (D, A, ®) is a semilattice directed system of integral
ipo-monoids, and we can form its glueing B = |, o Ap. We will see next that ® satisfies all the necessary
conditions for B to be a locally integral ipo-semigroup, but first of all notice that, by construction, A is
a substructure of B.

The family ® avoids zeros, because ® does and, moreover, for every p € AT, p1,(a) =1, # 0.
In order to show that it satisfies (bal), we only need to check that the newly added morphisms
satisfy (bal): the identity ¢ | is trivially balanced, and for every p € D and a € A, we have that
~p i p(—a) = ~1, =0, = —1, = —p | p(~a). It can be easily shown that forallz € A andy € A,,
withp # 1, wehavethatz <y <= y=1,andy <z < y =0,.

Now, one can readily see that all the maps of ® are monotone. As for (lax), we have four
cases: when ¢ # p = L # r, and then ~p 4(a) = ~1; = 0, < 1, = @, ,(~a); the case

7 This is the only point in the proof where we use condition (4).
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Figure 7. All integral involutive semirings up to size 5 and an integral ipo-monoid of size 6, as components for
constructing locally integral idempotent semirings and ipo-semigroups.

p =1 =¢q # r,in which ~p, (a) = ~a < 1, = ¢ ,(~a); thecase p = L = r # g,
in which ~p 4(a) = ~1; = 0 < ~a = ¢, (~a); and the case p = ¢ = r = L, where
~p1i(a) =~a=pyii(~a)

We have just proved that A is a substructure of B, which is also a locally integral ipo-semigroup.
Moreover, since L is the lower bound of D, then 1, is the global identity of B. Hence, adding
the constant 1 to the signature of B we obtain the locally integral ipo-monoid B, of which A is a
subreduct.

As for the final statement, we only need to choose A | to be an integral unital semiring. In order to
check that B contains all joins and meets, we only need to consider the case in which we have a € A |
and b € A, with p € AT. We would have two different situations: if b = 0, then b < 0, < a, and
therefore a VV b = a. Otherwise, if b # 0, then b £ z forany x € A|,and a < y, withy ¢ A only if
y € AT, And since the least element of AT that is larger than b is 1,,, we have that a V b = 1,,. The
case of the meets is analogous: a A1, = aand a A b = 0, if b # 1,,. a

5. Idempotent locally integral ipo-semigroups

In this section we specialize to locally integral ipo-semigroups in which all elements are idempotent,
i.e., the identity 22 = z holds. The following two results describe this class of structures.

Theorem 5.1. A locally integral ipo-semigroup is idempotent if and only if all its integral components
are Boolean algebras.

Proof:

A locally integral ipo-semigroup is idempotent if and only if all its integral components are idempotent.
And an integral ipo-monoid is idempotent if and only if it is a Boolean algebra, because if A is
idempotent then forall z,y € A,z -y =z A y. Indeed, x - y < 1 - y = y and analogously x - y < x.
Andifz <zandz L y,thenz=2-2< 2 y. a

Corollary 5.2. For any idempotent ipo-semigroup A, the following conditions are equivalent:
1. A satisfies —x -z = x - ~x,

2. A is commutative,
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3. A has local identities,
4. A is cyclic,
5. A is locally integral and all its components are Boolean algebras.

Proof:

(1 = 2)If A satisfies —z - x = z - ~ux, then it also satisfies z\z = x/x, by Lemma 2.4. The
inequality yzx < yx implies that < yz\yx = yz/yx, and therefore xyx < yx. Analogously, the
inequality yyz < yz implies that yry < yz. Hence, zy = z(yxy) < xyzr < yz, and thus zy = yx.
(2 = 3) If A has local identities, in particular z\z = z/x. Notice that the equation (z/z)r = x

holds in every idempotent ipo-semigroup, since zz = x implies z < x/x and therefore © = zx <
(x/x)x < x. Hence, A has local identities.

(3 = 4) If A has local identities, in particular it satisfies —x - x = z - ~z, by Lemma 2.4. By the
previous argument, A is commutative and therefore cyclic by Remark 3.2.

(4 = 1)Sincez < z/r = —(z- —x), we get x - —x < —x and hence —z - © < z, by double
negation. Analogously, since z < z\z = —(—z - x), we get —z - * < —x. Using these inequalities,
weobtain —x-x = —xr-x - —x-x < - —=z. Thatis, —z - x < x - —x, and by double negation,

x - —x < —x - x, whence we derive the equality.

The fact that condition (5) implies each one of the other conditions is trivial. Suppose then that A
satisfies condition (1), and then it has local identities and it is commutative and cyclic. Notice also that
A satisfies conditions (1), (3), and (4) of Proposition 3.3. We will show next that all local identities are
positive, what proves that A is a commutative locally integral ipo-monoid, and by Theorem 5.1 all its
components are Boolean algebras.

First, it is easy to check that, by residuation and idempotency, we have that u/vw = (u/w)/v
and u/v < wv/v. Now, the inequality 0, < 1, implies that 0,yy = 0,y < 1.y, and by residuation,
commutativity, contraposition, and the aforementioned properties, we have that

y < 1y/0:y = (Lay/y) /0 = —0./—(Lay/y) = 1o/ (y - —(12y))

< (Ley - —(Ley)/ (v —(1ay)) = 01,59/ (¥ - —(12y)) = (0-(1,y)/—(12¥)) [y
——(12y)/y = (12y)/y,

and by residuation and idempotency, y = yy < 1.y, as we wanted to prove. a

Since a commutative and idempotent semigroup is a semilattice, we will refer to these structures
as locally integral ipo-semilattices, or il-semilattices in case they are lattice-ordered. This semilattice
order, called the multiplicative order, is denoted by C and it is defined by z C y <— zy = z.

The smallest locally integral i/-semilattice that doesn’t have a global unit is the 4-element algebra
described in Example 3.6. And the smallest locally integral ipo-semilattice that is not lattice-ordered
has 8 elements. Their posets and multiplicative orders are shown in Figure 8.

The number of locally integral ipo-semilattices with n < 16 elements (up to isomorphism) have
been calculated with Mace4 [11] and are given in Table 2. Apart from the 16-element Boolean algebra,
all these po-algebras can be constructed from glueings of Boolean algebras of cardinality < 8.
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Figure 8. The smallest i/-semilattice that does not have a global identity and the smallest ipo-semilattice that is
not lattice-ordered.
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Number of elements = 123456 7 8 9 10 11 12 13 14 15 16
ipo-semilattices 1 113410 17 43 82 201
il-semilattices 1113410 17 42 80 191
comm. idempotent ipo-monoids |1 1 1 2 2 4 4 9 10 22 24 53 61 134 157 343
comm. idempotent i/-monoids |1 1 1 2 2 4 4 9 10 21 22 49 52 114 121 270
Boolean algebras 110100 01 0 0 0O O O O 1

Table 2. Number of ipo-semilattices up to isomorphism. Boolean algebras are the building blocks for ipo-semi-
lattices.

To end this section, we will describe a duality for a certain class of locally integral ipo-semilattices
including all finite ones. This dual representation gives a much more compact way of drawing finite
ipo-semilattices (see Figures 9 and 10). We first recall that generalized Boolean algebras form the
variety GBA generated by the 2-element residuated lattice 2,.. An equational basis for this variety is
given by the identities for residuated lattices together with zy = = A y and (y\z)/y = = V y (see [5,
Prop. 3.23]). Actually, GBAs can be characterized as the residuated lattices for which every principal
filter is a Boolean lattice (see [5]).

Finite members of GBA are reducts of Boolean algebras without complementation or a constant des-
ignating the bottom element. Homomorphisms between GBAs are residuated lattice homomorphisms,
hence they preserve the top element 1, join, meet, and residuals, but not necessarily complementation
or 0. A generalized Boolean algebra is complete if all joins (and therefore all meets) exist, and it is
atomic if every non-bottom element is above some atom, or equivalently, if every element is the join of
all the atoms below it.

Consider the category CAGBA whose objects are the complete and atomic generalized Boolean
algebras and whose morphisms are the sup-preserving homomorphisms of generalized Boolean algebras.
Consider also the category Par of sets and partial maps. The well-known Tarski duality between the
category of complete and atomic Boolean algebras and the category of sets and maps can be extended
to a duality between CAGBA and Par in the following way.

Consider the functor ¥: CAGBA — Par°® defined as follows: for every B in CAGBA, ¥(B) =
At(B), the set of atoms of B, and for every morphism §: B — B/, ¥(6): At(B’) - At(B) is the
partial map defined on {b € At(B’) : b £ 0(0g)} as ¥(0)(b) being the only a € At(B) such that
b < (a), and remaining undefined otherwise. Notice that this is a well-defined partial map, because
if b € At(B’) and a,d’ € At(B) are such that b < 0(a) and b < 6(a’), then b < 6(a) A O(d) =
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f(a A a') = 6(0B). In the other direction, consider the functor P: Par®® — CAGBA defined for
every X as P(X), the powerset generalized Boolean algebra, and for every partial map f : X - Y/,
P(f): P(Y) — P(X) is the partial inverse image defined as P(f)(a) =Us U {z € X : f(z) € a},
where Uy = {z € X : f(z) is undefined}. These two functors establish the aforementioned categorical
equivalence between CAGBA and Par®P.

Now, a complete and atomic generalized Boolean algebra can be understood as an integral ipo-
monoid, and every sup-preserving homomorphism between complete and atomic generalized Boolean
algebras is in particular a monoid homomorphism. Thus, we can view CAGBA as a subcategory of
[IPOMn. We would like to use the duality between CAGBA and Par and the equivalence of categories
described in the previous section in order to give a duality between the locally integral ipo-semilattices
whose components are complete and atomic and a certain category of semilattice directed systems of
sets and partial maps.

The functor categories CAGBASP and (Par°?)SP are equivalent, since CAGBA and Par°P are equiv-
alent. That said, not every semilattice directed system of complete and atomic generalized Boolean
algebras will give rise via the glueing construction to a locally integral ipo-semigroup, but only those sat-
isfying (za), (bal), (mon), and (lax). Notice that, by assumption, all the considered homomorphisms are
sup-preserving, and therefore monotone. Also, since these structures are commutative, condition (bal)
is trivially satisfied. Consider then the full subcategory SDCAGBA of CAGBASP of those functors
satisfying (za) and (lax). Using the equivalence of the previous section, this category SDCAGBA is
equivalent to the category of locally integral ipo-semilattices which are locally complete and atomic.
And by the duality just described, SDCAGBA is equivalent to a full subcategory SDPar of (Par°P)SP,

We note that conditions on semilattice directed systems of CAGBA translate into conditions on
the semilattice directed systems of partial maps. For instance, the condition (za) corresponds to the
following condition on a functor F': D — Par®® in SDPar: for all p < ¢ in D,

fpg: F(q) » F(p)istotal <= p=gq.

Figure 9. Multiplicative orders and dual representations for two different ipo-monoids obtained from glueing
the same Boolean algebras over a 3-element semilattice chain.

Figures 9 and 10 contain several examples of locally integral ipo-semilattices. If A is finite, then in
particular AT and A, are finite, for all p € A™. Hence, its dual can be displayed as the Hasse diagram
of (A™)°P where every node p of A is replaced by the set At(A,). If ¢ is a cover of p, the partial map
fpq is given by edges from elements of At(A,) to elements of At(A,). The empty set is labeled by ()
and the empty partial map is indicated by a dotted line between the sets. This graphical representation
and the fact that systems of partial maps are logarithmically smaller than the corresponding finite
ipo-semilattices make them a useful tool for investigating finite locally integral ipo-semilattices.
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Figure 10. An example of an ipo-semilattice and an ipo-monoid, together with their dual representations.
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