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1. Introduction

Sugihara monoids and Sugihara algebras have found many applications in the study of relevance log-
ics. The variety of Sugihara algebras is generated by Z = (Z, A, V, -, —, ~) and provides complete
algebraic semantics for the logic R-mingle (often denoted RM) [1, 4]. Sugihara monoids can be de-
scribed as commutative distributive idempotent residuated lattices with an order-reversing involution.
That is, a truth constant, which is the identity element of the monoid, is included in the signature.
They are known to give algebraic semantics for RM?, the logic R-mingle with added Ackermann
constants [1].

Odd Sugihara monoids are those for which the monoid identity (truth constant) is fixed by the in-
volution. They were studied by Galatos and Raftery [12] where they showed a categorical equivalence
with relative Stone algebras. An application provided results about Beth definability and interpola-
tion for the uninorm-based logic TUML. Dual topological representations of Sugihara monoids were
studied extensively by Fussner and Galatos [7] (see also Fussner’s PhD thesis [6]). Dual spaces were
constructed in two ways—making use of of both Priestley spaces and Esakia spaces.

Our goal in this paper is to show that it is possible to find a representation of any Sugihara monoid,
with the monoid operation given by relational composition. We do this by first giving an explicit rela-
tional representation for each finite odd Sugihara chain. Given a poset (X, <), a binary relation R on
X is said to be a weakening relation if <o Ro < = R. The elements of our algebra will be weakening
relations on a poset which comes from a twisted product of a poset with its dual. Our construction
essentially combines the method of Maddux [16] with recent work by the current authors [3]. There
we were able to represent so-called distributive quasi relation algebras (DgRAs) where the elements
of the algebra are binary relations and the monoid operation is given by relational composition. Quasi
relation algebras (QRAs) were introduced by Galatos and Jipsen [8] as a generalisation of relation al-
gebras. A major feature of these algebras is that the variety of qRAs has a decidable equational theory
(whereas the variety of relation algebras does not).

In 2010, Maddux [16, Theorem 6.2] gave a relational representation of the finite even Sugihara
chains Sy, 10 (n € Z™). We outline that representation here in very general terms, to help us de-
scribe the modification we make in order to represent the finite odd Sugihara chains. For n € ZT,
consider the set Q" with the lexicographic ordering, denoted <,,. Now (Q", <,,) is a chain. With
X = (X, <) = (Q", <,,), consider the usual product poset X? x X where X? = (X, >). It is then
possible to embed Sy, 5 in the set of upsets of X? x X in such a way that the elements of the algebra
are binary relations and the monoid operation is given by relational composition. This construction,
which is just a re-casting of [16], is described in more detail in Example 2.11.

For the odd Sugihara chain Sy, 3 (Where n € Z™T), we will take two disjoint copies of (Q", <,,),
with a map o swapping the occurrence of each element from one copy to the other. This map « is an
order isomorphism of the poset consisting of two chains. The algebra So,, 43 is then embedded in the
upsets of X? x X, where this time X consists of two disjoint copies of (Q", <,,) with order relations
between them (see Figure 1). The key step is that « is used to define the order-reversing involution in
a way that ensures the algebra will be an odd Sugihara monoid.
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Indeed, it is the usage of such a map « that distinguishes our construction from other relational
representations of similar algebras. As mentioned above, it provides a method for having algebras
with ~1 = 1. In the case of representable weakening relation algebras [9, 10, 13], the complement-
converse is used as the involutive order-reversing operation on binary relations. It is not difficult to
show that no binary relation can be fixed by complement-converse (cf. [16, p.46] or [5, p.355]). We
note that in the relational representation of quasi-Boolean algebras by Dunn [5], that construction
solves the problem of being able to have an order-reversing involution that fixes certain relations. It
does so by taking the complement inside a symmetric relation, which does not have to be X 2.

We will view Sugihara monoids as examples of distributive involutive FL-algebras (DInFL-alge-
bras). See Section 2.1 for a precise definition of these algebras. DInFL-algebras have two order-
reversing operations ~ and —. If, for all @ € A, ~a = —a then the algebra A is said to be cyclic. The
use of a non-identity order isomorphism « allows for the construction of concrete non-cyclic DInFL-
algebras (see item (ii) of Theorem 2.7). Our representation of Sugihara monoids is part of a more
general method which can also handle non-cyclic DInFL-algebras.

Before giving an outline of the content of this paper, we comment on the recent representation of
Sugihara monoids given by Kramer and Maddux [14]. That paper provides an alternative solution to
the problem of defining an involutive order-reversing operation on relations that has a fixed point. The
Sugihara chains are embedded into proper relations algebras (see [14, Definition 4] for the definition
of the binary relations that will be the elements of the Sugihara chain). For an abstract relation algebra,
they define relativized subreducts [14, Definition 8] where certain operations from the original relation
algebra are retained, while others are replaced by new term-definable operations. This notion of
relativized subreduct is then implemented on algebras of relations (see [14, Theorem 2]) in order
to obtain a new ~ operation that will have a fixed point, hence allowing for the representation of
odd Sugihara monoids. A difference between our approach and the one in [14, Theorem 5] is that our
representations are embedded into distributive InFL-algebra of upsets (see Section 2). In their case, the
concrete odd Sugihara chain is embedded into a proper relation algebra. A feature of our construction
is that the relations which are the elements of the representation are all weakening relations with
respect to a partial order.

Our paper is laid out as follows. In Section 2 we give some basic definitions and background on
Sugihara monoids and binary relations. We also outline how we use partially ordered equivalence
relations (equipped with an order automorphism «) to obtain relational representations of distributive
involutive FL-algebras, and give some examples. In Section 3 we build the finite odd Sugihara chains
Son11 (n € ZT) as algebras of binary relations. The proofs contained in Section 3 are rather technical,
but this is mostly due to the large number of cases that need to be considered. The feature of our
construction is the relative simplicity of the relations from which the algebra is built.

In the final section, we first give a definition of a representable Sugihara monoid. We then show
that the class of representable DInFL-algebras (see Definition 2.14) is closed under ultraproducts
(Theorem 4.9). Then, combining the main result of Section 3 with a representation of finite even
Sugihara chains by Maddux [16], we are able to show that all Sugihara monoids are representable
using the partially ordered equivalence relations described in Section 2.3.
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2. Preliminaries

Before we provide the details of our construction, we give some background on residuated lattices,
Sugihara monoids, the algebra of binary relations, some necessary results from our previous work [3],
as well as a definition of representability of a DInFL-algebra.

2.1. Sugihara monoids and DInFL-algebras

A residuated lattice is an algebra A = (A, A\, V, -, 1,\, /) such that (A, A, V) is a lattice, (A, -, 1) isa
monoid and the following holds for all a, b, c € A:

a-b<c <= a<c¢/b < b<a\c

If the monoid operation of a residuated lattice A is commutative, then both residuals \ and / (some-
times denoted — and <) coincide. If a-a = a is satisfied for all a € A, then A is an idempotent resid-
uated lattice. A Sugihara monoid is an algebra A = (A, A, V,- —,1,~) such that (A, A, V,- —, 1) is
a commutative distributive idempotent residuated lattice, and for all a,b € A the identities ~~a = a
and a — ~b = b — ~a are satisfied. (A commutative residuated lattice satisfying those two identities
is often called an involutive commutative residuated lattice.)

It was shown by Dunn [1] that the variety of Sugihara monoids is generated by algebras that
are linearly ordered, and thus the linear ordered algebras are of particular interest. For our explicit
representations in Section 3, we will only be considering finite Sugihara chains. These are algebras
S, forn € wandn > 2. If n = 2k for k > 0 then S,, = {a—g,...,a_1,0a1,...,ax}, and if
n = 2k + 1for k > 0then S, = {a_g,...,a_1,a9,a1,...ax}. The meet and join are defined as
expected: a; Aaj = Aminf; ;) and a;V a; = apax(;,;53- The unary operation ~ is defined by ~a; = a_;.
The monoid operation can be defined as:

a; if |7] < i
;- aj = 4 a; if Jif < |7
Amin{s,5} if ‘.7| = M

Lastly, the implication — is defined by

a; = a; = ~a; Va; ifi<j
Y N\ ~aiAay it > g

If n is odd then the monoid identity is given by 1 = ag, and if n is even, then the monoid identity is
1 = ay. This gives us algebras S,, = (S,,, A, V, -, —,1,~). (When we talk of a Sugihara chain, we
mean a linearly ordered Sugihara monoid, using slightly different terminology from that used in [16]
and [14] where a Sugihara chain is a linearly ordered Sugihara algebra.)

The concrete algebras we describe in Section 2.3 will be special residuated lattices, which we
describe briefly here. A Full Lambek algbebra (cf. [11]) is a residuated lattice L that has an additional
constant 0 (about which nothing is assumed) in the signature. We use the common abbreviation FL-
algebra. Using the residuals, two unary operations ~ and — can be defined. These are known as linear
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negations and are defined for a € L by ~a = a\0 and —a = 0/a. If ~ and — satisfy the involutive
property, i.e. —~a = a = ~—aforalla € L, then (L,A,V,-,1,0,\,/) is an InFL-algebra. When the
underlying lattice is distributive, we use the abbreviation DInFL-algebra. If ~a = —a foralla € L
then it is a cyclic InFL-algebra.

We prefer to use the linear negations rather than the residuals in the signature as it is known that
such an equivalent formulation is available [8, Lemma 2.2]. In addition, that equivalent formulation
allows us to leave the 0 out of the signature. That is, we will consider DInFL-algebras as algebras of the
following signature: A = (A, A,V, -, 1,~, —). Notice that if a Sugihara monoid uses an alternative
signature with — = ~ then it will be a DInFL-alegbra. Moreover, it will be a commutative cyclic
idempotent DInFL-algebra.

2.2. Binary relations

Below we recall some basic definitions and facts about binary relations and the various operations
defined on them. We will use the following special binary relations on a set X: the empty relation
@, the identity relation (diagonal relation) idx = {(x,z) | x € X}, and the universal relation X?.
The complement of R will be denoted by R and the converse of Ris R~ = {(z,y) | (y,x) € R}.
The composition of R, S C X%is RoS = {(z,y) | (3z € X) ((x,2) € Rand (z,y) € S)}. Besides
composition, binary relations have the familiar operations of union and intersection that will be used
to model join and meet in the relational representations.

Proposition 2.1. Let R, S, 7 C X2. Then the following hold:

() R=—— =R (vi) (RoS)oT =Ro(SoT)
(i) R—¢ = R®~

(i) (RUS)” =R~ US~
(iv) (RNS)" =R~ NS~
(v) idy o R=Roidy = R (ix) Ro(SUT)=(RoS)U(RoT)

(vii) (RoS)” =S"oR~

(viii) (RUS)oT =(RoT)U(SoT)

A crucial part of our construction is the use of an additional bijective function o : X — X. We
will use « to denote both the function acting on elements of X and the binary relation on X. The
lemma below applies in particular when ~ is a bijective function from X to X.

Lemma 2.2. ([3, Lemma 3.2])
Let X be asetand R,y C X?2. If - satisfies Y~ oy = idx and v o v~ = idy then the following
hold:

(i) (yoR)*=voR*

(i) (Ro7y)*=R‘oy
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2.3. Constructing InFL-algebras of relations

In previous work [3, Section 3], we used the construction outlined below to produce concrete algebras
of binary relations which formed distributive quasi relation algebras (DgqRAs). These algebras were
described by Galatos and Jipsen [8] and are algebras of the form A = (A, A,V,-,1,0,~,—). The
unary operations ~, — and ’ are dual lattice isomorphisms satisfying some additional conditions. We
do not go into further detail here about the definition of quasi relation algebras as we will not make
use of the full signature of these algebras. The construction outlined below will produce distributive
involutive FL-algebras.

The definitions and results below all involve an equivalence relation E on a set X. The special
case of £ = X? is vastly simpler and, fortunately, this is the setting used in Section 3. However, we
need the more general setting for the representability results in Section 4.

Let X = (X, <) be a poset with an equivalence relation F satisfying < C E. The set F can be
partially ordered for any (u,v), (z,y) € E, as follows:

(u,v) < (x,y) iff z<wandv<y.

Then E = (FE, x) is a poset and the set of its upsets, denoted Up (E), ordered by inclusion, is
a distributive lattice. Notice that when E = X? then (X?, <) is exactly the product poset X9 x X
where the order on X9 is >.

We note that when £ = X? the lattice constructed above is identical to that used by Galatos and
Jipsen [9, 10], and more recently by Jipsen and Semrl [13]. In order to represent odd Sugihara monoids
as algebras of relations, we will make use of an order automorphism « on the poset X. It is this « that
will allow us to define a unary operation ~ on Up((X?, <)) and an identity 1 € Up((X?, <)) such
that ~1 = 1.

The lemma below is stated in the original source [3] with an additional map 8 : X — X which
is a dual order automorphism. This is not required for the setting of DInFL-algebras. For a poset
Y = (Y, <y), we denote by Down(Y) the set of downsets of Y. The lemma shows how up-
sets/downsets of E = (F, <) are produced when composition, converse and complement are applied
to upsets/downsets of E = (F, ). It also details what happens when the graph of an order auto-
morphism is composed with an upset. For R C X2, we will abuse notation and write R for the
complement of R in F.

Lemma 2.3. ([3, Lemma 3.5])
Let X = (X, <) be a poset, E an equivalence relation with < C F and let @ : X — X be an order
automorphism of X with o C E.

(i) fR,S € Up(E), then Ro S € Up (E).
(ii) R € Up (E) iff R® € Down (E).
(iii) R € Up (E)iff R~ € Down (E).

(iv) If R € Up(E),thenao R € Up (E) and Ro v € Up (E).
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The next lemma shows not only that < is an upset of E, but also that it is the identity of composi-
tion in Up(E).

Lemma 2.4. ([3, Lemma 3.6])
Let X = (X, <) be a poset, E and equivalence relation with < C E and « an order automorphism on
X with « C E. Then

(i) <€ Up(E);
(i) SoR=Ro< =Rforall R € Up (E).

Consider a poset X = (X, <) with E and « as used above. Relational composition is associa-
tive and, by Lemma 2.4, < is the identity of composition. Hence the structure (Up (E), o0, <) is a
monoid. In addition, composition is residuated and the residuals \, / are defined by the usual expres-
sions for residuals on binary relations: R\S = (R~ 0 S°)¢and R/S = (R° o S)¢ The algebra
(Up(E),N,U,0,<,\,/,) is therefore a (distributive) residuated lattice.

The next lemma shows that if « is an order automorphism of a poset (X, <) with an equivalence
relation F such that < C F, then « can be used to define an element of Up(E) to act as a 0 that will
give rise to an InFL-algebra.

Lemma 2.5. ([3, Lemma 3.9])
Let X = (X, <) be a poset with an equivalence relation £ on X satisying < C FE. Further, let
a : X — X be an order automorphism of X with & C E. Then ao <“7= <~ oa € Up (E).

We will now add 0 = o <7 =< o« to the signature of the distributive residuated lattice
(Up(E),N,U,0,<,\,/) toobtain the FL-algebra (Up (E) ,N,U, 0, <,0,\, /). The next lemma gives
an alternative way of calculating ~R and —Rif weset 0 = cvo <7 =<7 oq.

Lemma 2.6. ([3, Lemma 3.10])

Let X = (X, <) be a poset with F an equivalence relation and o : X — X an order automorphism
of Xwhere {C Fanda C F.If 0 =ao <" =<“"oathen~R =R oaand —R = oo R*~
forall R € Up ((X?2,<)).

Using the alternative method of calculating ~ and — from Lemma 2.6, greatly simplifies the proof
of the main theorem of this background section.

Theorem 2.7. ([3, Theorem 3.12])
Let X = (X, <) be a poset with F an equivalence relation on X such that < C FE. Further, let
a : X — X be an order automorphism of X such that « C F.

() If 0 =a o < =< oathen D(E) = (Up(E),N,U, 0, <, ~, —) is a distributive InFL-
algebra.

(ii) The algebra in (i) is cyclic if and only if & = idx.
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We define the class of equivalence distributive involutive FL-algebras, denoted EDInFL, to be those
algebras of the form D (E) from part (i) of Theorem 2.7. If E = X? then we say that D (E) is a full
distributive involutive FL-algebra, and denote the class of such algebras by FDInFL.

Before we give some examples, we need the definition of a direct reduct. This is an adaptation
of [14, Definition 8]. It differs from an ordinary reduct because the set of operations is not simply a
subset of the original, but new operations are also defined in terms of the old operations.

Definition 2.8. Let A = (A, A, V, -, 1,~, —) be a DInFL-algebra. Wecall A, = (A, A, V, -, —,1,~)
the direct reduct of A, where — is defined for a,b € Abya — b= ~(—b-a).

If a DInFL-algebra A = (A, A, V, -, 1, ~, —) is commutative, then it is cyclic. Hence it is easy to
see that if A is commutative and idempotent, then the direct reduct of A is a Sugihara monoid. If in
addition, A is a chain, thena -+ b= ~aVbwhena < banda — b = ~a Abwhena > b.

In the concrete case, the operation = can be added to © (E) using the following standard definition
of the left residual of composition: for R, S € Up(E) let R = S = (R~ o S¢)°. Using Lemma 2.6 it
is easy to see that this coincides with the expression given in Definition 2.8.

Example 2.9. The two-element Sugihara chain S can be represented over X = {z} with < = F =
o =idx.

Using Theorem 2.7, we obtain a relational representation of the odd Sugihara chain S3. We ob-
serve that this representation is not covered by the construction given in Section 3.

Example 2.10. Consider the three-element Sugihara chain S3. The underlying set is given by S3 =
{a_1, ag, a1} where ay is the identity of the monoid operation. Consider the two-element poset X =
{x,y} with order < = idx. We let E = X2 and define the order automorphism a = {(x, %), (y, z)}.
We get that Up((X?2, <)) has as its underlying lattice the 16-clement Boolean lattice. It is straight-
forward to calculate that < = ~< = <7 o « and then to show that the set of binary relations
{@,<, X?} is closed under N, U, o, = and ~. Define amap h : S3 — Up({X?2,x)) by h(a_1) = 2,
h(ag) = < and h(a1) = X?2. Itis easy to check that this is indeed an embedding of S3 into the direct
reduct of D(E).

The next example is based on the representation of the finite even Sugihara chains So,, 12 (n € Z™T)
by Maddux [16, Theorem 6.2]. The exposition below shows how that representation can be re-cast
into our setting. We will need this example in Section 4.2.

Example 2.11. Let n € Z" and consider Q" = {(q1,---,¢n) | ¢1,- - -, qn € Q}. We will denote the
n-tuple (g1, ..., qn) by ¢. Now define binary relations idg» and L; on Q™ as follows:

(p,q) € idgn iff p=g¢
(p,q) € Ly iff P1 < qi.

Fori € {2,...,n}, the relation L; on Q" is defined follows:

(p,q) € L; iff (p1s---,pi-1) = (q1,--.,qi—1) and p; < ¢;
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The relations in {idgn, L1, ..., Ly} are pairwise disjoint. We set <,,:= |J{idgn, L1,...,Ly}. Let
X = (Q", <), E=(Q")?and o = idgn. Notice that with & = idgn we get ~ <= (<) = <.
Moreover, by Theorem 2.7, the algebra © (E) is a cyclic DInFL-algebra.

Fori e {-n—1,...,—1,1,...,n+ 1}, define
%] ife=-n-1
n+14i
- U Ly if —n<i<-1
i = j=1
<, ifi=1

(T_;) if2<i<n+1
These relations are upsets of (E, <) and form a Sugihara chain of length 2n + 2, i.e.,
G=T 1 CTyC CT1CTC CTp C Tuyr = (Q°)°

More precisely, the even Sugihara chain So,42 can be embedded into the direct reduct of the algebra
D(E) by setting ¢ (a;) = T; foreachi € {-n—1,...,—-1,1,...,n+ 1}.

2.4. Representable DInFL-algebras

Here we recall definitions and results from [3, Section 4]. These will be needed in Section 4. As before,
the major difference is that the results there were proved for distributive quasi relation algebras, but
here we restrict to the simpler case of distributive InFL-algebras.

Suppose we have an index set I and for each i € I, let X; = (X;, <;) be a poset and E; an
equivalence relation with <; C Ej;. We further require that X; N X; = @ whenever i # j. Then set

X:U&,g:Ugide:Ua
i€l i€l i€l

If we have maps v; : X; — X; (i € I) define v : X — X by setting, for each z € X, v(z) = v;(x)

whenever © € X;. Clearly v = U v;. These definitions will be used throughout the theorems and
i€l

their proofs in this section.

Theorem 2.12. [3, Theorem 4.1] Let [ be an index set. For each i € I, let X; = (X, <;) be a poset
and E; an equivalence relation such that <; C E;. Assume X; N X; = @ forall¢ # j. Foreachi € [
we have «; : X; — X; an order automorphism of X;. Then:

(i) X = (X, <) isaposet and F is an equivalence relation on X such that < C F;

(i) « is an order automorphism of X such that « C E;

(iii) for the DInFL-algebras © (E) and H D (E;), we have ® (E) = H D (E;).
icl el
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The following theorem relies on part (iii) of Theorem 2.12 and is used to define representable
DInFL-algebras.

Theorem 2.13. [3, Theorem 4.4] P (FDInFL) = EDInFL.

The definition below is a generalisation of [3, Definition 4.5], given there for DgRAs.

Definition 2.14. A DInFL-algebra A = (A, A, V, -, 1,~, —) is representable if A € ISP (FDInFL)
or, equivalently, A € IS (EDInFL).

We denote the class of representable DInFL-algebras by RDInFL. In Theorem 4.9 we will show
that RDInFL is closed under ultraproducts. That will be a key step in showing that all Sugihara
monoids can be represented as algebras of binary relations.

We end this section by observing that if one considers posets (X, =) (i.e. with the discrete order),
and a = idx, then the constructions and definitions above, with some slight modification, will co-
incide with those for relation algebras. The modifications include using converse, complement, and
bounds in the signature.

3. Constructing finite odd Sugihara chains

Let (C, <) be a chain. Set X := (C x {~1}) U (C x {1}). If b € {1, 1}, we will write 2" instead
of (x,b). Define a binary relation <y on X by

2 <xy? iff 2b=y? or z<y

It is not difficult to see that (X, <x) is a poset. We can define a map o : X — X by setting, for
each 2° € X, a(z2®) = 2. The map a will be a self-inverse order automorphism of (X, <x). This
poset is drawn in Figure 1.

Figure 1. The poset (X, <x) from a chain (C, <) with order automorphism o : X — X.

The first lemma in this section establishes that when we have a poset (X, <x) constructed from
a chain as above, the order < x will be fixed by the ~ operation described in Theorem 2.7. Note that
(z°,y?) € ~Rif and only if (y~¢,2°) ¢ R. In particular, (z°, y?) € 0 if and only if y~¢ £ 2°.

Lemma 3.1. Let (C, <) be a chain, and (X, <x) with « as above. Then <y =0 = (<x)“~ o a.
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Proof:

To prove the left-to-right inclusion, assume z° <x y?. Then 2° = y% or 2 < y. If 2° = 3¢, then
y~¢ ¢ xb, and so (azb,yd) € 0. On the other hand, if z < y, then y £ z, so y~% £ zb. Again we
have (z°,y) € 0. For the other inclusion, let (z°,y%) € 0 = (<x)“~ o . Then we have y~¢ £ 2°.
If b = —d, then y £ x, so z < y. Hence, b <x yd. On the other hand, if b # —d, then y‘d L 2P
implies y ¢ x. This means = < ¥, and so, since d = b, we get 2° <x y%. a

Consider the rationals (Q, <) with their usual order. Let Q" = {(¢1,...,qn) | q1,-..,qn € Q}.
We will again denote the n-tuple (g1, ..., gn) by ¢. Define binary relations idg» and L; on Q" by

(p,q) €idgn iff p=gq
(p,q) € Ly iff pir<aq

and for i € {2,...,n}, define binary relations L; on Q" by
(p,q) € Li iff  (p1,...,pic1) = (q1,---,¢i—1) and p; < g;.

Now set <,,:= |J {idgn, L1, ..., Ly }. Then <, is the lexicographic order on Q". Since the rational
numbers is linearly ordered, it follows that (Q", <,,) is a chain. Part (i) of the lemma below can be
used to show that <, is transitive. It will also help to simplify some of the proofs later on.

Lemma 3.2. Letn > 1.
() If (p,q) € Ljand (q,7) € Ly with j, k € {1,...,n}, then (p,7) € Lyin(j}-
(ii) The structure (Q", <,,) is a chain.
Let X := (Q" x {—1}) U (Q™ x {1}), and define a binary relation < x on X by
p'<x ¢’ iff p'=¢’ or p<ngq

Consider the posets (X, <x) and (X?, <) (see Section 2.3). Let & : X — X be defined by o (p®) =
p_b. Foreach 1 < j < n, set

Uj; = {(pb,qd> ‘ b,d € {—1,1} and (p,q) € Lj}.

Using « and U}, we alter the definition of the binary relation 7; in [16, Theorem 6.2] and Example 2.11
as follows. Fori € {—n —1,...,n+ 1}, define

(

1%} ifit=-n-1
n+1+i
. U o if —n<i<-—1
(2 ]_1
<x ifi=0
~R_;=(R_;)) " oa ifl1<i<n+1
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The relations R; will be the elements of our representation of the odd Sugihara monoid Say, 3.
To see how the construction of Maddux [16] (see Example 2.11) relates to our construction, con-
sider the map ¢ that sends relations R on (Q”)2 to relations on X as follows:

d(R) = {(pb,qd> | b,d € {—1,1} and (p,q) € R}.

Clearly 0 (L;) = Uj. It is straightforward to show that

n+1+i n+1+i
ol U i) = U ay
j=1 J=1
which means 6 (T;) = R; foralli € {—n — 1,...,—1}. Moreover, we can also show that ¢ ((7—;)“7)

(0(T-;))" foralli € {1,...,n + 1}, which implies that 6 (T;) oow = R; foralli € {1,...,n+ 1}.

Lemma 3.3. Foreachi € {—n —1,...,n+ 1}, the relation R; is an upset of <X2, -\<>.

Proof:
Both X2 and @ are upsets of (X2, <). The fact that <x is an upset of (X?, <) follows from
Lemma 2.4. It would also follow from Lemmas 2.3 and 2.6 that R; is an upset for i € {1,...,n}, if

we can show that R; is an upset of <X2, <> when —n <7 < 0.

Let (p°, ¢%) € R; and assume (pb, qt) < (re, sf). The former implies that (p®, ¢) € U; for some
jsuchthat 1 < j <n+1+1i. Hence, (p,q) € L; forsome jsuchthatl <j<n+1+dIfj=1,
then we have p; < ¢;. But (pb7 qd) < (re, sf) implies that r <,, pand ¢ <, s,s071 < p1 < q1 < S1.
Hence, (r¢,s/) € Uy C R;.

On the other hand, if 1 < j < n + 1414, then (p1,...,pj-1) = (q1,---,¢j-1) and p; < g;. We
now consider the following cases:

Case 1: r = p and ¢ = s. In this case we get (r1,...,7j-1) = (p1,...,0j—1) = (¢1,---,¢j—1) =
(s1,...,8j-1) and r; = p; < q; = s;. Hence, (r¢,s/) € U; C R;.

Case2: 1y < prorq < si. Thenry < p; =q1 < sporry < p1 = q1 < s1. In both cases, we have
(re,sf) e U1 CR;.

Case3: r = pand (¢q,s) € Ly for some k& € {2,...,n}. Here we have (p,s) € Luingjx) by
Lemma 3.2. Hence, since r = p, it follows that (n, cee rmm{j,k},l) = (pl, - ,pmin{j,k},l) and
Tmin{j,k} = Pmin{j,k} < Smin{jk}- 1his means (r,s) € Liningj ky» and so (re, sf) € Unin{jky € R

Case 4: ¢ = sand (r,p) € Ly, for some k € {2,...,n}. This case is similar to Case 3.
Case 5: (r,p) € Ly and (q,s) € Ly for k, £ € {2,...,n}. By Lemma 3.2, (r,q) € Lyjn(;}> and so,

by another application of Lemma 3.2, we have (r,s) € Liin{min{j,k},¢y- Hence, (r,s) € Liingj k035
which means (re, sf) € Unin{jk,ey € R O
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Notice that when defining R; for i € {1,...,n + 1} we chose to use the unary order-reversing
operation ~ instead of —. Since a # idx we know from Theorem 2.7 that the algebra will not be
cyclic and hence ~R # —R in general. However, the following lemma shows that for the relations
R;, we will in fact get ~R; = —R;.

Lemma 34. Foreachi € {—n —1,...,n+ 1}, we have —R; = ~R;.

Proof:
If ¢« = 0, the claim follows from Lemma 2.5. Now consider the following cases:

Case I: —n—1 < i < 0. Let (p°, ¢%) ¢ —R;. By Lemma 2.2, (p’, ¢%) € (—R;)° = (a0 (R;)*7)" =
o o R;. Therefore, (¢%,p~") € R;, and so (¢%,p~") € Uy, for some k € {1,...,n+ 1 +}. This
implies (q,p) € Ly forsome k € {1,...,n+ 1+ i}. It thus follows that (q_d,pb) € U, C Ry, ie.,
(o (¢%),p") € U, € R;. Hence, (p®, a (¢%)) € R;”, and therefore (p, o (¢%)) € ((R;)°7)“. From
this we get (59, ¢%) € ((R)*)" 0.0 = (R)° 0.a)° = (~Ri)"s i (o, 0) & ~R:.

The reverse inclusion can be proved in a similar way.

Case 2: 0 < 7 < n+ 1. This case follows from the previous case and the fact that — and ~ satisfy the
involutive property. a

We want our set of relations to have the structure of a Sugihara chain, therefore we need to confirm
that they form a linear order when ordered by inclusion.

Lemma 3.5. The relations in {R_,,_1,R_p,..., R_1, Ry, R1,..., Ry, Rp4+1} form a chain, i.e.,

R, 1CR,C---CR1CRCRC---CR,CRyy1.

Proof:

It follows from the construction that R_; C R_;; foralli € {2,...,n+ 1}. Since ~ is order-
reversing, it follows that R; C R;4 for all ¢ € {1,...,n}. To see that R_; C Ry = <y, let
(p°,q%) € R_1. Then (p*,q?) € Uj for some j € {1,...,n}, and therefore (p,q) € L; for some
j €{1,...,n}. Hence, p <,, g, which means p® <x q% The inclusion Ry C R; then follows from
the fact that ~ is order-reversing. a

In d-notation, the above result can be rewritten as follows:
0(T-p—1) CO0(T-p) C---CO(T-1) CRYCOH(Th)oaaC---CH(Tp)oaCTd(Tht1) o

The transitivity of each of the relations R; will be essential for the calculations involving relational
composition.

Lemma 3.6. Foreachi € {—n —1,...,n+ 1}, the relation R; is transitive.
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Proof:
This is clearly true for ¢ = 0 and ¢ = n + 1. Since & is vacuously transitive, the statement also holds
for : = —n — 1. We now consider the following two cases:

Case 1: —n < i < 0. Let (p*,7°) € R; and (r¢,¢%) € R;. Then there exist j,k € {1,...,n+ 1+ i}
such that (p,7) € L; and (r,q) € Lj. Hence, by Lemma 3.2, we have (p,q) € Lying; k), and so
(°,9%) € Uninjiny S Ri.

Case2: 0 < 7 < n. Let (pb, Te) € R; and (re, qd) € R;. Then we have (pb, re) € ~R_; and
(r°,q%) € ~R_;. Hence, (r~¢,p’) ¢ R_; and (¢~% r°) ¢ R_;, which means (r,p) ¢ L; for
allje{l,...,n+1—i}and (q,r) ¢ Ly forall k € {1,...,n+ 1 — ¢}. The first part implies that
r1 £ py and, forall j € {2, ooon+1- i},if(?"l, - ,’l“jfl) = (pl, R ,pjfl) thenrj e Djs while the
second part gives ¢; £ 71 and, forallk € {2,...,n+1—i},if (q1,...,qx-1) = (r1,...,7x—1) then
g £ 7k Since Q is linearly ordered, p; < 71 and, forall j € {2,...,n+1—i},if (r1,...,7-1) =
(p1,...,pj—1) thenp; < r;. Likewise, 71 < g1 and, forallk € {2,... ., n+1—i},if (q1,...,qk—1) =
(ri,...,rg—1) then rg < gx. If p1 < rq1, then we have p; < 1 < ¢1, and so (p, q) € Ly, which means
(pb,qd) ceU CR 1 CR;,. Ifr; < qp,then p; < r; < g1, so again (pb,qd) e U, C R_1 CR;.
Finally, suppose p1 = 71 = ¢1. There are four cases:

(a) There exist £,m € {2,...,n+1—14} such that (p1,...,pi—1) = (r1,...,70-1), pr < T4,
(q1y--yqm-1) = (r1,...,"m—1) and 7, < @m,; thatis, (p,r) € Ly and (r,q) € L,,. There-
fore, by Lemma 3.2, we get (p, q) € Luin{¢,m}» and thus (pb, qd) € Uninfe,my € R—i C R;.

(b) There exists ¢ € {2,...,n+ 1 — i} such that (p1,...,pe—1) = (r1,...,7¢—1) and p; < 14, and
forall k € {2,...,n+1—1i}, we have 7, = qi. In this case, (p1,...,pr—1) = (¢1,---,qr—1)
and p; < ry = q. Hence, (p, q) € Ly, which gives (p’, ¢%) € U C R_; C R;.

(c) There exists m € {2,...,n+ 1 — i} such that (q1,...,q¢m-1) = (r1,...,"m—1) and 7, < G,
and forall j € {1,...,n+ 1 — 1}, we have p; = r;. Then (p1,...,pm-1) = (¢1,...,¢m—1) and
Pm = Tm < qm. Hence, (p,q) € L,,, and so (pb, qd) ceUn CR_; CR,.

(d) Forall j,k € {1,...,n+ 1 —i}, we have p; = r; and g5, = r}. This implies (¢,p) ¢ L; for all
je{l,...,n+1—1i},s0 (q_d,pb) ¢ Ujforall j € {1,...,n+ 1 —i}. Hence, it follows that
(g% p") ¢ R_;, which means (p’, ¢~%) € (R—;)", ie. (p° a (¢?)) € (R-;)°". We thus get
(r*,¢%) € (R_))*  ca=~R_; =R;.

O

Given n > 1, in order for the relations { R; | —(n + 1) < i < n+ 1} to give a representation of
the Sugihara chain Ss,, 13, we need to show the following:

R; if [7] < i
RioRj =4 R if Ji] <[]
Rmin{i,j} if ‘.7‘ = M
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We will use a series of lemmas to show that the above holds. Each lemma will involve a number of
cases. We will frequently make use of the fact that composition is order-preserving in both coordinates,
and that in all cases the relations are greater than or less than the monoid identity <x.

Lemma 3.7. If |i| > |j| then R; o Rj = R;.

Proof:
If i = —n — 1 (i.e. R; = @) then we clearly have R; o R; = R;. The case for j = 0 follows from
Lemma 2.2. So we consider the following cases:

Case 1: —n—1 < i < j <0.Since R; C <x,weget R;oR; C R;. Let (pb,qd) € R;. Hence, there
exists k € {1,...,n+ 1+ i} such that (pb,qd) € Uy, i.e., there exists k € {1,...,n+ 1+ i} such
that (p, ¢) € L. There are two cases:

(a) p1 < q1. By the density of Q, there is some r; € Q suchthatp; < ry < ¢1. Letr = (r1,0,...,0).
Then (p,r) € Ly and (r,q) € Ly, i.e., (pb,rb) € U; C R; and (rb,qd) €U CR; C Rj. We
thus have (p, ¢?) € R; o R;.

(b) There is some k € {2,...,n+ 1+ i} such that (p1,...,pk—1) = (q1,...,qr—1) and px < qy.
By the density of Q, there exists ry, such that py, < rp < gi. Letr = (p1,...,Pp-1,7%,0,...,0).
Clearly (p*,r%) € U, C R;. Now notice that 7 = (q1,...,qr_1,7%,0,...,0), and therefore
(rt,q") e U, CR; C R;. This gives us (p°,q%) € R; o Rjandso R; o R; = R;.

Case2: —n—1<i<0,j > 0. Since <x C R, we get R; C R; o R;. Let (p, ¢%) € R; o R;. Then
there is some 7¢ such that (pb, Te) € R; and (re, qd) € R;. From the first part we get (pb,re) € Uy
for some k € {1,...,n+ 1+ 4}, which means (p,r) € Ly for some k € {1,...,n+1+i}. The
second part gives (r¢,¢%) € ~R_; = (R_;)°” oa, and so (¢"% ) ¢ R_;. This implies that
(q%r°) ¢ Ugforall £ € {1,...,n+1—j}. Thatis, ¢ £ r1 and, forall ¢ € {2,...,n+1—j},
if (q1,-..,90-1) = (r1,...,7¢—1) then go £ 7. Since Q is linearly ordered, we get 1 < ¢; and,
forall ¢ € {2,....,n+1—j},if (¢1,...,q-1) = (r1,...,70—1) then ry < ¢1. If p; < rq, then
p1 < r1 < qi, and so (p,q) € Ly, ie., (pb,qd) e U CR;. Ifr; < qp,wehave p; < 71 < q1,
so again (p,q) € L, i.e., (pb,qd) € Uy C R;. If p = r1 = q1, then it must be the case that
(P1y- -y Pm—1) = (1, oy Tm—1) = (q1, - -+, @m—1) and py, < @y, for some m € {2,...,k}. Hence,
(p,q) € Ly, and so (p°, q%) € Uy, C R;.

Case3:7>0,-—n—1< 7 <0. Since Bj C <x we get R; o R; C R;. Let (pb,qd) € R;. Then
(p°,¢%) € ~R_; = (R—))° o, and so (¢~%,p’) ¢ R_;. This means that (¢~¢, p’) ¢ Uy for all
ke {l,...,n+1—4i}. Thatis, ¢ £ py and, forall k € {2,...,n+1—13},if (p1,...,pk—1) =
(q1,--.,qx—1) then qx £ pr. We therefore obtain p; < ¢ and, for all k € {2,...,n+1— 14}, if
(p1,y.--y0k—1) = (q1,---,qx—1) then py < qx. Suppose p1 < qi1. By the density of Q, there is some
r1 € Q such that p; < r1 < q1. Now letr = (p1,0,...,0). Then (p,r) € Ly and (r,q) € L1, ie.,
(p°,r*) € Uy C R_; C R; and (1, ¢%) € Uy € R_; C R;. Hence, (p*,¢%) € R; o R;. On the other
hand, suppose p1 = ¢q1. We have two cases:
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(a) There is some ¢ € {2,...,n+ 1 — i} such that (p1,...,pr—1) = (q1,--.,qe—1) and py < qy.
Then (p,q) € Ly, and so (p°,¢?) € U, € R_; C R;. Since <x C R;, we have (p°,p’) € R;,
and therefore we obtain (pb, qd) € R; o R;.

(b) Forall k € {2,...,n+ 1 — i}, we have p; = qi. Let

r=(q1, s @nti—isqnt2—i — 1,...,qn — 1).

Then (r,q) € Ly42—i, and so (%, ¢%) € Upya—; C UZ;LIHJ C R;. Note now that we also have
= (P1y-- s Pnti—i>qn+2—i — Lyo ooy @n — 1), 80 (r‘b,pb) ¢ Ugforallk € {1,...,n+1—i}.
Hence, (r~%,p?) ¢ R_;, which implies that (p®,r°) € (R_;)“". It therefore follows that
(pb, rb) € (R-;)° oa = ~R_; = R;. From this we get (pb, qd) € Rjo R;.

Case4:7 > 7 > 0. Since <x C R; we get R; C R; o R;. Let (pb,qd) € R; o R;. Then there is
some ¢ such that (pb, re) € R; and (re, qd) € R;. But R; C R; and R; is transitive by Lemma 3.6,
so (p°,¢%) € R;. ]

Lemma 3.8. If |j| > |i| then R; o R; = R;.

Proof:
If j = —n—1,then Rj = &,and so R; o R; = R;. If i = 0, we have R; = <x,so R;o R; = R; by
Lemma 2.4. We now consider the following cases:

Case1: —n — 1 < j < i < 0. Since R; C <x, we get R; o R; C R;. Let (pb,qd) € R;. Then
(p,q) € Lg forsome k € {1,2,...,n+ 1+ j}. Thatis, p1 < ¢q1 or (p1,...,pk-1) = (q1,---,qk—1)
and py < g forsome k € {2,...,n+ 1+ j}. If p1 < q1, we use the density of Q to find some
r1 € Q such that p; < r1 < ¢1. Then we set r = (71,0...,0) and obtain (pb,rb) € U; C R; and
(rb,qd) € Uy C R;. Hence, (pb,qd) € R; o R;. Similarly, if (p1,...,pk—1) = (q1,-..,qk—1) and
pr < qx forsome k € {2,...,n+ 1+ j}, we can find some r; € Q such that p, < r; < gg. Setting
r=(q1,...,qk—1,7k,0,...,0), we obtain (pb,rb) €U, C Rj C R;and (rb,qd) € Uy, C Rj, which
means (pb, qd) € R;o R;.

Case2:7 > 0,-n—1<7<0. Since <y C R;, we get R; C R; o R;. Let (pb,qd) € R; o R;.
Then there is some r¢ such that (p’,7¢) € R; and (r¢,¢%) € R;. The latter gives (r,q) € Ly
for some k € {1,...,n+1+ j}. The former gives (p,r°) € ~R_; = (R_;)°” o «, and so
(r=¢,p’) ¢ R_;. Hence, (r~¢,p?) ¢ Ugforall ¢ € {1,...,n+ 1 —i}. Thatis, r1 £ p; and, for all
tef{2,....n+1—1d},if (p1,...,pe—1) = (r1,...,70—1) then 7y £ py. Since Q is linearly ordered,
wegetp; < rpand, foralll € {2,...,n+1—j},if (p1,...,pe-1) = (r1,...,7¢—1) then py < 7.
If r1 < q1, then p; < r1 < q1, and so (pb,qd) € U1 C R;. If p1 <7y, wegetpy <rip < qp,s0again
(p*,q%) € U1 C R;. If py =71 = qu, then (p1,...,pm—1) = (r1,-..,"m—1) = (q1,-- -, ¢m-1) and
Pm < qm for some m € {2,...,k}. Hence, (p,q) € L,,, and so (pb, qd) € Un C R;.

Case3:i < 0,j > 0. Since R; C <x, we have R; o R; C R;. Let (p’ ¢%) € R;. Then
(pb,qd) € ~R_; = (R_;)°" o, and so (q_d,pb) ¢ R_;. This means that (q,p) ¢ Lj for all
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kEe{l,...,n+1—j}. Hence, 1 &£ p1 and, forallk € {2,....,n+1—j}, if (q1,...,qr—1) =
(p1,.-.,pk—1) then gx £ pi. Since Q is linearly ordered, p; < ¢1 and, forallk € {2,...,n+1— j},
if (q1,---,qk-1) = (p1,-..,pr—1) then px < gx. Suppose p1 < q1. By the density of Q, there is some
r1 € Qsuch thatp; < ry < gi. Letr = (r1,0,...,0). Then we have (p*,7°) € Uy C R_; C R; and
(rb,qd) € Uy € R_; C R;. Hence, (pb,qd) € R; o R;. Now suppose p1 = ¢1. Then there are two
cases:

(a) There is some ¢ € {2,...,n+1—j} such that (p1,...,pr—1) = (q1,---,q—1) and py < qy.
Then we have (p, q) € Ly, and so (pb,qd) €Uy C R_; C R;. But (qd,qd) € Rjsince <x C Rj,
so it follows that (pb, qd) € R; o R;.

(b) Forallk € {1,...,n+ 1 — j}, we have p = gi. Let

r= (p17 -y Pnt1—j, Pnt2—j + 17 N 1) .

Then (p,r) € Ly42—j, and so (p°,7?) € Un+2 i CUMT Uy = Ri. We also have (q,7) ¢ Ly,
for all k e {1,...,n+1—j}. Hence, ( drt) ¢ Uy forall k € {1,...,n+1— j}, which
means (¢, p*) gé R_;. We thus have( g% € (R-;)°, and thus, (r,q ) € (R_j) oca=
~R_; = R ThlS gives us (p q ) € R;o R

Case 4: j > i > 0. Since <x C R; we have R; C R; o R;. Let (pb,qd) € R; o R;. Then there is
some ¢ such that (pb, Te) € R; and (re, qd) € R;. But R; C R; and R; is transitive by Lemma 3.6,

o (p,q%) € R;. ]
Lemma 3.9. If |j| = |Z| then RZ o Rj = Rmin{i,j}’
Proof:
The claim clearly follows for the cases 7 = 7 = O and¢ = j = —n—1. So consider the following cases:

Casel: —n—1 < i =73 <0. Let (pb,qd) € R; o R; = R; o R;. Then there exists r? such that
(p",7¢) € Ry and (r,¢%) € R;. By Lemma 3.6, R; is transitive, so (p”, ¢?) € R; = Rj = Ruin{i j}-
Now let (pb,qd) € Rmings,j} = Ri = R;. Then (p,q) € Ly for some k € {1,...,n+ 1+ i}. There
are two cases:

(a) p1 < q1. By the density of Q, there exists 71 € Q such that p; < r; < ¢1. Letr = (r1,0,...,0).
Then (p®, r®) € Uy C R; and (r°,¢%) € Uy C R;. Hence, (p°,¢%) € R; o R;.

(b) There exists k € {2,...,n+ 1+ i} such that (p1,...,px—1) = (q1,--.,qx—1) and pi < qx. By
the density of Q, there exists ry such that pp, < 7, < qx. Setr = (p1,...,Pk-1,7%,0,...,0).
Then (p°,7?) € Uy, C R; and (r¢, ¢%) € Uy, C R;. This gives us (p°, ¢%) € R; o R;.

Case2: —n —1 < i < 0,7 > 0. Since <x C Rj, we have Ryn; 5y = Ri € R o R;j. Now
let (p’,¢%) € R; o R;. Then there is some r® such that (p’,7¢) € R; and (r¢,¢?) € R;. The for-
mer gives (p,7) € Ly, for some k € {1,...,n+ 1+ i}. The latter gives (¢~¢,7°) ¢ R_j, and so
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(q,7) ¢ Lyforall ¢ € {1,...,n+1—j}. Hence, ¢1 £ r1 and, forall £ € {2,...,n+1— j},
if (r1,...,70-1) = (q1,...,q0—1) then g, £ 7. Since Q is linearly ordered, we obtain ; < ¢
and, forall £ € {2,...,n+1—j} if (r1,...,70-1) = (q1,---,q—1) then r; < qp. If p1 < 71,
then p1 < r; < qi, SO (pb,qd) e Uy C R, = Rmin{i,j}- If ri < qp, we getpr <11 < @1,
which implies (pb,qd) € U1 C R; = Rpyjngsj)- Finally, if py = 71 = qi, then (p1,...,pm—1) =
(r1y. oy rm—1) = (q1,- -, Gm-1) and p,, < @y, for some m € {2,...,k}. Hence, (p,q) € L,,, and
50 (p%,q%) € Um € Ri = Ruin{i j}-

Case3: —n —1 < j < 0,i > 0. Since <x C R;, we have Ry(;5y = R © Rio R;. Let
(p%, ¢%) € R; o R;. Then there exists some r® such that (p°,7¢) € R; and (r¢,¢?) € R;. The second
part gives (r,q) € Ly for some £ € {1,...,n+ 1+ j}. The first part gives (r—¢,p") ¢ R_;, which
means (r,p) ¢ Ly forallk € {1,...,n+ 1 —i}. Hence, 1 £ py and, forallk € {2,...,n+1— 1},
if (r1,...,75—1) = (p1,...,pr—1) then ry £ pg. Since Q is linearly ordered, we get p; < 7]
and, forall k € {2,...,n+ 11—}, if (r1,...,7%-1) = (p1,...,Pk—1) then py, < 7. 11 < qu,
then p; < r1 < ¢1, and so (pb,qd) € Ui CR; = Rmin{i’j}. If p1 < rq, then it follows that
p1 < r1 < q1, which gives (pb,qd) € U1 C Rj = Ruyngiyy- Finally, if p1 = 1 = ¢, then
(P1y- -y Pm—1) = (15 -y Tm—1) = (¢1, - - -, gm—1) and p,, < gp, for some m € {2,...,¢}. Hence,
(p,q) € Ly, and so (p®,¢%) € Uy, C R; = Ruingi,j}-

Case 4: ¢+ = j > 0. The left-to-right inclusion follows from the transitivity of R; = R;. Now let
(pb,qd) € Ruyingij) = Ri = R;. Then (pb,pb) € <x € R;, and hence (pb, qd) € R;o R;. a

Combining the three lemmas above gives us the following result.
Proposition 3.10. Letn > landi,j € {—(n+1),...,n+ 1}. Then

R; if |j] < 4]
RioR; = { R; if |i| < |j]
Rmin{’i,j} if |J| = M

Letn > 1 and consider Rop4+3 = { R; | —(n + 1) < i < n+ 1}. Then define the algebra
SQn+3 = <R2n+37 m? U7 0, =, R07 N>
where = is defined, as in the abstract case, in terms of N, U and ~.

Theorem 3.11. Let n > 1. Then the algebra So,, 13 is an odd Sugihara chain and Soy, 3 = So,,43.

Proof:

The fact that the ordered set forms a chain is Lemma 3.5. Comparing Proposition 3.10 with the
definition of Sa,,3 in Section 2.1 shows that the monoid operation is defined as it should be for an
odd Sugihara chain. The fact that ~ is order-reversing follows from the fact that R; = ~R_; and
Lemma 3.5. The isomorphism is given by ¢ : So,4+3 — Rant3 Where ¢(a;) = R;. a
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4. Representing all Sugihara monoids via weakening relations

The main result of this section is to show that all Sugihara monoids can be represented as algebras
of binary relations with the monoid operation given by relational composition. Since the algebras of
relations are constructed using the method of Section 2.3, the relations will be weakening relations.
We begin with an important definition.

Definition 4.1. A Sugihara monoid A is representable if it is isomorphic to the direct reduct of an
element of RDInFL.

The class of representable Sugihara monoids will be denoted by RSM. We note that since RDInFL is
closed under I, S and PP (see Definition 2.14), we will also have that RSM = ISP(RSM).

From here, we proceed as follows. We show that the class of representable DInFL-algebras is
closed under ultraproducts. Then, using the closure of RDInFL under ultraproducts, we are able to
show that the Sugihara monoids S and S* are representable. Since those two algebras generate the
quasivariety SM, we will then be able to conclude that SM C RSM.

4.1. Closure of RDInFL under ultraproducts

Here we show that the class of representable DInFL-algebras (see Definition 2.14) is closed under
taking ultraproducts. The ultraproduct was first introduced by £o$ [15] in 1955. The construction is
now very well-known, both for algebras and other first-order structures (cf. [2, IV-6 and V-2]).

Let I be a set and let {A; | i € I} be a family of non-empty sets indexed by I. Recall that if
a,b € [[{Ai | ¢ € I}, then the subset

[a=0b]={iel]|a(i)=0(i)}

of I is called the equaliser of a and b.
If F is a filter on 7, then we may define a binary relation 6 r on the Cartesian product [[ {4, | i € I}
by setting, forall a,b € [[{4; | i € I},

(a,b) € OF iff [a=10] € F.
It is straightforward to check that 6z is an equivalence relation on [[ {A; | i € I}.

Lemma 4.2. Let I be a set and let A; be an algebra, for each ¢ € I. For each filter F on I, the relation
0 is a congruence on the direct product [[{A; | i € I}.

Let [ be a set and A; an algebra, for each ¢ € I. Recall that if the filter  in Lemma 4.2 is an
ultrafilter on /, then the algebra [[{A; | i € I} /0F is called the ultraproduct of {A; | i € I}. For a
class of algebras K, we denote by Pyy(K) the class of all ultraproducts of members of K. The following
theorem is immediate.

Theorem 4.3. An ultraproduct of a family of DInFL-algebras is again a DInFL-algebra.
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Below we outline how to construct the ultraproduct of a set of partially ordered sets with additional
structure, each of which can be used to represent a DInFL-algebra. Consider an index set I and let
F be an ultrafilter on /. For each index i € I, let X; = (X, <;) be a poset and E; an equivalence
relation on X; such that X; # @ and <; C F;. Consider the Cartesian product X = HiE ; X; and the
equaliser [x = y] = {¢ € I | 2(i) = y(¢)} of z,y € X. Define a binary relation on X by setting, for
all z,y € X,

(x,y) € Ex iff [Jrx=vy]eF.

Then Er is an equivalence relation on X. Now consider the set of equivalence classes Y = X/Er.
Define binary relations <y and Ey on Y by setting, for all [z], [y] € Y,

2] <y [yl it {iel|z(i) < y(i)} € F,
([2.[y]) € By  iff  {iel|(z(),y(i)) € E} € F.

Suppose further that for each ¢ € I, the map «; : X; — X is an order automorphism of X; such
that a; C E;. Define oy : Y — Y by setting, for each [2] € Y,

ay ([z]) = [ax ()]

where (ax(x)) (i) = a; (z(i)) forall z € X and 7 € I. Since each of the «; is bijective, we get the
following result.

Lemma 4.4. The map ay : Y — Y has an inverse. Moreover, ay' ([z]) = [ay!(z)] where
(a;(l(x)) (i) = a; ' (x(i)) forall z € X and i € I.

The above definitions will be used in the results that follow.

Theorem 4.5. Let I be an index set and F an ultrafilter on /. For each index i € I, let X; = (X, <)
be a poset and F; an equivalence relation on X; such that X; # @ and <; C E;. Suppose further that
for each ¢ € I, the map «; : X; — X is an order automorphism of X; such that cc; C E;. Then:

(i) Y = (Y, <y) is a poset.
(ii) Py is an equivalence relation on Y such that <y C FEy-.
(iii) ay is an order automorphism of Y such that oy C Ey-.

(iv) If0 = ay o (<y)"™ = (<y)“ oay, then (Up ({(Ey, <vy)),N,U,0,<y,0,~, —) is a distribu-
tive InFL-algebra.

Proof:
Since all the conditions in items (i) to (iii) can be translated into first-order sentences in the relevant
language, they follow from £.0§’s Theorem. Item (iv) follows from part (i) of Theorem 2.7. a
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Remark 4.6. The fact that the structures with which the DInFL-algebras are represented (i.e. posets
with an equivalence relation and an order automorphism) are first-order structures, greatly simplifies
the proof that RDInFL is closed under ultraproducts. Theorem 4.5 above gives us the candidate struc-
ture from which we can build the algebra in which we will embed the ultraproduct of representable
algebras.

Before proving that the class RDInFL is closed under ultraproducts, we need the lemmas below to
ensure that we have a candidate for the injective homomorphism needed in Theorem 4.9. For Lem-
mas 4.7 and 4.8, and Theorem 4.9, we will be working in the following setting. Let I be an index set
and F an ultrafilter on I. For each ¢ € I, let A; be a representable distributive InFL-algebra. Let A
denote the direct product [[{A; | i € I}, and A /6O the ultraproduct.

We know that for each i € I, there is a poset (X;, <;), an equivalence relation F; on X; such
that <; C Ej;, an order automorphism «; of (Xj;, <;) such that o; C F;, and an embedding ¢; from
A, into ® ((E;, <;)). We may assume that X; # & for all i € I since the direct product of a family
of algebras from EDInFL is isomorphic to another such product from which all factors of the form
D ((@, 2)) have been deleted. Now, for each [a] € A/0r, define

([, [y]) € Ry it {i e I'[(2(i),y(0)) € @i (a(i))} € F.
Lemma 4.7. For any [a] € A/0F, the set R, is an upset of (Ey, <y).

Proof:

Let ([z], [y]) € Rjq and assume ([z],[y]) <y ([u],[v]). The first statement implies that we have
{i eI|(x(i),y(7)) € wi(a(i))} € F. From the second part we get [u] <y [z] and [y] <y [v], which
means {i € I |u(i) <;z(i)} € Fand {1 € I |y(i) <;v(i)} € F. Since F is closed under taking
intersections, we have

J={ieI[(x(i)y(@) € pilal@)} N{i € I'|u@) < x@)}0{i € I y(i) < v(i)} € F.

If we can show that J C {i € I | (u(i),v(7)) € ¢;(a(i))}, we can use the fact that F is closed under
taking supersets to conclude that {i € I | (u(i),v(i)) € pi(a(i))} € F, whichmeans ([u], [v]) € R,
To this end, let j € J. Then (z(j),y(j)) € wj(a(4)), uw(j) <; «(j) and y(j) <; v(j). From the
second and third part we obtain (z(j),y(j)) <; (u(j),v(j)). Hence, since (z(5),y(j)) € ¢;j(a(y))
and 5 (a()) is an upset of (Ej, <), we have (u(j). v(1)) € ; (a())). 0

With the above lemma in hand, we can define a function ¢ : A/6r — Up ((Ey, <y)) by setting
¢ (la]) = Ryq forall [a] € A/0F.

Lemma 4.8. The map ¢ is an injective function from A/0x to Up ((Ey, <xy)).
Proof:

By Lemma 4.7 we know that ¢ is well-defined. Now assume that [a] # [b]. This implies (a,b) ¢ 0r
and hence {i € I | a(i) = b(i)} ¢ F. Weget{i € I | a(i) # b(i)} € F, and since each of the ¢;
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is injective, it follows that {i € I | a(i) # b(i)} C {i € I | pi(a(i)) # ¢i(b(3))}. But F is closed
under taking supersets, so {i € I | ¢;(a(i)) # ¢i(b(i))} € F. Now

{i € I'|pi(a(i)) # @i(b(i))} = {i € I | pi(a(i)) £ @i(b(i))} U{i € I | pi(ali)) 2 i(b(i))} € F.

Hence, either {i € I | ¢;(a glgaz }GJ—"or{zeI]cpZ )) 2 i(b(i))} € F, since F is
an ultrafilter. Let V = {i € I | pila SZ ©i(b(i))} and assume V E F. Slnce F is a proper filter,
V # @. For each i € V, there exists (sz, i) € E such that (s;,t;) € pi(a(i)) and (s;,t;) ¢ ©i(b(7)).
Since each X; # @, we have r; € X, for all i € I. Now define two elements of HiE 1 X; as follows:

i i€V t; i€V
sy =47 'S and  y(i)=4" 'S
ri 1¢V ri 1¢V.

It is not difficult to see that
VC{iell(x(i)y(i) € wi(a(@)} and V C{iel|(z(i) y(i)) ¢ (b))},

and hence {i € I | (2(i),y(i)) € @i(a(i))} € Fand {i € I | (x(i),y(i)) ¢ @i(b(2))} € F. The
second part implies that {i € I | (z(i),y(7)) € i(b(7))}¢ € F, which means

{ie I (2(0),y(9) € i(b())} & F.

Hence we have ([z], [y]) € ¢([a]) but ([x], [y]) & »([b]). Thatis, ¢([a]) # ¢([b]). The proof of the
case {i € I | pi(a(i)) 2 ¢i(b(i))} € F is similar. ]

The function ¢ from Lemma 4.8 is now shown to be a homomorphism.
Theorem 4.9. Py (RDInFL) = RDInFL.

Proof:

We have to show that the ultraproduct A /67 of {A; | i € I} is representable. Recall that each of
the A; is embedded via ; into an algebra of the form © ((F;, <;)). Each (F;, <;) comes from a
poset X; equipped with the necessary E; and «;. The definitions after Theorem 4.3 describe the
structure (Fy, <y), and, by Theorem 4.5(iv), (Up ((Ey,<y)),N,U,0,<y,~, —) is a distributive
InFL-algebra.

From Lemma 4.8 we have that ¢ is injective. We will now show that ¢ is a homomorphism from
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A/0rinto ® ((Ey, <y)). We first show that ¢ preserves meets:

(o), 1)) € ¢ ([a] A2/ o]
iff  ([z],[y]) € ¢ ([a AA b])

iff  {iel|(x(i),y(i) € ((an®b) (@)} e F

iff  {iel|(x(i),y(i) € ¢ (a(i) N2 b(i))} € F

iff  {i €| (x(i),y()) € pi(a(i)) Nep; (b(i)} € F

iff  {iel](z(i),y(@) € pilali)}n{iel](x(i),y(i)) € @i (b(i))} € F

iff  {iel](x(i),y() € pi(a(i)} € Fand {i € I|(z(:),y(i)) € ¢; (b(i))} € F
iff  ([z], [y]) € ¢ ([a]) and ([z],[y]) € ¢ ([b])

iff  ([z], [y]) € ¢ ([a]) N ([b])

The fourth equivalence above follows from the fact that ¢; preserves meets for all ¢ € I. The left-
to-right implication of the the third-to-last equivalence follows from the fact that F is closed under
taking supersets, and the right-to-left implication follows from the fact that F is closed under taking
intersections.

Using the facts that F is an ultrafilter and ; preserves joins for all + € I, we can also show that ¢
preserves joins using a proof dual to the case for meets.

To show that ¢ preserves the monoid operation, first let ([z],[y]) € ¢ ([a]) o ¢ ([b]). Then
there is some [z] € Y such that ([z],[z]) € ¢ ([a]) and ([2],[y]) € ¢ ([b]). Hence, we obtain
{i eI (x(i),2(2)) € @i (a(i))} € Fand {i € I | (2(i),y(7)) € vi (b(i))} € F, which means

{i e I| (x(), 2(2) € wi (a(i))} N {i € ] (2(2),y(i)) € @i (b(i))} € F.

c€pi(a@)} n{iel]|(2(:),y(i)) € p;(b(i))} is contained in the set
) } and F is closed under taking supersets, it follows that
)} € F. Now @ (a(i)) o i (b(i)) = @i (ali) A+ b(i)) =
(1),y(i)) € ¢i ((a-*b) (i))} € F. This shows that

, € ¢([a] AloF b)) = ¢([a A b]). Then we have
{iel|(x(i),y(i) € pi ((a-*b) (i)} € F,and so

{i € I'] (2(i),y(1)) € wi (a(i)) o i (b(i))} € F.
Let V = {ie | (z(i),y(i)) € pi(a(i))ow;(b(i))}. Since F is a proper filter, V' # &. For each

i € V, there exists some s; € X; such that (x(i),s;) € ;i (a(i)) and (s;,y(i)) € ¢; (b(7)). Now
define an element of Hie 1 X; as follows:

N S; 1eV
Z(l)_{m(i) i¢V
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It then follows that V' C {i € I | (x(4), 2(2)) € ¢; (a(?))} N {i € I | (2(7),y(i)) € ¢; (b(7))} Hence,
since JF is closed under taking supersets, we have
{i e I'| (x(i), 2() € @i (a(i))} N {i € T'| (2(2),y(i) € @i (b(i))} € F

2(i
which means {i € I | (z(7),2(i)) € pi(a(i))} € Fand {i € I | (z(z]),y(z)) € ;i (b(i))} € F. This

shows ([z], [z]) € ¥ ([a]) and ([2], [y]) € ¢ ([b]), and therefore ([z], [y]) € ¢ ([a]) o ¢ ([b]).
Next, we show that ¢ preserves the monoid identity:

(), ly)) € o (1497) if (], ) € o ([17])
iff {iel|(z(i),y() € (12()} eF
iff {iel|(z(),y(@)) € ¢ (1Ai)} eF
iff {iel|z(i)<;y@@i)}eF
iff  [z] <y [y].

Using Lemma 4.4, we can also show that ¢ preserves ~:

(l2), [9) € ¢ (~A/77] ) o ([~

iff  {iel|(x(i),y(i)

iff  {iel|(z(i),y(i)) € ¢ (NAia(z'))} cF

iff  {ieI|(z(),y(i)) € ~pilali))} € F

iff  {i eI (x(i),y()) € (i(ali)) oaz} €F
iff {iel] (a(

(2(i), 057 (4(9))) € (pi(a()} € F
it {iel| (a7 (y(i), (i) € (i (al )))C} cF.

7
Again recalling that the complement (; (a(z)))c is taken in F;, we get:

(i €71 (o (), 2(0) € (o (ali))} € 7

iff {iell| (o' (y()),2(i)) € E; and ( Y (y(1)) ,w(z)) ¢ ¢i(a(i))} € F

iff  {iel|(a;" (y(0),2() € B} n{iel| (a7 (y(@), (i) & wi(ali))} € F

iff {2 el (a;l (y(7)) ,x(z)) € F; } € Fand {z el (az_l (y(2)) ,x(z)) ¢ v (a(z))} cF

iff {iel] (ai_l (y(i)),z(i)) € B} € Fand {i €I | (al_l (y(0)),z(i)) € @i (a(i))}C eF

iff {iel] (ai_l (y(i)),z(i)) € E;} € Fand {i € I | (o] Yy(i)) x(i) € i (a(i))} ¢ F

iff {iel|((ay' () (@@),2()€E}eFand {icl]| ((ay (v)(@),z()) € pila(i))} ¢ F
iff (o ()] [2]) € By and (lax' ()], [2]) ¢ o ([a)).

Using the fact that the complement (¢([a]))¢ is taken in Ey-, we have
([ox' W), [2]) € By and ([ax' ()], [2]) ¢ ¢ (la]) iff  ([2], [ax' (9)]) € (¢ ([a])*~
iff  ([z], ay"

(
ift (], [v]) €
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The proof that ¢ preserves — is similar, and uses the definition of ay. a

Theorem 4.9 finds an immediate application in this final subsection. By combining it with Defini-
tion 4.1, we get the following result:

Corollary 4.10. Pyy(RSM) = RSM.

Proof:
Consider { A; | i € I } € RSM. Each of the A; is isomorphic to a direct reduct (B;),. of an algebra
B, € RDInFL. That is, for each i € I, there is a map ; : A; — B; which is an isomorphism from A;
to (B,)T

Let F be an ultrafilter on [ and recall that A and B are the direct products of the A; and B;,
respectively. (We denote by A and B the underlying sets of A and B respectively.) By Theorem 4.9,
we have that B/0r € RDInFL. We will show that A /6 is isomorphic to (B/0r),..

Let ¢ : A — B be defined by p(a)(i) = p;(a(i)). Clearly ¢ is a bijective map. Next, consider
@ : A/0r — B/0r, defined by $([a]) = [¢(a)]. We show that ¥ is bijective. For [b] € B/0r,
since b € B, there exists a € A with ¢(a) = b. So @ ([a]) = [p(a)] = [b]. If a,c € A with
[a] # [c], then (a,c) ¢ Or. Thus {z €l]a(i)=c(i)} ¢ F,so{i eI |a(i)#cl)}eF.
Since the ¢; are injective, if a(i) # c(i), then p;(a(i)) # i(c(i)) and so p(a)(i) # ¢(c)(i).
Hence {i € I | a(i) # c(i)} C {i € I | p(a)(i) # ¢(c)(i)} so the latter set is in F. Now

{i €I ]| p(a)i)=wl)i)} ¢ F,so (pla),p(c) ¢ 0F and therefore [p(a)] # [p(c)], ie.
?([a]) # @ ([c]).

Next, we will show that  preserves the fusion operation. For [a], [c] € A/0F, we have
— A/6 5 A A
7 (1) 27 [d]) =7 ([a*¢]) = [p (a ™ o))
Foreachi € I, p; : A; — (B;), is an isomorphism. Also, .(Bi)r — .Bi_ Hence forany i € I:

plao) (i) = @i (a2 o)D) = @i (ali) A e(D) = ila(@)- B pi(ce(i)) = pilal@) P pi(e(i)-
Also observe that ¢;(a(i)) B ¢;(c(i)) = (¢(a) B ¢(c)) (i). Using this in the last step below, we can

now see that % ([a]) -(®/%*) 5 ([c]) = 2 ([a]) B/ B ([c]) = [p(a)] B/7 [p(c)] = [p(a) B p(c)] =
[¢(a 2 ¢)] and hence 7 ([a] 2797 [c]) = 7 ([a]) -B/%%)" B ([c]). Using the same approach, it is
straightforward to show that 3 preserves the operations AA/07 \A/0F 1A/0F and ~A/0F

Now consider the operation —“/%F on A /0. For [a], [c] € A/OF, we have

7 (la] =27 [d) =% (la = o) = [e(a > 0]

Fori € I and b,d € B, recall that b —Bi)r ¢ = ~B: (—Bid Bi b). The third equality below
uses the fact that ; : A; — (B;), is an isomorphism. For any i € I, we get:

pla =2 o)) = gi ((a =% 0)(0)) = @i (ad) = (D))
= pila(@)) =P pi(c(i))
= ~P (Pigi(e(i) B pilali))
=~P (=Pop(e) P (a) (0).
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Finally, we get:

? (14 1) =7 (5% ) = pta >4 0] = [ (24002 (o)

B0 [( #(a))]

B/0r < C B/G; [gp(a)])

_ . _B/or < B/0]: C B/9]: [(p(a)D
= [p(a)] =B/ [p(c)]
= (la) »P7r 5 ((d).

= ~

?

4.2. Representing all Sugihara monoids

In addition to RSM being closed under ultraproducts, it follows from the definition of RDInFL that
RSM is closed under I, S and P. Next, we recall the following well-known theorem from universal
algebra (cf. [2, Theorem V-2.14]).

Theorem 4.11. Every algebra can be embedded in an ultraproduct of its finitely generated subalge-
bras.

The finitely generated subalgebras of S = (Z, A, V, -, —, 1, ~) are the algebras So,, 11 forn € w.
For the infinite Sugihara monoid S* = (Z\{0}, A, V, -, —, 1, ~), its finitely generated subalgebras are
Son+2 for n € w. Lastly, recall that the quasivariety of Sugihara monoids is generated by {S,S*}
(cf. [17, Section 3]). We now have everything in place in order to prove our main result.

Theorem 4.12. Every Sugihara monoid is representable. That is, SM C RSM.

Proof:
We need to show that ISP(S,S*) = SM is contained in RSM. From Theorem 3.11 and Exam-
ples 2.9, 2.10 and 2.11, we know that {S; | i € Z*} C RSM. (The trivial algebra S; is of course
representable as it is a subalgebra of S3.)

Let/ ={2k+1|kecw}tand A =[[{S;| i€ I}. ByTheorem4.11, there exists an ultrafilter 7
on [ and an embedding e; : S — A /0r. Since A/0r € Py(RSM) we get S € ISPy(RSM) C RSM.

Next,let J = {2n +2 | n € w} and B = [[{S; | j € J}. By Theorem 4.11, there is an
ultrafilter G on J and an embedding e; : S* — B/fg. Again, since B/fg € Py(RSM) we get
S* € ISPy(RSM) C RSM.

Since SM = ISP(S, S*) and {S, S*} C RSM we get SM = ISP(S, S*) C ISP(RSM) = RSM.

O
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