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Abstract. Within the tensor product K ⊗R C ′
2 of any ∗-continuous Kleene algebra K with the

polycyclic ∗-continuous Kleene algebra C ′
2 over two bracket pairs there is a copy of the fixed-

point closure ofK: the centralizer ofC ′
2 inK ⊗R C ′

2. Using an automata-theoretic representation
of elements of K ⊗R C ′

2 à la Kleene and with the aid of normal form theorems that restrict the
occurrences of brackets on paths through the automata, we develop a foundation for a calculus
of context-free expressions without variable binders. We also give some results on the bra-ket *-
continuous Kleene algebra C2, motivate the “completeness equation” that distinguishes C2 from
C ′

2, and show that C ′
2 validates a relativized form of this equation.

1. Introduction

A Kleene algebra K = (K,+, ·, ∗, 0, 1) is ∗-continuous if

a · c∗ · b =
∑
{ a · cn · b | n ∈ N }

for all a, b, c ∈ K, where
∑

is the least upper bound with respect to the natural partial order ≤ on K
given by a ≤ b iff a+ b = b. Well-known examples of ∗-continuous Kleene algebras are the algebras
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RM = (RM,+, ·, ∗, 0, 1) of regular or “rational” subsets of a monoid M = (M, ·M , 1M ), where
0 := ∅, 1 := {1M} and + is union, · is elementwise product, and ∗ is iteration or “monoid closure”,
i.e. for A ∈ RM , A∗ is the least B ⊇ A that contains 1M and is closed under ·M .

We will make use of two other kinds of ∗-continuous Kleene algebras: quotients K/ρ of ∗-
continuous Kleene algebras K under R-congruences ρ on K, i.e. semiring congruences which make
suprema of regular subsets congruent if their elements are congruent in a suitable sense, and tensor
products K ⊗RK

′ of ∗-continuous Kleene algebras K and K ′.
Let ∆m be a set of m pairs of “brackets”, pi, qi, i < m, and R∆∗

m the ∗-continuous Kleene
algebra of regular subsets of ∆∗

m. Hopkins [3] considers theR-congruence ρm onR∆∗
m generated by

the equation set

{ piqj = δi,j | i, j < m } ∪ {q0p0 + . . .+ qm−1pm−1 = 1} (1)

and the finerR-congruence ρ′m generated by the equations

{ piqj = δi,j | i, j < m }, (2)

where δi,j is the Kronecker δ. The latter equations allow us to algebraically distinguish matching
brackets, where piqj = 1, from non-matching ones, where piqj = 0.1 TheseR-congruences give rise
to the bra-ket and the polycyclic ∗-continuous Kleene algebra Cm = R∆∗

m/ρm and C ′
m = R∆∗

m/ρ
′
m,

respectively. For m > 2, Cm can be coded in C2 and C ′
m in C ′

2, so we focus on the case m = 2.
Two ∗-continuous Kleene algebras K and C can be combined to a tensor product K ⊗RC which,

intuitively, is the smallest common ∗-continuous Kleene algebra extension of K and C in which ele-
ments of K commute with those of C.

In unpublished work, the first author showed that for any ∗-continuous Kleene algebra K, the
tensor product K ⊗RC2 contains an isomorphic copy of the fixed-point closure of K. In particular,
for finite alphabets X , each context-free set L ⊆ X∗ is represented in RX∗⊗RC2 as the value
of a regular expression over the disjoint union X ∪̇ ∆2 of X and ∆2. In fact, the centralizer of
C2 in K ⊗RC2, i.e. the set of those elements of K ⊗RC2 that commute with every element of C2,
consists of exactly the representations of context-free subsets of the multiplicative monoid ofK. These
results constitute a generalization of the Chomsky and Schützenberger representation theorem ([1],
Proposition 2) in formal language theory, which says that any context-free set L ⊆ X∗ is the image
h(R ∩ D) of a regular set R ⊆ (X ∪ ∆)∗ under a homomorphism h : (X ∪ ∆)∗ → X∗ that keeps
elements of X fixed and “erases” symbols of ∆ to 1. The generalization is shown in [11] with the
simpler algebra K ⊗RC

′
2 instead of K ⊗RC2.

It is therefore of some interest to understand the structure of K ⊗RC2 and K ⊗RC
′
2. In this

article, an extension of [6], we focus onK ⊗RC
′
2, using ideas from and improvements of unpublished

results on K ⊗RC2 by the first author. Our main results are normal forms for elements of K ⊗RC
′
2

that relate arbitrary elements to those of the centralizer of C ′
2. We also present some results specific to

C2 and its matrix algebra. The rest of this article is structured as follows.
Section 2 recalls the definitions of ∗-continuous Kleene algebras (akaR-dioids), bra-ket and poly-

cyclic ∗-continuous Kleene algebras, and quotients and tensor products of ∗-continuous Kleene alge-
bras. We then show a Kleene representation theorem, i.e. that each element φ ofK ⊗RC

′
2 is the value

1 In R∆∗
m, elements of ∆∗

m are interpreted by their singleton sets, 0 by the empty set.
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L(A) = SA∗F of an automaton A = ⟨S,A, F ⟩, where S ∈ {0, 1}1×n resp. F ∈ {0, 1}n×1 code
the set of initial resp. accepting states of the n states of A and A ∈ Matn,n(K ⊗RC

′
2) is a transition

matrix.
Section 3 refines the representation φ = L(A) to a normal form where brackets on paths through

the automaton A occur mostly in a balanced way. Section 3.1 identifies, in any Kleene algebra with
elements u, x, v, the value (u + x + v)∗ with the value (Nv)∗N(uN)∗, provided the algebra has a
least solution N of the inequation y ≥ (x + uyv)∗ defining Dyck’s language D(x) ⊆ {u, x, v}∗
with “bracket” pair u, v. We then show that for any ∗-continuous Kleene algebra K and n ≥ 1,
Matn,n(K ⊗RC

′
2) has such a solution N of y ≥ (UyV + X)∗ for matrices U of 0’s and opening

brackets from C ′
2, X of elements of K, and V of 0’s and closing brackets from C ′

2, and that entries of
N belong to the centralizer of C ′

2 in K ⊗RC
′
2.

Section 3.2 refines the representation φ = L(A) to the sketched normal form: the transition
matrix A can be split as A = U + X + V into a matrix X ∈ Kn×n of transitions by elements
of K, a matrix U ∈ {0, p0, p1}n×n of transitions by 0 or opening brackets of C ′

2, and a matrix
V ∈ {0, q0, q1}n×n of transitions by 0 or closing brackets of C ′

2. Then A∗ can be normalized to
(NV )∗N(UN)∗, where N is balanced in U and V and all other occurrences of closing brackets V
are in front of all other occurrences of opening brackets U . We call SA∗F = S(NV )∗N(UN)∗F the
first normal form of φ. This result is a generalization of a normal form for elements of the polycyclic
monoid P ′

2[X], the quotient of (∆2 ∪X ∪ {0})∗ by the monoid congruence generated by the bracket
match- and mismatch equations, the equations for commuting brackets of ∆2 with symbols of X , and
the annihilator equations for 0. Namely, if ∆2 = U ∪ V is split into opening brackets U and closing
brackets V , any w ∈ (∆2 ∪X ∪ {0})∗ is congruent to a normal form nf (w) ∈ V ∗X∗U∗ ∪ {0}. (The
centralizer of ∆2 in P ′

2[X] is X∗ ∪ {0}, so the analogues of N are contracted in the factor X∗.)
Section 3.3 proves a conjecture of [6]: if φ = L(A) belongs to the centralizer of C ′

2 in K ⊗RC
′
2,

then the normal form SA∗F = S(NV )∗N(UN)∗F can be simplified to SA∗F = SNF . We call
this the reduced normal form. For this, we have to assume that K is non-trivial and has no zero
divisors, which is satisfied e.g. when K = RM for a monoid M . A second normal form is given for
a slightly more general transition matrix A than U + X + V , which is useful for the representation
of products of context-free subsets. For the elements of the centralizer of C ′

2 in K ⊗RC
′
2 only, a

different characterization had been given in [11]. The normal form theorems presented here improve
on this by showing how the elements of the centralizer of C ′

2, i.e. the representations of context-free
subsets of K in K ⊗RC

′
2, relate to the remaining elements of K ⊗RC

′
2.

For a finite set X , the elements of RX∗⊗RC
′
2 are named by regular expressions over ∆2 ∪̇ X ,

as mentioned above. A subset of those, called the context-free expressions over X , name the elements
of the centralizer of C ′

2 inRX∗⊗RC
′
2, i.e. the representations of the context-free languages L ⊆ X∗.

Section 4 provides a foundation of a calculus of context-free expressions by showing how to combine
normal forms for elements of any K ⊗RC

′
2 by regular operations.

Section 5 deals with the bra-ket ∗-continuous Kleene algebras Cm. Section 5.1 gives an interpre-
tation of Cm in the algebra of binary relations on a countably infinite set, Matω,ω(B). We also show
that Cm is isomorphic to Matm,m(Cm) and Cm⊗R Matm,m(B), thereby excluding an interpretation
by finite-dimensional matrices. Section 5.2 considers a natural interpretation of brackets as stack op-
erations, where pi pushes symbol i ∈ {1, . . . ,m− 1} to the stack and qi pops i from the stack. Then
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qipi tests if symbol i is on the stack top, while q0p0 tests if the stack boundary 0 is on top, so that the
equation q0p0+. . .+qm−1pm−1 = 1 distinguishingCm fromC ′

m asserts a completeness condition for
a stack with stack alphabet {1, . . . ,m−1}. For regular programs r ∈ RegExp({q0p0, p1, . . . , qm−1}),
the scope p0 . . . q0 of p0rq0 asserts that we start and end with an empty stack. Section 5.2 shows that
the completeness equation of Cm in a sense already holds in C ′

m in the scope of p0 . . . q0.
Finally, the conclusion summarizes our results and indicates possible future extensions.

2. ∗-continuous Kleene algebras andR-dioids

A Kleene algebra, as defined in [8], is an idempotent semiring or dioid (K,+, ·, 0, 1) with a unary
operation ∗ : K → K such that for all a, b ∈ K

a · a∗ + 1 ≤ a∗ ∧ ∀x(a · x+ b ≤ x→ a∗ · b ≤ x),
a∗ · a+ 1 ≤ a∗ ∧ ∀x(x · a+ b ≤ x→ b · a∗ ≤ x),

where ≤ is the natural partial order on K given by a ≤ b iff a+ b = b.
A Kleene algebra is non-trivial if 0 ̸= 1, and it has zero-divisors if there are non-zero elements

a, b such that a · b = 0. The boolean Kleene algebra B = ({0, 1},+, ·, ∗, 0, 1) with boolean addition
and multiplication and ∗ given by 0∗ = 1∗ = 1 is a subalgebra of any non-trivial Kleene algebra K.

A Kleene algebra K = (K,+, ·, ∗, 0, 1) is ∗-continuous if

a · c∗ · b =
∑
{ a · cn · b | n ∈ N }

for all a, b, c ∈ K, where
∑

is the least upper bound with respect to the natural partial order. Well-
known ∗-continuous Kleene algebras are the algebrasRM = (RM,+, ·, ∗, 0, 1) of regular subsets of
monoids M = (M, ·M , 1M ), where 0 := ∅, 1 := {1M} and for A,B ∈ RM ,

A+B = A ∪B, A ·B = { a ·M b | a ∈ A, b ∈ B },

A∗ =
⋃
{An | n ∈ N } with A0 = 1, An+1 = A ·An.

If K is a dioid (K,+K , ·K , 0K , 1K) or a Kleene algebra, by RK we mean the Kleene algebra RM
of its multiplicative monoid M = (K, ·K , 1K).

An R-dioid is a dioid K = (K,+K , ·K , 0K , 1K) where each A ∈ RK has a least upper bound∑
A ∈ K, i.e.

∑
is R-complete, and where

∑
(AB) = (

∑
A)(
∑
B) for all A,B ∈ RK, i.e.

∑
is

R-distributive. AnR-morphism is a dioid morphism that preserves least upper bounds of regular sets.
Any R-dioid K can be expanded to a ∗-continuous Kleene algebra by putting c∗ :=

∑
{c}∗ for

c ∈ K. Conversely, the dioid reduct of a ∗-continuous Kleene algebra K is an R-dioid, since, by
induction, every regular set C has a least upper bound

∑
C ∈ K satisfying a · (

∑
C) · b =

∑
(aCb),

which implies theR-distributivity property
∑

(AB) = (
∑
A)(
∑
B) for A,B ∈ RK (see [3]).

The ∗-continuous Kleene algebras, with Kleene algebra homomorphisms (semiring homomor-
phisms that preserve ∗), form a category. It is isomorphic to the category DR of R-dioids and R-
morphisms, cf. [7, 3, 5], and a subcategory of the category D of dioids and dioid morphisms. There
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is an adjunction (R, R̂, η, ϵ) between the category M of monoids and the category DR, where R̂ is
the forgetful functor, the unit η is given by ηM : M → RM with ηM (m) = {m} and the counit ϵ by
ϵK : RK → K with ϵK(A) =

∑
A, for monoids M andR-dioids K, cf. Theorem 16 of [4].

The R-dioids of the form RM with monoid M form the Kleisli subcategory of DR. The cases
of most immediate interest are the algebras RX∗ associated with regular expressions and regular
languages over an alphabet X , and R (X∗ × Y ∗) of rational relations and rational transductions with
alphabets X and Y , respectively, of inputs and outputs.

2.1. The polycyclicR-dioids

We will make use of two kinds of R-dioids which do not belong to the Kleisli subcategory, but are
quotients of the regular sets R∆∗ by suitable R-congruence relations ρ on R∆∗, where ∆ is an
alphabet of “bracket” pairs. In this section, we introduce the polycyclicR-dioids C ′

m over an alphabet
∆m of m bracket pairs; the bra-ketR-dioids Cm over ∆m are deferred to Section 5.2.

Let ρ be a dioid congruence on anR-dioid D. The set D/ρ of congruence classes is a dioid under
the operations defined by (d/ρ)(d′/ρ) := (dd′)/ρ, 1 := 1/ρ, d/ρ + d′/ρ := (d + d′)/ρ, 0 := 0/ρ.
Let ≤ be the partial order on D/ρ derived from +. For U ⊆ D, put U/ρ := { d/ρ | d ∈ U } and

(U/ρ)↓ = { e/ρ | e/ρ ≤ d/ρ for some d ∈ U, e ∈ D }.

An R-congruence on D is a dioid-congruence ρ on D such that for all U,U ′ ∈ RD, if (U/ρ)↓ =
(U ′/ρ)↓, then (

∑
U)/ρ = (

∑
U ′)/ρ. It is easy to see that the kernel of an R-morphism is an R-

congruence.

Proposition 2.1. (Proposition 1 of [5])
If D is an R-dioid and ρ an R-congruence on D, then D/ρ is an R-dioid. For every R ⊆ D × D
there is a leastR-congruence ρ ⊇ R on D.

Let ∆m = Pm ∪̇ Qm be a set of m “opening brackets” Pm = { pi | 0 ≤ i < m } and m “closing
brackets” Qm = { qi | 0 ≤ i < m }, with Pm ∩Qm = ∅. The polycyclicR-dioid C ′

m is the quotient
C ′
m = R∆∗

m/ρ ofR∆∗
m by theR-congruence ρ generated by the relations

{ piqj = δi,j | i, j < m }. (3)

These equations allow us to algebraically distinguish matching brackets, where piqj = 1, from non-
matching ones, where piqj = 0. The polycyclic monoid P ′

m of m generators is the quotient of (∆m ∪̇
{0})∗ by the monoid congruence σm generated by

{ piqj = δi,j | i, j < m } ∪ {x0 = 0 | x ∈ ∆m ∪̇ {0} } ∪ { 0x = 0 | x ∈ ∆m }.

Each element w ∈ (∆m ∪̇ {0})∗ has a normal form nf (w) ∈ Q∗
mP

∗
m ∪ {0}, obtained by using the

equations to shorten w, that represents w/σm ∈ P ′
m. Hence,

P ′
m ≃ (Q∗

mP
∗
m ∪ {0}, ·, 1) with v · w = nf (vw).

The polycyclicR-dioid C ′
m can be understood as the regular sets of strings in normal form:
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Proposition 2.2. (Proposition 9 of [11])
Let ν be the leastR-congruence onRP ′

m that identifies {0} with the empty set. Then C ′
m ≃ RP ′

m/ν
via the mapping defined by A/ρ 7→ { nf (w) | w ∈ A }/ν for A ∈ R∆∗

m. Each element A/ρ of C ′
m

is uniquely represented by a subset of Q∗
mP

∗
m, namely { nf (w) | w ∈ A } \ {0}.

The normal form can be extended from P ′
m to monoid extensions P ′

m[X] of P ′
m in which elements

of X are required to commute with elements of P ′
m. Formally, let Y = ∆m ∪̇ {0} ∪̇ X and P ′

m[X]
the quotient of Y ∗ under the congruence generated by (i) the matching rules { piqj = δi,j | i, j < m },
(ii) the annihilation rules y0 = 0 and 0y = 0 for y ∈ Y , and (iii) the commutation rules {xd = dx |
x ∈ X, d ∈ ∆m }. The set Y ∗ can be decomposed into strings containing a 0, strings containing an
opening bracket followed by a symbol of X or by a closing bracket, strings containing a symbol of X
followed by a closing bracket, and strings consisting only of closing brackets followed by symbols of
X followed by opening brackets, i.e.

Y ∗ = Y ∗{0}Y ∗ ∪ Y ∗(PmX ∪ PmQm ∪XQm)Y ∗ ∪Q∗
mX

∗P ∗
m.

A normal form nf (w) ∈ Q∗
mX

∗P ∗
m ∪ {0} for strings w ∈ Y ∗ can hence be obtained: use the anni-

hilation rules to replace u0v by 0, use the commutation rules to move opening brackets pi ∈ Pm to
the right and closing brackets qi ∈ Qm to the left of elements of X∗, then use the matching rules to
shorten upiqjv to uv or u0v, and repeat this process. I.e. for i, j < m, i ̸= j and x ∈ X , u, v ∈ Y ∗

we put

nf (upixv) := nf (uxpiv), nf (u0v) := 0, nf (upiqiv) := nf (uv),
nf (uxqiv) := nf (uqixv), nf (1) := 1, nf (upiqjv) := 0.

We leave it to the readers to convince themselves that this amounts to a confluent rewriting system, so
that nf : Y ∗ → Q∗

mX
∗P ∗

m ∪ {0} is well-defined, and that

P ′
m[X] ≃ (Q∗

mX
∗P ∗

m ∪ {0}, ·, 1), where u · v := nf (uv). (4)

The normal form nf on P ′
m[X] is the motivating idea behind the normal form theorem (Theorem

3.5) for elements of the tensor product RX∗⊗RC
′
m to be introduced in the next section. On the

tensor product, regular sets A ∈ RX∗ and (congruence classes of) regular sets B ∈ R∆m commute
with each other, and the tensor product is anR-dioid structure, not just a monoid structure.

We notice that a suitable coding of m ≥ 2 bracket pairs by two pairs extends to an embedding of
C ′
m in C ′

2. In the context p0 . . . q0, the code of any normal form w ∈ Q∗
mP

∗
m except 1 is annihilated.

Lemma 2.3. For m ≥ 2 there is an embeddingR-morphism g : C ′
m → C ′

2 such that for i, j < m,

g(pi) · g(qj) = δi,j and p0 · g(qj) = 0 = g(pi) · q0,

where we wrote pi, qj for the congruence class of {pi}, {qj} in C ′
m and C ′

2, respectively.
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Proof:
Write ∆m = Pm ∪̇ Qm with Pm = {p0, . . . , pm−1}, Qm = {q0, . . . , qm−1}, but for ∆2 = P2 ∪̇ Q2,
use b, p for p0, p1 and d, q for q0, q1. Let · : ∆∗

m → ∆∗
2 be the homomorphism generated by the

coding of ∆m in ∆∗
2 by

pi = bpi+1, qi = qi+1d, for i < m.

The functor R lifts · by A := {w | w ∈ A } to a monotone homomorphism · : R∆∗
m → R∆∗

2;
since the supremum

∑
on RR∆∗

m and RR∆∗
2 is the union of sets, · is an R-morphism. Let ρm be

theR-congruence onR∆∗
m generated by the (semiring) equations

piqi = 1, piqj = 0, for i ̸= j < m.

Then clearly
piqj/ρ2 = bpi+1qj+1d/ρ2 = δi,j = piqj/ρm

and
(b · qj)/ρ2 = bqj+1d/ρ2 = 0 = bpi+1d/ρ2 = (pi · d)/ρ2.

Extend theR-morphism · : R∆∗
m → R∆∗

2 to a map g : C ′
m → C ′

2 by

g(A/ρm) := A/ρ2 for A ∈ R∆∗
m.

This map is well-defined and injective: by Proposition 2.2, A/ρm is represented by a set of strings in
normal form, { nf (w) | w ∈ A } \ {0} ⊆ Q∗

mP
∗
m, and · maps Q∗

mP
∗
m injectively to a set of normal

form strings of Q∗
2P

∗
2 .

Clearly, g : C ′
m → C ′

2 is a monotone semiring morphism. Since ·/ρm : R∆∗
m → C ′

m is surjective,
g : C ′

m → C ′
2 is an R-morphism: for each U ∈ RC ′

m there is V ∈ R∆∗
m such that U = {A/ρm |

A ∈ V }, hence

g(
∑

U) = g((
⋃
V )/ρm) = g(

⋃
V )/ρ2

= (
⋃
{ g(A) | A ∈ V })/ρ2

=
∑
{ g(A)/ρ2 | A ∈ V }

=
∑
{ g(A/ρm) | A ∈ V }

=
∑
{ g(B) | B ∈ U }.

⊓⊔

Based on Lemma 2.3, in the following we state most results only for m = 2.

2.2. The tensor product K ⊗R C ofR-dioids K and C

Two maps f : M1 → M ← M2 : g to a monoid M are relatively commuting if f(m1)g(m2) =
g(m2)f(m1) for all m1 ∈ M1 and m2 ∈ M2. In a category whose objects have a monoid structure,
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a tensor product of two objects M1 and M2 is an object M1 ⊗M2 with two relatively commuting
morphisms ⊤1 :M1 →M1 ⊗M2 ←M2 : ⊤2 such that for any pair f : M1 → M ← M2 : g of
relatively commuting morphisms there is a unique morphism hf,g :M1⊗M2 →M with f = hf,g◦⊤1

and g = hf,g ◦ ⊤2. That is, the diagram

M1 M1 ⊗M2 M2

M

f

⊤1

hf,g g

⊤2

can be uniquely completed as shown. Intuitively, the tensor product M1 ⊗M2 is the free extension of
M1 and M2 in which elements of M1 commute with those of M2.

In the category of monoids, M1⊗M2 is the cartesian product M1×M2 with componentwise unit
and product, and hf,g(m1,m2) = f(m1) · g(m2). The category DR of ∗-continuous Kleene algebras
also has tensor products:

Theorem 2.4. (Theorem 4 of [5])
Let K1,K2 beR-dioids and M1,M2 their multiplicative monoids. The tensor product of K1,K2 is

K1⊗RK2 := R(M1 ×M2)/≡,

the quotient of the regular sets R(M1 ×M2) of the monoid product M1 ×M2 by the R-congruence
≡ generated by the “tensor product equations”

{A×B = {(
∑

A,
∑

B)} | A ∈ RM1, B ∈ RM2 }.

Since the natural embeddings of M1,M2 in M1 × M2 lift A ∈ RM1 and B ∈ RM2 to sets in
R(M1 ×M2),

A×B = (A× {1})({1} ×B) ∈ R(M1 ×M2).

The R-morphisms ⊤1 : K1 → K1⊗RK2 ← K2 : ⊤2 are ⊤1(a) := {(a, 1)}/≡ for a ∈ K1 and
⊤2(b) = {(1, b)}/≡ for b ∈ K2. For a pair of commuting R-morphisms f : K1 → K ← K2 : g to
anR-dioid K, the induced map is

hf,g(R/≡) :=
∑
{ f(a)g(b) | (a, b) ∈ R }, R ∈ R(M1 ×M2).

For a ∈ K1 and b ∈ K2, the tensor ⊤1(a)⊤2(b) = {(a, b)}/≡ is written a⊗ b, but when K1 and
K2 are disjoint, we simply use ab. (If they are not disjoint, ab could also mean (ab⊗ 1) or (1⊗ ab).)
Notice that if a = 0 in K1 or b = 0 in K2, then a⊗ b = 0 in K1⊗RK2, for if, say, a = 0, then

{(0, b)} = {(
∑
∅,
∑
{b})} ≡ ∅ × {b} = ∅.

It follows that K1⊗RK2 is trivial if K1 or K2 is trivial.
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Proposition 2.5. (Proposition 7 of [5])
If M1 and M2 are monoids, thenRM1⊗RRM2 ≃ R(M1 ×M2).

Proof: Let ⊤1(A) = A× {1} for A ∈ RM1 and ⊤2(B) = {1} ×B for B ∈ RM2 in

RM1 R(M1 ×M2) RM2

K

f

⊤1

hf,g g

⊤2

and put hf,g(S) =
∑
{ f({a})g({b}) | (a, b) ∈ S } for S ∈ R(M1 × M2) and commuting R-

morphisms f, g to an R-dioid K. These satisfy the properties of a tensor product of RM1 and RM2,
so the claim holds by the uniqueness of tensor products. ⊓⊔

In the following, for R-dioids K1,K2, we also write K1 × K2 for the product of their underlying
multiplicative monoids, and for R ∈ R(K1×K2), we write [R] instead of R/≡. For R,S ∈ R(K1×
K2), one has [R] + [S] = [R ∪ S], [R][S] = [RS], and

[R]∗ =
∑
{ [R]n | n ∈ N } =

∑
{ [Rn] | n ∈ N } = [

⋃
{Rn | n ∈ N } ] = [R∗].

Notice also that [R] = [
⋃
{ {(a, b)} | (a, b) ∈ R }] =

∑
{ a⊗ b | (a, b) ∈ R }.

The R-morphisms in ⊤1 : K1 → K1⊗RK2 ← K2 : ⊤2 are embeddings, unless one of K1 and
K2 is trivial and the other is not:

Lemma 2.6. Let K1 and K2 be non-trivialR-dioids. Then the tensor product

⊤1 : K1 → K1⊗RK2 ← K2 : ⊤2

is non-trivial, and ⊤1 and ⊤2 are embeddings.

Proof:
An element (x, y) ∈ K1 ×K2 is an upper bound of R ⊆ K1 ×K2, written R ⪯ (x, y), if a ≤ x and
b ≤ y for all (a, b) ∈ R. Let Z = { (a, b) ∈ K1 ×K2 | a = 0 or b = 0 }. For R,S ∈ R(K1 ×K2),
define P (R,S) by

∀(x, y), (a, b), (a′, b′)[(a, b)R(a′, b′) \ Z ⪯ (x, y) ⇐⇒ (a, b)S(a′, b′) \ Z ⪯ (x, y)]. (5)

With (a, b) = (a′, b′) = (1, 1), (5) says that R \Z and S \Z have the same upper bounds in K1×K2.
In particular, for R ⊆ Z and S ̸⊆ Z, P (R,S) is false, since (0, 0) is an upper bound of R \ Z, but
not of S \ Z. We defer the proof of ≡⊆ P to the appendix, Section 7. Then for any (a, b) /∈ Z,
{(0, 0)} ̸≡ {(a, b)}, hence 0⊗0 ̸= a⊗b. As (1, 1) /∈ Z, 0 = 0⊗0 ̸= 1⊗1 = 1, soK1⊗RK2 is non-
trivial. Furthermore, if (a, b) and (a′, b′) are different elements of (K1×K2)\Z, then a⊗b ̸= a′⊗b′,
because {(a, b)} ≡ {(a′, b′)} implies, via (5), that (a, b) is an upper bound of {(a′, b′)} and (a′, b′) is
an upper bound of {(a, b)}, so (a, b) = (a′, b′). In particular, ⊤1 and ⊤2 are injective. ⊓⊔
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Corollary 2.7. If K1⊗RK2 is the tensor product of non-trivial R-dioids K1 and K2, then for all
a, a′ ∈ K1 and b, b′ ∈ K2,

(i). if a⊗ b = 0, then a = 0 in K1 or b = 0 in K2,

(ii). if 0 ̸= a⊗ b ≤ a′ ⊗ b′ in K1⊗RK2, then 0 ̸= a ≤ a′ in K1 and 0 ̸= b ≤ b′ in K2.

Proof:
For (i), if a ̸= 0 and b ̸= 0, then {(0, 0)} ̸≡ {(a, b)} by the previous proof, which just means that
a⊗ b ̸= 0 in K1⊗RK2. For (ii), suppose 0 ̸= a⊗ b ≤ a′ ⊗ b′. Then 0 ̸= a′ ⊗ b′ too, and a ̸= 0 ̸= a′

in K1 and b ̸= 0 ̸= b′ in K2. Since a⊗ b+ a′ ⊗ b′ = a′ ⊗ b′, we have

{(a, b), (a′, b′)} ≡ {(a′, b′)},

and since ≡⊆ P for the predicate P in the proof of Lemma 2.6, for any (x, y) we have, by (5),

{(a, b), (a′, b′)} ⪯ (x, y)⇔ {(a′, b′)} ⪯ (x, y).

The right-hand side is true for (x, y) = (a′, b′), so (a, b) ≤ (a′, b′) holds by the left-hand side. ⊓⊔

Corollary 2.8. Let f and g be injectiveR-morphisms between non-trivialR-dioids in

K1 K1⊗RK2 K2

K ′
1 K ′

1⊗RK
′
2 K ′

2.

⊤1

f h(f×g)

⊤2

g

⊤′
1 ⊤′

2

Then h(f×g) : K1⊗RK2 → K ′
1⊗RK

′
2, the inducedR-morphism for ⊤′

1 ◦ f and ⊤′
2 ◦ g, is injective.

Proof:
By Lemma 2.6, the R-morphisms ⊤1,⊤2,⊤′

1,⊤′
2 are embeddings. The homomorphism f × g :

K1 ×K2 → K ′
1 ×K ′

2 lifts to a monotone homomorphism (f×g) : R(K1 ×K2) → R(K ′
1 ×K ′

2).
Since⊤′

1◦f and⊤′
2◦g are commuting, they induce anR-morphism h = h(f×g). ForR ∈ R(K1×K2),

it maps [R] ∈ K1⊗RK2 to

h([R]) = [(f×g)(R)]′ =
∑

′{ fa⊗′ gb | (a, b) ∈ R } ∈ K ′
1⊗RK

′
2,

where fa ⊗′ gb = ⊤′
1(fa)⊤′

2(gb) and
∑ ′ is the least upper bound of the R-dioid K ′

1⊗RK
′
2. In

particular, for (a, b) ∈ K1 ×K2,
h(a⊗ b) = fa⊗′ gb.

By Lemma 2.6, h is monotone and injective on the image of K1 × K2 under ⊗. To see that h is
injective, suppose R,S ∈ R(K1 ×K2) and

[R] =
∑
{ a⊗ b | (a, b) ∈ R } ̸=

∑
{ a⊗ b | (a, b) ∈ S } = [S].
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Then { a⊗ b | (a, b) ∈ R }↓ ̸= { a⊗ b | (a, b) ∈ S }↓ by the definition of
∑

of K1⊗RK2. Since h
is monotone and injective on the image of K1 ×K2 under ⊗,

{ fa⊗′ gb | (a, b) ∈ R }↓ ̸= { fa⊗′ gb | (a, b) ∈ S }↓.

Then we must have

h([R]) =
∑

′{ fa⊗′ gb | (a, b) ∈ R }↓ ̸=
∑

′{ fa⊗′ gb | (a, b) ∈ S }↓ = h([S]),

as otherwise (f×g)(R) ≡′ (f×g)(S) for theR-congruence≡′ onR(K ′
1×K ′

2) defining K ′
1⊗RK

′
2,

and≡′ were not the leastR-congruence onR(K ′
1×K ′

2) containing the tensor product equations. ⊓⊔

We will mainly consider tensor productsK ⊗RC whereK = RX∗ andC is a polycyclicR-dioid
C ′
m or bra-ket R-dioid Cm. For L ∈ RX∗, we have { {w} | w ∈ L } ∈ R(RX∗), and since ⊤1 is

anR-morphism,

L⊗ 1 = ⊤1(
⋃
{ {w} | w ∈ L }) =

∑
{ {w} ⊗ 1 | w ∈ L } ∈ RX∗⊗RC

′
2.

The interest in Kleene algebras RX∗⊗RC
′
2 comes from the fact that CX∗, the set of context-free

languages over X , embeds inRX∗⊗RC
′
2, via

L ∈ CX∗ 7→
∑

L :=
∑
{ {w} ⊗ 1 | w ∈ L } ∈ RX∗⊗RC

′
2,

cf. Theorem 17 of [11]. Notice that L ⊗ 1 need not exist for non-regular L. Since all elements of
RX∗⊗RC

′
2 can be denoted by regular expressions over X ∪̇ ∆2, every context-free set L ⊆ X∗ is

represented by the value of a regular expression.

Example 2.9. Suppose a, b ∈ X . Then L = { anbn | n ∈ N } ∈ CX∗ is represented inRX∗⊗RC
′
2

by the value of the regular expression rL := p0(ap1)
∗(q1b)

∗q0 over X ∪̇ ∆2. Writing elements of X
and ∆2 for their values inRX∗⊗RC

′
2, we have

rL =
∑
{ p0(ap1)n(q1b)mq0 | n,m ∈ N } (∗-continuity)

=
∑
{ anp0pn1qm1 q0bm | n,m ∈ N } (relative commutativity)

=
∑
{ anbn | n ∈ N } (bracket match piqj = δi,j). ◁

In the cases K ⊗RC
′
m of our main interest, where K = RX∗ and the polycyclic R-dioid C ′

m ≃
RP ′

m/ν is a suitable quotient of RP ′
m, the tensor product construction can be replaced by a quotient

construction. This is a consequence of the following extension of Proposition 2.5.

Theorem 2.10. Let M be a monoid and N a monoid with annihilating element 0. Then

RM ⊗R(RN/ν) ≃ R(M ×N)/ν̃,

where ν is the least R-congruence on RN containing ({0}, ∅) and ν̃ is the least R-congruence on
R(M ×N) containing ({(1, 0)}, ∅).

Putting Rν := { (A,B/ν) | (A,B) ∈ R } for R ∈ R(RM ×RN), the isomorphism is given by

[Rν ] 7→ (SR)/ν̃, where SR :=
⋃
{A×B | (A,B) ∈ R } for R ∈ R(RM ×RN),

S/ν̃ 7→ [(RS)ν ], where RS := { ({m}, {n}) | (m,n) ∈ S } for S ∈ R(M ×N).
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Proof: This is an instance of Theorem 12 of [11]. ⊓⊔

For A ∈ RM and B ∈ RN , the isomorphism maps A ⊗ B/ν to (A × B)/ν̃, where B/ν is
uniquely represented by B \ {0} and (A × B)/ν̃ by (A × B) \ (A × {0}). As C ′

m ≃ P ′
m/ν by

Proposition 2.2, an application of the theorem is

RX∗⊗RC
′
m ≃ R(X∗ × P ′

m)/ν̃.

Moreover, since elements of X and P ′
m commute in the monoid P ′

m[X] of (4),

R(X∗ × P ′
m)/ν̃ ≃ R(P ′

m[X])/ν.

It follows that an element ofRX∗⊗RC
′
m has a unique representation by a subset of Q∗

mX
∗P ∗

m.
However, to state our results for arbitraryR-dioids K, we do need the tensor product K ⊗RC

′
m.

2.3. The centralizer ZC′
2
(K ⊗RC ′

2) of C ′
2 in K ⊗R C ′

2

In a monoidM , the centralizer ZC(M) of a setC ⊆M inM consists of those elements that commute
with every element of C, i.e. the submonoid

ZC(M) := {m ∈M | mc = cm for all c ∈ C }.

For example, the centralizer of ∆m in P ′
m[X] is X∗ ∪ {0}.

In Section 3, we will, for non-trivial R-dioids K, consider the representation of elements of
K ⊗RC

′
m by automata. As ⊤1,⊤2 in ⊤1 : K → K ⊗RC

′
2 ← C ′

2 : ⊤2 are relatively commut-
ing, for all k ∈ K and c ∈ C ′

2 we have

kc = ⊤1(k) · ⊤2(c) = k ⊗ c = ⊤2(c) · ⊤1(k) = ck,

in K ⊗RC
′
2, so K ⊆ ZC′

2
(K ⊗RC

′
2) (modulo ⊤1). Moreover, ZC′

2
(K ⊗RC

′
2) clearly is a semiring

and, by ∗-continuity of K ⊗RC
′
2, it is closed under ∗: if a commutes with c ∈ C ′

2, then

c · a∗ =
∑
{ c · an | n ∈ N } =

∑
{ an · c | n ∈ N } = a∗ · c.

In fact, ZC′
2
(K ⊗RC

′
2) is an R-dioid, by Proposition 24 of [11]. It has even stronger closure proper-

ties, see Theorem 2.11, (ii) below.
A Chomsky algebra (Grathwohl e.a. [9]) is an idempotent semiring D which is algebraically

closed, i.e. every finite inequation system

x1 ≥ p1(x1, . . . , xk), . . . , xk ≥ pk(x1, . . . , xk)

with polynomials p1, . . . , pk ∈ D[x1, . . . , xk] has a least solution in D, where ≤ is the partial order
on D defined by a ≤ b ⇐⇒ a + b = b. Semiring terms over an infinite set X of variables can be
extended by a least-fixed-point operator µ, such that if t is a term and x ∈ X , µx.t is a term. In a
Chomsky algebra D with an assignment h : X → D, the value of µx.t is the least solution of x ≥ t
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with respect to h, i.e. the least a ∈ D such that x ≥ t is true with respect to h[x/a]. A Chomsky
algebra D is µ-continuous, if for all a, b ∈ D and µ-terms t,

a · µx.t · b =
∑
{ a · tn · b | n ∈ N }

is true for all assignments h : X → D, where t0 = 0, tn+1 = t[x/tn]. The ∗-continuity condition
of R-dioids is a special instance of the µ-continuity condition, where c∗ = µx.(cx + 1). The semir-
ing CX∗ of context-free languages over X is a µ-continuous Chomsky algebra. The µ-continuous
Chomsky algebras, with fixed-point preserving semiring homomorphisms, form a category of dioids.

This category had been introduced as the category DC of C-dioids and C-morphisms in [3] as
follows; for the equivalence, see [12]. For monoids M , let CM be the semiring (CM,∪, ·, ∅, {1}) of
context-free subsets of M . A C-dioid (M, ·, 1,≤,

∑
) is a partially ordered monoid (M, ·, 1,≤) with

an operation
∑

: CM →M that is C-complete and C-distributive, i.e.

(i) for each A ∈ CM ,
∑
A is the least upper bound of A in M with respect to ≤,

(ii) for all A,B ∈ CM ,
∑

(AB) = (
∑
A) · (

∑
B).

A C-morphism is a monotone homomorphism between C-dioids that preserves least upper bounds
of context-free subsets. The above mentioned strong closure property of the centralizer of C ′

2 in
K ⊗RC

′
2 is that it is algebraically closed, which follows from (ii) of the following facts:

Theorem 2.11. (Theorem 27, Lemma 30, Lemma 31 of [11])
Let M be a monoid and K anR-dioid.

(i). ZC′
2
(K ⊗RC

′
2) = { [R] | R ∈ R(K × C ′

2), R ⊆ K × {0, 1} }.

(ii). ZC′
2
(K ⊗RC

′
2) is a C-dioid.

(iii). The least-upper-bound operator
∑

: CK → ZC′
2
(K ⊗RC

′
2) is a surjective homomorphism.

(iv). The least-upper-bound operator
∑

: CM → ZC′
2
(RM ⊗RC

′
2) is a C-isomorphism.

While (i) gives a characterization of the elements in the centralizer of C ′
2 in K ⊗RC

′
2, in Section 3

we provide descriptions of all elements of K ⊗RC
′
2 via normal forms. As the proof of Theorem 2.11

is lengthy, we try to avoid using (i) - (iv) as far as possible. However, we need (i) in the following
corollary, which in turn is used to give a simplified normal form for elements of the centralizer in
Corollary 3.8, and we use (ii) in Example 3.12 and for the product case of Theorem 4.1.

A subset X of a partial order (P,≤) is downward closed, if for all a, b ∈ P , if b ∈ X and a ≤ b,
then a ∈ X .

Corollary 2.12. If K is a non-trivial R-dioid and has no zero divisors, then ZC′
2
(K ⊗RC

′
2) is a

downward-closed subset of K ⊗RC
′
2.
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Proof:
Suppose [R] ≤ [S] ∈ ZC′

2
(K ⊗RC

′
2) for R,S ∈ R(K × C ′

2). By Theorem 2.11 (i), we can assume
S ⊆ K × {0, 1} and must show that there is R′ ∈ R(K ×C ′

2) with [R] = [R′] and R′ ⊆ K × {0, 1}.
The projection from K ×C ′

2 to K lifts to a homomorphism π : R(K ×C ′
2)→ RK, so A := π(S) ∈

RK. Then
S ⊆ A× {0, 1} ∈ R(K × C ′

2),

and for each (k, c) ∈ R,

k ⊗ c ≤ [R] ≤ [S] ≤ [A× {0, 1}] = [{(
∑

A, 1)}] = (
∑

A)⊗ 1.

If 0 ̸= k⊗c, then c ≤ 1 in C ′
2 by Corollary 2.7; by Proposition 2.2, c ∈ {0, 1}, so (k, c) ∈ K×{0, 1}.

If 0 = k ⊗ c, then by Corollary 2.7 again, either c = 0 and (k, c) ∈ K × {0, 1}, or else k = 0. Let
R′ = R \ { (0, c) ∈ R | c ∈ C ′

2 }. Then R′ ⊆ K × {0, 1} and [R] =
∑
{ k ⊗ c | (k, c) ∈ R }

is the least upper bound of { k ⊗ c | (k, c) ∈ R′ }. We show by induction on the construction of
R ∈ R(K × C ′

2) that R′ ∈ R(K × C ′
2). This also gives [R] = [R′].

IfR is finite, so isR′, thereforeR′ ∈ R(K×C ′
2). Suppose forRi ∈ R(K×C ′

2), i = 1, 2, we have
R′

i = Ri\{ (0, c) | c ∈ C ′
2 } ∈ R(K×C ′

2). IfR = R1∪R2, thenR′ = R′
1∪R′

2 ∈ R(K×C ′
2). IfR =

R1R2, thenR′ ⊆ R′
1R

′
2, and sinceK has no zero divisors,R′

1R
′
2 ⊆ R′, soR′ = R′

1R
′
2 ∈ R(K×C ′

2).
If R = R∗

1, then R′ = (
⋃
{Rn

1 | n ∈ N })′ =
⋃
{ (R′

1)
n | n ∈ N } = (R′

1)
∗ ∈ R(K × C ′

2). ⊓⊔

2.4. Automata over a Kleene algebra

A finite automaton A = ⟨S,A, F ⟩ with n states over a Kleene algebra K consists of a transition
matrix A ∈ Kn×n and two vectors S ∈ B1×n and F ∈ Bn×1, coding the initial and final states. The
1-step transitions from state i < n to state j < n are represented by Ai,j , and paths from i to j of
finite length by A∗

i,j , where A∗ is the iteration of A. The sum of paths leading from initial to final
states defines an element of K,

L(A) = S ·A∗ · F ∈ K.

The iteration M∗ of M ∈ Kn×n is defined by induction on n: for n = 1 and M = (k), M∗ = (k∗),
and for n > 1,

M∗ =

(
A B

C D

)∗

=

(
F ∗ F ∗BD∗

D∗CF ∗ D∗CF ∗BD∗ +D∗

)
, (6)

where F = A + BD∗C and M =

(
A B

C D

)
is any splitting of M in which A and D are square

matrices of dimensions n1, n2 < n with n = n1 + n2.
By Kleene’s representation theorem, the set RX∗ of regular subsets of X∗ consists of the lan-

guages
L(A) = S ·A∗ · F ⊆ X∗

of finite automataA = ⟨S,A, F ⟩, where for some n ∈ N, A ∈ (FX∗)n×n, S ∈ B1×n, F ∈ Bn×1 and
FX∗ is the set of finite subsets of X∗.
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For various notions of Kleene algebra, Conway showed that the set Kn×n of n × n-matrices
over K with matrix addition, multiplication and iteration as defined above and zero and unit matrices
0n, 1n ∈ Kn×n form a Kleene algebra

Matn,n(K) = (Kn×n,+, ·, ∗, 0n, 1n)

and used this to prove Kleene’s representation theorem, see [2]. For the notion of Kleene algebra used
here, the same has been done by Kozen in [8]. We are mostly working withR-dioids, i.e. ∗-continuous
Kleene algebras, and will often make use of ∗-continuity on the matrix level in Section 3. In fact, the
n× n-matrices over a ∗-continuous Kleene algebra form a ∗-continuous Kleene algebra:

Theorem 2.13. (Kozen [7], Chapter 7.1.)
If K is a ∗-continuous Kleene algebra, so is Matn,n(K), for n ≥ 1.

We remark that Matn,n(K) can be reduced to the tensor product of K with Matn,n(B), but we
will use this only in connection with bra-ketR-dioids in Section 5.2.

Proposition 2.14. For anyR-dioid K and n ≥ 1, Matn,n(K) ≃ K ⊗R Matn,n(B).

Proof (sketch):
One shows that IK : K → Matn,n(K)← Matn,n(B) : Id has the properties of a tensor product, where
IK(a) := a1n for a ∈ K and Id(B) = B for B ∈ Bn×n. For relatively commuting R-morphisms
f : K → D ← Matn,n(B) : g to an R-dioid D, the unique R-morphism with f = hf,g ◦ IK and
g = hf,g ◦ Id is defined by

hf,g(A) :=
∑
{ f(Ai,j)g(E(i,j)) | i, j < n }, for A ∈ Kn×n,

where E(i,j) ∈ Bn×n is the matrix with 1 only in line i, row j. The claim then follows by the
uniqueness of tensor products. ⊓⊔

For anyR-dioid K, we next prove Kleene’s representation theorem for K ⊗RC
′
2: any element of

K ⊗RC
′
2 is the “language” L(A) = SA∗F of a finite automatonA = ⟨S,A, F ⟩ over K ⊗RC

′
2. This

follows the proofs by Conway and Kozen; the point here is how transitions by elements of C ′
2 in the

transition matrix A can be reduced to transitions by generators c ∈ ∆2 of C ′
2.

For a ∈ K and c ∈ C ′
2, we write a and c also for their images in K ⊗RC

′
2, likewise ac for their

product in K ⊗RC
′
2. From now on, for ∆2 = P2 ∪̇ Q2 we use P2 = {b, p} instead of {p0, p1} and

Q2 = {d, q} instead of {q0, q1}, unless stated otherwise.

Theorem 2.15. Let K be an R-dioid, i.e. a ∗-continuous Kleene-algebra, and C ′
2 the polycyclic

Kleene algebra over ∆2. For each φ ∈ K ⊗RC
′
2 there are n ∈ N, S ∈ B1×n, F ∈ Bn×1,

U ∈ {0, b, p}n×n, V ∈ {0, d, q}n×n and X ∈ Kn×n such that

φ = S(U +X + V )∗F.
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Proof:
Since φ = [R] for someR ∈ R(K×C ′

2), by induction on the construction ofRwe build an automaton
AR = ⟨S,A, F ⟩ over K ⊗RC

′
2 such that L(AR) = [R] and A splits as U +X + V as in the claim.

• R = ∅: LetAR = ⟨S,A, F ⟩ be the automaton of dimension 1 with S = (0), A = (0), F = (0).
Then L(AR) = 0 = [∅]. We have A = U +X + V with 1× 1 zero matrices U,X, V .

• R = {(k, c)} with k ∈ K, c ∈ C ′
2: Since {(k, c)} = {(k, 1)} · {(1, c)}, by the product case

below we may assume k = 1 or c = 1. In the case R = {(k, 1)}, let AR = ⟨S,A, F ⟩ consist of

S =
(
1 0

)
, A =

(
1 k

0 1

)
, F =

(
0

1

)
.

Then A∗ = A, since A0 ≤ A = A2, hence L(AR) = A1,2 = k1 = [{(k, 1)}]. The splitting is

A =

(
1 k

0 1

)
=

(
0 0

0 0

)
+

(
1 k

0 1

)
+

(
0 0

0 0

)
= U +X + V.

For the case R = {(1, c)}, the element c ∈ C ′
2 is the congruence class of a set C ∈ R∆∗

2 under
theR-congruence ρ′2 generated by the match relations, so we can view c as a regular expression
in the letters of ∆2. By the tensor product equations of K ⊗RC

′
2,

{(1, c1 + c2)} ≡ {1} × {c1, c2} = {(1, c1)} ∪ {(1, c2)},

and since {(1, c1c2)} = {(1, c1)}{(1, c2)} and {(1, c∗1)} = {(1, c1)}∗, we can construct AR by
induction on the cases R = R1 ∪ R2, R = R1R2, and R = R∗

1 below. In the remaining cases,
c is 0, 1 or a letter from ∆2. Let AR = ⟨S,A, F ⟩ consist of

S =
(
1 0

)
, A =

(
1 c

0 1

)
, F =

(
0

1

)
.

Then A∗ = A and L(AR) = A1,1 = c = [{(1, c)}]. If c ∈ Q2 = {d, q}, the splitting of A is

A =

(
1 c

0 1

)
=

(
0 0

0 0

)
+

(
1 0

0 1

)
+

(
0 c

0 0

)
= U +X + V.

If c ∈ P2 = {b, p}, we switch the roles of U and V . If c is 0 or 1, let

A =

(
1 c

0 1

)
=

(
0 0

0 0

)
+

(
1 c

0 1

)
+

(
0 0

0 0

)
= U +X + V.

• R = R1 ∪R2: For i = 1, 2, let ARi = ⟨Si, Ai, Fi⟩ be an automaton of dimension ni such that

L(ARi) = SiA
∗
iFi = [Ri].
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Construct AR = ⟨S,A, F ⟩ of dimension n1 + n2 by

S =
(
S1 S2

)
, A =

(
A1 0

0 A2

)
, F =

(
F1

F2

)
.

By the recursion formula for iteration matrices,

L(AR) = SA∗F =
(
S1 S2

)
·

(
A∗

1 0

0 A∗
2

)
·

(
F1

F2

)
= S1A

∗
1F1 + S2A

∗
2F2

= [R1] + [R2] = [R1 ∪R2] = [R].

The given splittingsA1 = U1+X1+V1 andA2 = U2+X2+V2 combine to a suitable splitting
of A by

A =

(
U1 0

0 U2

)
+

(
X1 0

0 X2

)
+

(
V1 0

0 V2

)
= U +X + V.

• R = R1R2: For i = 1, 2, let ARi = ⟨Si, Ai, Fi⟩ be an automaton of dimension ni such that

L(ARi) = SiA
∗
iFi = [Ri].

Construct AR = ⟨S,A, F ⟩ of dimension n1 + n2 by

S =
(
S1 0

)
, A =

(
A1 F1S2

0 A2

)
, F =

(
0

F2

)
.

By the recursion formula for iteration matrices,

L(AR) = SA∗F

=
(
S1 0

)
·

(
A∗

1 A∗
1F1S2A

∗
2

0 A∗
2

)
·

(
0

F2

)
= S1A

∗
1F1S2A

∗
2F2

= [R1][R2] = [R1R2] = [R].

The given splittings A1 = U1 +X1 + V1 and A2 = U2 +X2 + V2 combine to the splitting

A =

(
U1 0

0 U2

)
+

(
X1 F1S2

0 X2

)
+

(
V1 0

0 V2

)
= U +X + V.

• R = R∗
1: Suppose AR1 = (S1, A1, F1), is an automaton such that

L(AR1) = S1A
∗
1F1 = [R1].
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Let AR+ = ⟨S,A, F ⟩ be ⟨S1, A1 + F1S1, F1⟩. By equalities in Kleene algebras,

L(AR+) = S1(A1 + F1S1)
∗F1

= S1A
∗
1(F1S1A

∗
1)

∗F1

= S1A
∗
1F1(S1A

∗
1F1)

∗

= [R1][R1]
∗

= [R1][R
∗
1] = [R+

1 ],

The splitting A = U +X + V is obtained from the splitting A1 = U1 +X1 + V1 by U = U1,
X = X1 +F1S2 and V = V1. Finally, put AR∗ = A{(1,1)}∪R+ and split its transition matrix as
shown for the case AR1∪R2 . ⊓⊔

3. Normal form theorems for K ⊗RC ′2 withR-dioid K

In the representation of elements φ of K ⊗RC
′
2 as φ = L(A) = SA∗F by automata A = ⟨S,A, F ⟩

with A = U +X + V in Theorem 2.15, A∗ = (U +X + V )∗ admits arbitrary sequences of opening
brackets U with closing brackets V . We aim at a normal form for (U +X + V )∗ where brackets are
mainly occurring in a balanced way. To this end, we now look at ways to express a Dyck-language
with a single bracket pair u, v in a Kleene algebra.

3.1. Least solutions of some polynomial inequations in Kleene algebras

We first show that in any Kleene algebraK, if they exist, least solutions of two fixed-point inequations
that might be used to define Dyck’s language D1(X) with X = {x1, . . . , xn} ⊆ K, namely

y ≥ (x1 + . . .+ xn + uyv)∗ and y ≥ 1 + x1 + . . .+ xn + uyv + yy,

are related, where u, v ∈ K \ X represent a pair of brackets. It is then shown that (u + X + v)∗ =
(Nv)∗N(uN)∗, where N ∈ K is the least solution of y ≥ (X + uyv)∗ corresponding to D1(X).
Except for the balanced bracket occurrences in N , in (Nv)∗N(uN)∗ all occurrences of the closing
bracket v are to the left of all occurrences of the opening bracket u. This is similar to the normal form
nf (w) ∈ Q∗

1P
∗
1 ∪ {0} in the polycyclic monoid P ′

1 of Section 2.1 with P1 = {u} and Q1 = {v},
i.e. the normal forms on {u, v}∗ modulo the congruence generated by uv = 1, and its extension to
nf (w) ∈ Q∗

1X
∗V ∗

1 ∪ {0} for w ∈ P ′
1[X] where elements of X commute with those of P1 ∪Q1.

Proposition 3.1. Let K be a Kleene algebra and u, x, v ∈ K. If y ≥ (x+ uyv)∗ has a least solution
N , thenN = (x+uNv)∗ andN is the least solution of y ≥ 1+x+uyv+yy. If y ≥ 1+x+uyv+yy
has a least solution D, then D = 1 + x+ uDv +DD and D is the least solution of y ≥ (x+ uyv)∗.

Proof:
Let f and h be defined by f(y) = x + uyv and h(y) = 1 + x + uyv + yy. (i) If y ≥ h(y), then
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y ≥ f(y) and y ≥ 1 + yy, hence y ≥ y∗ by axioms of Kleene algebra, and so y ≥ y∗ ≥ f(y)∗ by
monotonicity of ∗. (ii) Conversely, if y ≥ f(y)∗, then f(y)∗ ≥ h(f(y)∗), because

h(f(y)∗) ≤ 1 + x+ uyv + f(y)∗f(y)∗ ≤ f(y) + f(y)∗ ≤ f(y)∗.

It follows that if N is the least solution of y ≥ f(y)∗, then by (i), any solution of y ≥ h(y) satisfies
y ≥ N , and by (ii), f(N)∗ is a solution of y ≥ h(y), so f(N)∗ = N is the least solution of y ≥ h(y).

IfD is the least solution of y ≥ h(y), then by (ii), any solution of y ≥ f(y)∗ satisfies y ≥ f(y)∗ ≥
D, and by (i), D ≥ f(D)∗. Hence D is the least solution of y ≥ f(y)∗. Then D = f(D)∗ and hence
D = DD = 1 + f(D) +DD = h(D). ⊓⊔

Theorem 3.2. Let K be a Kleene algebra and x, u, v ∈ K. If y ≥ (x+ uyv)∗ has a least solution N
in K, then (u+ x+ v)∗ = (Nv)∗N(uN)∗.

Proof:
Let N = µy.(x + uyv)∗ and n = (u + x + v)∗. We first show N ≤ n, by showing that n solves
(x+ uyv)∗ ≤ y. By monotonicity of +, ·, and ∗,

x+ unv ≤ x+ un∗v ≤ n+ nn∗n = (1 + nn∗)n = n∗n ≤ n∗ = n,

hence (x+ unv)∗ ≤ n∗ = n. So N ≤ n, from which

(Nv)∗N(uN)∗ ≤ (u+ x+ v)∗

follows using u, v,N ≤ n and (nn)∗ = n∗ = n = nnn.
Now consider the reverse inequality, (u + x + v)∗ ≤ (Nv)∗N(uN)∗: As (x + uNv)∗ = N

by Proposition 3.1, we have (x + uNv)N + 1 ≤ N . Using this and Kleene algebra identities like
(ab)∗a = a(ba)∗, we show that (Nv)∗N(uN)∗ solves (u+ x+ v)z + 1 ≤ z in z:

(u+ x+ v)(Nv)∗N(uN)∗ + 1

= (u+ x+ v)N(vN)∗(uN)∗ + 1

= uN(vN)∗(uN)∗ + xN(vN)∗(uN)∗ + vN(vN)∗(uN)∗ + 1

= uN(1 + vN(vN)∗)(uN)∗ + xN(vN)∗(uN)∗ + vN(vN)∗(uN)∗ + 1

= uN(uN)∗ + uNvN(vN)∗(uN)∗ + xN(vN)∗(uN)∗ + vN(vN)∗(uN)∗ + 1

= (x+ uNv)N(vN)∗(uN)∗ + uN(uN)∗ + vN(vN)∗(uN)∗ + 1

= (x+ uNv)N(vN)∗(uN)∗ + (1 + vN(vN)∗)(uN)∗

= (x+ uNv)N(vN)∗(uN)∗ + (vN)∗(uN)∗

= ((x+ uNv)N + 1)(vN)∗(uN)∗

≤ N(vN)∗(uN)∗

= (Nv)∗N(uN)∗.

Since (u+x+v)∗ is the least solution of (u+x+v)z+1 ≤ z, the claim (u+x+v)∗ ≤ (Nv)∗N(uN)∗

is shown. ⊓⊔

It is worth noticing that these results are generic to Kleene algebras and do not require the ∗-
continuity property. They are all conditioned on the existence of the relevant least-fixed-points, and it
is for existence that ∗-continuity will come into play.
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3.2. Normal form theorems

LetA = ⟨S,A, F ⟩ be an automaton withA = U+X+V as in Theorem 2.15, representing an element
φ = L(A) = SA∗F of K ⊗RC

′
2. We first show that there is a least solution of y ≥ (UyV + X)∗

in Matn,n(K ⊗RC
′
2), which is related to Dyck’s context-free language D ⊆ {U,X, V }∗ of balanced

strings of matrices, with U as “opening bracket” and V as “closing bracket”. Namely, if concatenation
is interpreted by matrix multiplication and the empty sequence as unit matrix, D becomes a context-
free subset of (K ⊗RC

′
2)

n×n and the least solution of y ≥ (UyV +X)∗ its least upper bound.

Lemma 3.3. Let K be an R-dioid, n ∈ N, X ∈ (ZC′
2
(K ⊗RC

′
2))

n×n, U ∈ {0, b, p}n×n and V ∈
{0, d, q}n×n. In Matn,n(K ⊗RC

′
2),

y ≥ (UyV +X)∗ (7)

has a least solution, namely N := b(Up+X + qV )∗d, and N ∈ (ZC′
2
(K ⊗RC

′
2))

n×n.

When multiplying b, d, p, q with n × n-matrices, we identify them with corresponding diagonal ma-
trices.2

Proof:
Let D and D′ be the Dyck languages over {U,X, V } and {Up,X, qV } with brackets U, V and
Up, qV , respectively. By interpreting concatenation as matrix multiplication and the empty sequence
as unit matrix, elements of D and D′ belong to Matn,n(K ⊗RC

′
2). To simplify the notation, we write

T for Up+X + qV and Z for ZC′
2
(K ⊗RC

′
2).

Claim 3.3. Every A ∈ D evaluates in Matn,n(K ⊗RC
′
2) to an element of Zn×n.

Proof:
This is clear for A = 1 and A = X , and if A,B ∈ D evaluate to A,B ∈ Zn×n, then AB ∈ Zn×n,
because Z is a semiring. Finally, consider A = UBV with B ∈ Zn×n. Since elements of Z and C ′

2

commute with each other in K ⊗RC
′
2, we have

(UBV )ij =

n∑
k,l=1

Uik(BklVlj) =

n∑
k,l=1

Bkl(UikVlj),

and since Uik ∈ {0, b, p} and Vlj ∈ {0, d, q}, we obtain UikVlj ∈ {0, 1}, hence (UBV )ij ∈ Z, and so
A ∈ Zn×n. ◁

It follows that bAd = A = pAq for each A ∈ D and
∑

({U,X, V }m ∩D) ∈ Zn×n for each m ∈ N.

2 The proof will show that N is the least upper bound of a context-free set D of n× n-matrices over Z = ZC′
2
(K ⊗R C′

2)
(with DD ⊆ D) and the least solution of the matrix inequation y ≥ 1 + X + UyV + yy. Alternatively, by Theorem
2.11, (ii), Z is a C-dioid, and by [10], its n × n matrix semiring also is. Hence D has a least upper bound

∑
D and

(
∑

D)(
∑

D) =
∑

(DD) ≤
∑

D. Since U, V are not matrices over Z, one needs additional arguments to show that∑
D is the least solution of the matrix inequation in Matn,n(Z) and least in Matn,n(K ⊗R C′

2). Our proof here is more
elementary and uses properties of R-dioids only.
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Claim 3.3. bTmd =
∑

({U,X, V }m ∩D) and bTmd ≤ Tm, for each m ∈ N.

Proof:
Let A′ ∈ D′ be obtained from A ∈ D by replacing factors U by Up and factors V by qV . Then as
matrices,A′ = A: clearly 1′ = 1 andX ′ = X , and by induction, forA,B ∈ D, (AB)′ = A′B′ = AB
and (UAV )′ = UpA′qV = UpAqV = UAV , as A belongs to Zn×n by claim 3.3. Moreover, if
A ∈ D ∩ {U,X, V }m, then the matrix value of A′ ∈ {Up,X, qV }m ∩D′ is a summand of Tm and
thus A = A′ ≤ Tm. By monotonicity, A = bAd ≤ bTmd. It follows that∑

({U,X, V }m ∩D) ≤ Tm and
∑

({U,X, V }m ∩D) ≤ bTmd.

To show the reverse of the second inequation, let A′ ∈ {Up,X, qV }m be a summand of Tm =
(Up + X + qV )m that is not obtained from any A ∈ {U,X, V }m ∩ D by this substitution. Then
bA′d = 0, because A′ ∈ (D′qV )∗D′(UpD′)∗ \ D′ and b, d commute with factors from D′ (with
values in Zn×n), so in bA′d, b can be moved over factors to the right, until it meets q and gives
bq = 0, or d can be moved over factors to the left until it meets p and gives pd = 0. It follows that
bTmd ≤

∑
({U,X, V }m ∩D) ≤ Tm. ◁

By ∗-continuity, claim 3.3 implies that the set D of matrices obtained from the context-free lan-
guage D ⊆ {U,X, V }∗ has a least upper bound in Matn,n(K ⊗RC

′
2):

N = bT ∗d =
∑
{ bTmd | m ∈ N }

=
∑
{D ∩ {U,X, V }m | m ∈ N } =

∑
D.

Claim 3.3. N ∈ (ZC′
2
(K ⊗RC

′
2))

n×n.

Proof:
We have seen bTmd ∈ Zn×n for each m ∈ N. So for each c ∈ C ′

2, c(bTmd) = (bTmd)c and

cN = cbT ∗d =
∑
{ cbTmd | m ∈ N }) =

∑
{ bTmdc | m ∈ N }) = bT ∗dc = Nc,

since Matn,n(K ⊗RC
′
2) is ∗-continuous. It follows that each entry of N commutes with c. ◁

Claim 3.3. N is the least solution of y ≥ (UyV +X)∗ in Matn,n(K ⊗RC
′
2).

Proof:
We show that N is the least solution of y ≥ 1 + X + UyV + yy and apply Proposition 3.1. By
claim 3.3, we get 1 +X ≤ N and since bTmd is a finite sum of balanced sequences of length m over
{U,X, V }, by distributivity UbTmdV is a sum of balanced sequences of length m+ 2, hence

UbTmdV ≤
∑

({U,X, V }m+2 ∩D) = bTm+2d ≤ N.
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Thus by ∗-continuity, UNV = UbT ∗dV =
∑
{UbTmdV | m ∈ N } ≤ N . It remains to show

NN ≤ N . By ∗-continuity,

NN =
∑
k∈N

bT kdN =
∑
k,l∈N

bT kdbT ld.

By claim 3.3 and claim 3.3, bT kd ∈ Zn×n, so (bT kd)bT ld = b(bT kd)T ld, and bT kd ≤ T k, whence

NN =
∑
k,l∈N

b(bT kd)T ld ≤
∑
k,l∈N

bT kT ld = N.

Therefore, N is a solution of y ≥ 1+X+UyV +yy. To show that it is the least solution, suppose
y ∈ Matn,n(K ⊗RC

′
2) satisfies y ≥ 1+X+UyV +yy. AsN =

∑
D, it is sufficient to showA ≤ y

for eachA ∈ D. This is clear for 1 andX , and ifA,B ∈ D satisfyA,B ≤ y, then UAV ≤ UyV ≤ y
and AB ≤ yy ≤ y by monotonicity. So y is an upper bound of D. ◁

By the last two claims, the Lemma is proven. ⊓⊔

Example 3.4. In the most simple case n = 1, with Matn,n(K ⊗RC
′
2) ≃ K ⊗RC

′
2, suppose U =

b, V = d and X = x ∈ K. Then N = b(bp+x+ qd)∗d =
∑
D for Dyck’s language D ⊆ {b, x, d}∗.

The proof shows N =
∑
D ∈ ZC′

2
(K ⊗RC

′
2). ◁

Theorem 3.5. (First Normal Form)
Let K be an R-dioid. For each φ ∈ K ⊗RC

′
2 there are n ∈ N, S ∈ B1×n, F ∈ Bn×1, U ∈

{0, b, p}n×n, V ∈ {0, d, q}n×n and X ∈ Kn×n such that

φ = S(NV )∗N(UN)∗F,

where N ∈ (ZC′
2
(K ⊗RC

′
2))

n×n is the least solution of y ≥ (UyV +X)∗ in Matn,n(K ⊗RC
′
2).

For n = 1, N commutes with U and V , so (NV )kN(UN)l = V kNU l, and by ∗-continuity,
(NV )∗N(UN)∗ = V ∗NU∗. This is related to the normal form for the extension P ′

m[X] of the
polycyclic monoid P ′

m in Section 2.1.

Proof:
By definition of K ⊗RC

′
2, there is R ∈ R(K × C ′

2) such that φ = [R]. As in Theorem 2.15, by
induction on R one constructs an automaton ⟨S,A, F ⟩ with

φ = [R] = L(⟨S,A, F ⟩) = SA∗F

and a transition matrix A ∈ (K ⊗RC
′
2)

n×n of the form A = U +X + V where U ∈ {0, b, d}n×n,
X ∈ Kn×n and V ∈ {0, d, q}n×n, for some n. By Lemma 3.3, y ≥ (UyV +X)∗ has a least solution
N in Matn,n(K ⊗RC

′
2), and

N ∈ (ZC′
2
(K ⊗RC

′
2))

n×n.

By Theorem 3.2, this N allows us to write A∗ as

A∗ = (U +X + V )∗ = (NV )∗N(UN)∗

and obtain the normal form φ = [R] = SA∗F = S(NV )∗N(UN)∗F . ⊓⊔
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While Theorem 3.5 gives a generic normal form for an element φ ofK ⊗RC
′
2, it is not straightfor-

ward to compute the matrixN occurring in the normal form ofφ. The following example demonstrates
how N is obtained from an automaton for φ through the construction of Lemma 3.3. In Section 4 we
will show how to compute a normal form inductively from a regular expression φ.

Example 3.6. Let P2 = {p0, p1}, Q2 = {q0, q1}, and K = R{a, b}∗⊗RC
′
2. The element φ =

(ap1)
∗(q1b)

∗ ∈ K is represented as φ = L(A) = SA∗F by the automatonA = ⟨S,A, F ⟩ of Figure 1
with initial state 1 and accepting state 3.

〈(
1 0 0 0

)
,


0 a 1 0

p1 0 0 0

0 0 0 q1

0 0 b 0

 ,


0

0

1

0


〉

Figure 1. A = ⟨S,A, F ⟩

1 3

2 4

a

1

q1p1 b

Figure 2. Graph of A

The iteration A∗ of A calculated using the formula (6) can be read off from the graph: the entry
(A∗)i,j describes the labellings on paths from node i to node j. Hence, with ā = ap1 and b̄ = q1b, we
have

A∗ =


ā∗ ā∗a ā∗b̄∗ ā∗b̄∗q1

p1ā
∗ 1 + p1ā

∗a p1ā
∗b̄∗ p1ā

∗b̄∗q1

0 0 b̄∗ b̄∗q1

0 0 bb̄∗ 1 + bb̄∗q1

 .

To obtain the normal form (NV )∗N(UN)∗ of A∗, split A as U +X + V with

U =


0 0 0 0

p1 0 0 0

0 0 0 0

0 0 0 0

 , X =


0 a 1 0

0 0 0 0

0 0 0 0

0 0 b 0

 , V =


0 0 0 0

0 0 0 0

0 0 0 q1

0 0 0 0

 .

To determine N = p0(Up1 + X + q1V )∗q0, let Ã = (Up1 + X + q1V ) and read off Ã∗ from the
graph of Ã, obtaining a copy of A∗ with ã = ap21, b̃ = q21b, p

2
1, q

2
1 instead of ā, b̄, p1, q1, respectively.

The entries of N are then
Ni,j = p0(Ã

∗)i,jq0.

The resulting matrix is as follows, writing L̂ for
∑
L with L = { anbn | n ∈ N },

N = p0


ã∗ ã∗a ã∗b̃∗ ã∗b̃∗q21
p21ã

∗ 1 + p21ã
∗a p21ã

∗b̃∗ p21ã
∗b̃∗q21

0 0 b̃∗ b̃∗q21
0 0 bb̃∗ 1 + bb̃∗q21

 q0 =


1 a L̂ aL̂

0 1 L̂b L̂

0 0 1 0

0 0 b 1

 .



24 M. Hopkins, H. Leiß / Normal forms for elements of K ⊗R C′
2

For example, N1,3 = p0ã
∗b̃∗q0 = p0(ap

2
1)

∗(q21b)
∗q0 = L̂ is calculated as in Example 2.9. It follows

that

NV =


0 0 0 L̂q1

0 0 0 L̂bq1

0 0 0 q1

0 0 0 bq1

 , UN =


0 0 0 0

p1 p1a p1L̂ p1aL̂

0 0 0 0

0 0 0 0

 ,

which imply (NV )∗ = 1 +NV (bq1)
∗ and (UN)∗ = 1 + (p1a)

∗UN . By matrix multiplication, one
obtains the normal form (NV )∗N(UN)∗ = A∗.

To determine N , one can also use that N is the least solution of y ≥ (UyV +X)∗ in Mat4,4(K),
hence N = (UNV + X)∗. Let ei be the unit column vector with 1 in the i-th row, 0 else, e′i its
transpose row vector. Then eie′j is the 4 × 4-matrix with 1 at (i, j), 0 else, and e′iej the 1 × 1-matrix
with entry δi,j . Since

UNV = (e2p1e
′
1)(

∑
1≤i,j≤4

eiNi,je
′
j)(e3q1e

′
4) = e2p1N1,3q1e

′
4 = e2N1,3e

′
4,

the graph of X + UNV is that of X with additional edge 2
N1,3−→ 4, from which one can read off

(X + UNV )∗ as

(X + UNV )∗ =


1 a 1 + aN1,3b aN1,3

0 1 N1,3b N1,3

0 0 1 0

0 0 b 1

 = N.

Since N is the least solution of y ≥ (UyV + X)∗, N1,3 is the least solution of y1,3 ≥ 1 + ay1,3b,
i.e. µx(1 + axb) =

∑
L for L = { anbn | n ∈ N } ∈ CK, leading to the matrix N shown above. ◁

3.3. Reduced normal form

We conjectured in [6] that the normal form S(NV )∗N(UN)∗F for φ ∈ K ⊗RC
′
2 given in Theo-

rem 3.5 can be simplified to SNF for elements φ ∈ ZC′
2
(K ⊗RC

′
2). We can now prove this under

the additional assumption that K is non-trivial and has no zero divisors.

Lemma 3.7. Let m ≥ 2, g : C ′
m → C ′

2 theR-embedding of Lemma 2.3, and K anR-dioid. There is
anR-embedding · : K ⊗RC

′
m → K ⊗RC

′
2, given by

[R] =
∑
{ a · g(b) | (a, b) ∈ R } for R ∈ R(K × Cm),

which maps ZC′
m
(K ⊗RC

′
m) to ZC′

2
(K ⊗RC

′
2); for m = 2, it is the identity on ZC′

2
(K ⊗RC

′
2).
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Proof:
Let · be the induced injectiveR-morphism h(f×g) for the embeddings f = IdK and g : C ′

m → C ′
2 in

K1 K1⊗RC
′
m C ′

m

K K ⊗RC
′
2 C ′

2.

⊤′
1

f h(f×g)

⊤′
2

g

⊤1 ⊤2

according to Corollary 2.8. For R ∈ R(K × C ′
m), the element [R]′ ∈ K ⊗RC

′
m is mapped to

[R]′ = [(f×g)(R)] =
∑
{ f(a)⊗ g(b) | (a, b) ∈ R }.

By Theorem 2.11 (i), each element of ZC′
m
(K ⊗RC

′
m) is the congruence class [R]′ of some relation

R ∈ R(K × C ′
m) with R ⊆ K × {0, 1}. Since g(0) = 0 and g(1) = 1, we have [(f×g)(R)] = [R].

Hence · restricts to an R-morphism · : ZC′
m
(K ⊗RC

′
m)→ ZC′

2
(K ⊗RC

′
2). For m = 2, this is the

identity on ZC′
2
(K ⊗RC

′
2), since ⊤1 = ⊤′

1, ⊤2 = ⊤′
2 and IdK× g leaves R fixed. ⊓⊔

Corollary 3.8. (Reduced Normal Form)
Let K be a non-trivial R-dioid without zero divisors. Let φ = SA∗F ∈ K ⊗RC

′
2 with A = U +

X + V and n, S, F, U,X, V and N as in Theorem 3.5. If φ ∈ ZC′
2
(K ⊗RC

′
2), then φ = SNF .

Proof:
Suppose φ = SA∗F ∈ ZC′

2
(K ⊗RC

′
2). Since φ is a finite sum of entries of A∗, by Corollary 2.12,

all summands belong to ZC′
2
(K ⊗RC

′
2). Therefore, φ = SA∗F = SNF is shown if for all i, j < n

A∗
i,j ∈ ZC′

2
(K ⊗RC

′
2) =⇒ A∗

i,j = Ni,j . (8)

Let · : K ⊗RC
′
2 → K ⊗RC

′
2 be the R-morphism of Lemma 3.7 On ZC′

2
(K ⊗RC

′
2), it is the

identity. Applying · entrywise to matrices we get

A∗ = (NV )∗N(UN)∗

= (NV )∗N(UN)∗

= (NV )∗N(UN)∗.

Notice U ∈ {0, b, p}n×n = {0, bp, bp2}n×n and V ∈ {0, d, q}n×n = {0, qd, q2d}n×n. By Lemma 2.3
and b, d as diagonal matrices, bV = 0 = Ud, so b(NV ) = NbV = 0 = UdN = (UN)d, hence
b(NV )∗ = b and (UN)∗d = d. For (A∗)i,j ∈ ZC′

2
(K ⊗RC

′
2) this gives

(A∗)i,j = (A∗)i,j = b(A∗)i,jd

= (bA∗d)i,j = (b(NV )∗N(UN)∗d)i,j

= (bNd)i,j

= Ni,j .

We thus have shown (8). ⊓⊔
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Notice that in the useful cases where K = RM for a monoid M , indeed K is non-trivial and has
no zero divisors.

In the special case of ZC′
m
(RX∗⊗RC

′
m), the elements of the centralizer of C ′

m have previously
been chararcterized as follows:

Theorem 3.9. (Corollary 28 of [11])
For m > 2 and φ ∈ RX∗⊗RC

′
m, we have φ ∈ ZC′

m
(RX∗⊗RC

′
m) iff there is a regular expression

r over X ∪̇ (∆m \ {p0, q0}) such that φ = p0rq0.

To prove this, one codes the m > 2 bracket pairs by the two pairs p1, q1 and p2, q2 to get a regular
expression r in pi = p1p

i+1
2 and qj = qj+1

2 q1, and then has p0, q0 as a fresh bracket pair to eliminate
the unbalanced strings using p0rq0. One can do the same for m = 2:

We have φ ∈ ZC′
2
(RX∗⊗RC

′
2) iff there is a regular expression r over X ∪̇ ∆2 with p0

only as part of p0p1 and q0 only as part of q1q0, such that φ = p0rq0.

For any m ≥ 2, the first normal form theorem 3.5 holds as well with C ′
m instead of C ′

2. If the
automaton ⟨S,A, F ⟩ for φ has no transitions under p0 and q0, then φ 7→ p0φq0 is a projection on the
centralizer:

Corollary 3.10. Suppose φ = SA∗F ∈ K ⊗RC
′
m is represented by an automaton ⟨S,A, F ⟩ not

using p0, q0, i.e. U ∈ {0, p1, . . . , pm−1}n×n and V ∈ {0, q1, . . . , qm−1}n×n in A = U +X + V . If
S(NV )∗N(UN)∗F is the normal form of φ, then

p0φq0 = SNF ∈ ZC′
m
(K ⊗RC

′
m).

Proof:
By the assumption on U and V , for the diagonal matrix versions of p0, q0 we have p0V = 0 = Uq0,
and since N commutes with p0 and q0, we get p0(NV )∗ = p0 and (UN)∗q0 = q0. Hence

p0A
∗q0 = p0(NV )∗N(UN)∗q0 = p0Nq0 = N,

and thus p0φq0 = p0SA
∗Fq0 = Sp0A

∗q0F = SNF ∈ ZC′
m
(K ⊗RC

′
m). ⊓⊔

3.4. Second normal form

Corollary 3.10 can be extended by admitting that φ = SA∗F ∈ K ⊗RC
′
m is given by an automaton

⟨S,A, F ⟩whose transition matrixA contains transitions by q0p0 in addition to those by elements ofK
and ∆m \ {p0, q0}. This is useful to combine representations p0riq0 =

∑
Li of Li ∈ CX∗, i = 1, 2,

in RX∗⊗RC
′
2 to a representation p0r1q0p0r2q0 = (

∑
L1)(

∑
L2) =

∑
(L1L2) of L1L2, as will be

exemplified below.
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Theorem 3.11. (Second Normal Form)
LetK be anR-dioid,m ≥ 2 and φ ∈ K ⊗RC

′
m be given in matrix form φ = S(U+X+V +Wπ)∗F ,

where π = q0p0 and for some n ≥ 0,

S ∈ {0, 1}1×n,

F ∈ {0, 1}n×1,

X ∈ Kn×n,

W ∈ {0, 1}n×n,

U ∈ {0, p1, . . . , pm−1}n×n,

V ∈ {0, q1, . . . , qm−1}n×n.

Then there is a least solution N of y ≥ (UyV +X)∗ in Matn,n(K ⊗RC
′
m), and

p0φq0 = SN(WN)∗F ∈ ZC′
m
(K ⊗RC

′
m).

Proof:
Let A = U +X +V . By Theorem 3.5, there is N = µy.(UyV +X)∗ ∈ (ZC′

m
(K ⊗RC

′
m))n×n with

A∗ = (U +X + V )∗ = (NV )∗N(UN)∗.

As in the proof of Corollary 3.10, we obtain

p0A
∗q0 = p0(NV )∗N(UN)∗q0 = p0Nq0 = N,

and therefore in the Kleene algebra Matn,n(K ⊗RC
′
m), using identities (a + b)∗ = a∗(ba∗)∗ and

(ab)∗a = a(ba)∗ of Kleene algebra,

p0(A+Wπ)∗q0 = p0A
∗(WπA∗)∗q0

= p0A
∗(q0Wp0A

∗)∗q0

= p0A
∗q0(Wp0A

∗q0)
∗

= N(WN)∗ ∈ (ZC′
m
(K ⊗RC

′
m))n×n.

Because S,N,W and F commute with p0 and q0, it follows that

p0φq0 = Sp0(A+Wπ)∗q0F = SN(WN)∗F ∈ ZC′
m
(K ⊗RC

′
m).

Notice also that πφπ = q0p0φq0p0 = πp0φq0. ⊓⊔

Example 3.12. Consider φ = (ap1)
∗(q1b)

∗ ∈ K := R{a, b}∗⊗RC
′
2 of Example 3.6 and its automa-

ton ⟨S,A, F ⟩ with A = U +X+V and graph as shown in Figure 2. We have seen that p0φq0 =
∑
L

represents L = { anbn | n ∈ N } ∈ C{a, b}∗ in K. By Corollary 3.10, p0φq0 is the projection of φ
to the centralizer ZC′

2
K. Using π = q0p0, we claim that the projection of ψ = φπφ to the centralizer

represents LL in K, i.e. p0ψq0 =
∑

(LL) ∈ ZC′
2
K. To obtain an automaton ⟨S̃, Ã, F̃ ⟩ for ψ, connect

the graph of A with a copy of itself by an edge labelled by π, to get the graph of Ã shown in Figure 3.
The automaton of ψ is ⟨S̃, Ã, F̃ ⟩ and has 8 states, with initial state 1 coded by S̃1,1 = 1, accepting

state 7 coded by F̃7,1 = 1, and transition matrix Ã = Ũ + (X̃ + πW ) + Ṽ shown in Figure 4.
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1 3 5 7

2 4 6 8

1

a

π

q1

1

a q1p1 b p1 b

Figure 3. Graph of Ã



0 0 0 0 0 0 0 0

p1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 p1 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0


+



0 a 1 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 π 0 0 0

0 0 b 0 0 0 0 0

0 0 0 0 0 a 1 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 b 0


+



0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 q1 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 q1

0 0 0 0 0 0 0 0


.

Figure 4. Transition matrix Ã = Ũ + (X̃ + πW ) + Ṽ

ForN = µy.(ŨyṼ +X̃)∗ = p0(Ũp1+X̃+q1Ṽ )∗q0 ∈ (ZC′
2
(RX∗⊗RC

′
2))

8×8, the proof shows
that

(Ũ + X̃ + Ṽ )∗ = (NṼ )∗N(ŨN)∗,

p0(Ũ + X̃ + Ṽ )∗q0 = N,

p0(Ã)
∗q0 = N(WN)∗.

Since the graph of (Ũp1 + X̃ + q1Ṽ ) consists of two disconnected components isomorphic to that
of A of Figure 2 above, the matrix N obtained from its transitive reflexive hull is, using L̂ =
p0(ap

2
1)

∗(q21b)
∗q0 as in Example 3.6,

N = p0(Ũp1 + X̃ + q1Ṽ )∗q0 =



1 a L̂ aL̂ 0 0 0 0

0 1 L̂b L̂ 0 0 0 0

0 0 1 0 0 0 0 0

0 0 b 1 0 0 0 0

0 0 0 0 1 a L̂ aL̂

0 0 0 0 0 1 L̂b L̂

0 0 0 0 0 0 1 0

0 0 0 0 0 0 b 1


.
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The matrix W is the boolean 8× 8-matrix with 1 only at W3,5, so

p0(Ã
∗)q0 = N(WN)∗

= N



0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 1 a L̂ aL̂

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0



∗

= N



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 1 a L̂ aL̂

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1



=



1 a L̂ aL̂ L̂ aL̂ L̂L̂ L̂aL̂

0 1 L̂b L̂ L̂b L̂ba L̂bL̂ L̂baL̂

0 0 1 0 1 a L̂ aL̂

0 0 b 1 b ba bL̂ baL̂

0 0 0 0 1 a L̂ aL̂

0 0 0 0 0 1 L̂b L̂

0 0 0 0 0 0 1 0

0 0 0 0 0 0 b 1


.

Hence p0ψq0 = p0S̃Ã
∗F̃ q0 = p0(Ã

∗)1,7q0 = (N(WN)∗)1,7 = L̂L̂. As shown in Example 2.9,

L̂ = p0(ap
2
1)

∗(q21b)
∗q0 = p0(ap1)

∗(q1b)
∗q0 = p0φq0 =

∑
L ∈ ZC′

2
K,

and since ZC′
2
K is a C-dioid by Theorem 2.11 (ii), L̂L̂ = (

∑
L)(
∑
L) =

∑
(LL). So, p0ψq0 =

p0φq0p0φq0 represents LL in K. This can also be seen using ∗-continuity as in Example 2.9. ◁

4. Combining normal forms by Kleene algebra operations

We here show that normal forms for elements of K ⊗RC
′
2 can be defined directly by induction on the

regular operations, using the representation by automata only implicitly.

Theorem 4.1. Let K be anR-dioid. For every φ ∈ K ⊗RC
′
2 there are n ≥ 1, S ∈ B1×n, F ∈ Bn×1,

U ∈ {0, p0, p1}n×n, V ∈ {0, q0, q1}n×n, and N ∈ (ZC′
2
(K ⊗RC

′
2))

n×n such that

φ = S(NV )∗N(UN)∗F.

Moreover, N is the least solution of y ≥ (UyV +N)∗ in Matn,n(ZC′
2
(K ⊗RC

′
2)).
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Proof:
For the second claim, we only showN ≥ (UNV +N)∗, since any y ≥ (UyV +N)∗ is aboveN . The
first claim is shown by induction on φ, choosing S,U,N, V, F from an implicit automaton ⟨S,A, F ⟩
for φ = SA∗F (cf. Theorem 2.15) with A = U +X + V and N = µy.(UyV +X)∗.

φ ∈ {0, 1}: Put n = 1, U = V = (0) and F = N = (1). Then (UNV +N)∗ ≤ N and

(NV )∗N(UN)∗ = (0)∗N(0)∗ = N = (1).

We have S(NV )∗N(UN)∗F = φ if we take S = (0) for φ = 0 and S = (1) for φ = 1.

In the remaining cases, this instance of the recursion formula (6) for matrix iteration is used often:(
A B

0 D

)∗

=

(
A∗ A∗BD∗

0 D∗

)
. (9)

For the remaining generators, i.e. the images in K ⊗RC
′
2 of k ∈ K or p0, p1, q0, q1 ∈ C ′

2, let
n = 2 and S,U,N, V, F as shown below.

φ = k ∈ K: Here,

S(NV )∗N(UN)∗F

=
(
1 0

)((1 k

0 1

)(
0 0

0 0

))∗(
1 k

0 1

)((
0 0

0 0

)(
1 k

0 1

))∗(
0

1

)

=
(
1 0

)(1 k

0 1

)(
0

1

)
= k = φ.

By (9), (UNV +N)∗ = N∗ = N .

φ ∈ {pi, qi}: If φ is an opening bracket pi, or, respectively, a closing bracket qi, let U,N, V be(
0 pi

0 0

)
,

(
1 0

0 1

)
,

(
0 0

0 0

)
, respectively

(
0 0

0 0

)
,

(
1 0

0 1

)
,

(
0 qi

0 0

)
.

Then, using S and F as for φ = k above, S(NV )∗N(UN)∗F = SU∗F = SUF = pi and,
respectively, S(NV )∗N(UN)∗F = SV ∗F = SV F = qi.

For φ among φ1 + φ2, φ1 · φ2, and φ+
1 , suppose that for i = 1, 2, by induction we have ni ≥ 1

and Si, Ui, Vi, Fi and Ni such that φi = Si(NiVi)
∗Ni(UiNi)

∗Fi and Ni = µy.(UiyVi +Ni)
∗.
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φ = φ1 + φ2: Let n = n1 + n2 and S,U,N, V, F as shown in

S(NV )∗N(UN)∗F

=
(
S1 S2

)((N1 0

0 N2

)(
V1 0

0 V2

))∗(
N1 0

0 N2

)((
U1 0

0 U2

)(
N1 0

0 N2

))∗(
F1

F2

)

=
(
S1 S2

)((N1V1)
∗ 0

0 (N2V2)
∗

)(
N1 0

0 N2

)(
(U1N1)

∗ 0

0 (U2N2)
∗

)(
F1

F2

)

=
(
S1 S2

)((N1V1)
∗N1(U1N1)

∗ 0

0 (N2V2)
∗N2(U2N2)

∗

)(
F1

F2

)
= S1(N1V1)

∗N1(U1N1)
∗F1 + S2(N2V2)

∗N2(U2N2)
∗F2

= φ1 + φ2.

For the second claim, from (UiNiVi +Ni)
∗ ≤ Ni we obtain

(UNV +N)∗ =

(
U1N1V1 +N1 0

0 U2N2V2 +N2

)∗

≤

(
N1 0

0 N2

)
= N.

φ = φ1 · φ2: Notice that entries of N1F1S2N2 belong to the centralizer, and if z is an n1×n2 matrix
of elements x of the centralizer, so is U1zV2, because its entries are 0 or sums of elements
pixqj = x · δi,j , which belong to the centralizer. Hence, f(z) = N1U1zV2N2 + N1F1S2N2

defines a monotone map

f : (ZC′
2
(K ⊗RC

′
2))

n1×n2 → (ZC′
2
(K ⊗RC

′
2))

n1×n2 ,

By Theorem 2.11 (ii), ZC′
2
(K ⊗RC

′
2) is a C-dioid, hence a Chomsky algebra, so f has a least

pre-fixpoint α, i.e. the system of n1n2 polynomial inequations

z ≥ N1U1zV2N2 +N1F1S2N2 (10)

has α as least solution3. Let n = n1 + n2 and S,U,N, V, F as in

S(NV )∗N(UN)∗F

=
(
S1 0

)((N1 α

0 N2

)(
V1 0

0 V2

))∗(
N1 α

0 N2

)((
U1 0

0 U2

)(
N1 α

0 N2

))∗(
0

F2

)
3 The entries of α can be given as regular µ-terms from the polynomials of (10), as shown in [10], or as regular expressions
in the parameters of (10) and the brackets of C′

2, by a method presented in Theorem 15 and Example 6 of [11]. Alternatively,
by Lemma 3.3, using A = U1p+X1 + qV1 and D = U2p+X2 + qV2 with automaton ⟨Si, Ui +Xi + Vi, Fi⟩ for φi,

N = b(Up+X + qV )∗d = b

(
A F1S2

0 D

)∗

d = b

(
A∗ A∗F1S2D

∗

0 D∗

)
d =

(
N1 bA∗F1S2D

∗d

0 N2

)
,

so we also have α = bA∗F1S2D
∗d, but it is not obvious that this is a matrix of elements from the centralizer.
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=
(
S1 0

)(N1V1 αV2

0 N2V2

)∗(
N1 α

0 N2

)(
U1N1 U1α

0 U2N2

)∗(
0

F2

)

=
(
S1 0

)((N1V1)
∗ (N1V1)

∗αV2(N2V2)
∗

0 (N2V2)
∗

)(
N1 α

0 N2

)
(
(U1N1)

∗ (U1N1)
∗U1α(U2N2)

∗

0 (U2N2)
∗

)(
0

F2

)

=
(
S1(N1V1)

∗ S1(N1V1)
∗αV2(N2V2)

∗
)(N1 α

0 N2

)(
(U1N1)

∗U1α(U2N2)
∗F2

(U2N2)
∗F2

)
= S1(N1V1)

∗[N1(U1N1)
∗U1α+ α+ αV2(N2V2)

∗N2](U2N2)
∗F2.

By [10], the µ-continuity of ZC′
2
(K ⊗RC

′
2) lifts to the matrix level, so

α =
∑
{ (N1U1)

k(N1F1S2N2)(V2N2)
k | k ∈ N }

=
∑
{N1(U1N1)

kF1S2(N2V2)
kN2 | k ∈ N }

and

S(NV )∗N(UN)∗F

= S1(N1V1)
∗[N1(U1N1)

∗U1α+ α+ αV2(N2V2)
∗N2](U2N2)

∗F2

=
∑
{S1(N1V1)

∗N1(U1N1)
∗U1N1(U1N1)

kF1S2(N2V2)
kN2(U2N2)

∗F2 | k ∈ N }

+
∑
{S1(N1V1)

∗N1(U1N1)
kF1S2(N2V2)

kN2(U2N2)
∗F2 | k ∈ N }

+
∑
{S1(N1V1)

∗N1(U1N1)
kF1S2(N2V2)

kN2V2(N2V2)
∗N2(U2N2)

∗F2 | k ∈ N }

=
∑
{S1(N1V1)

∗N1(U1N1)
kF1S2(N2V2)

lN2(U2N2)
∗F2 | k, l ∈ N }

= S1(N1V1)
∗N1(U1N1)

∗F1 · S2(N2V2)
∗N2(U2N2)

∗F2

= φ1 · φ2.

For the second claim,

(UNV +N)∗ =

(
U1N1V1 +N1 U1αV2 + α

0 U2N2V2 +N2

)∗

=

(
N1 N1(U1αV2 + α)N2

0 N2

)
.

Since NiNi ≤ N∗
i ≤ Ni, we have N1αN2 ≤ α = N1U1αV2N2, hence (UNV +N)∗ ≤ N .

φ = φ+
1 : Let n, S, U, V, F be n1, S1, U1, V1, F1. Since N1 is the least solution of y ≥ (UyV +N1)

∗,
by Theorem 3.2 (N1V )∗N1(UN1)

∗ = A∗
1 for A1 = U +N1 + V , so φ1 = SA∗

1F . Then

S(A1 + FS)∗F = SA∗
1(FSA

∗
1)

∗F = SA∗
1F (SA

∗
1F )

∗ = φ1φ
∗
1 = φ+

1 .
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By Lemma 3.3, y ≥ (UyV +N1+FS)
∗ has a least solutionN , andN ∈ (ZC′

2
(K ⊗RC

′
2))

n×n.
Using Theorem 3.2 again,

S(NV )∗N(UN)∗F = S(U +N1 + FS + V )∗F = S(A1 + FS)∗F = φ+.

For the second claim, by definition of N we have N = (UNV +N1 + FS)∗, so

(UNV +N)∗ ≤ (UNV + (UNV +N1 + FS)∗)∗

= (UNV + UNV +N1 + FS)∗ ≤ N.

The case φ∗
1 is treated via φ∗

1 = 1 + φ+
1 . ⊓⊔

5. Bra-ketR-dioids Cm and the completeness property

The bra-ket R-dioid Cm is the quotient R∆∗
m/ρm of R∆∗

m by the R-congruence ρm generated by
the relations

{ piqj = δi,j | i, j < m } ∪ {q0p0 + . . .+ qm−1pm−1 = 1}.
While the match equations can be interpreted in monoids with an annihilating element 0, such as the
polycyclic monoid P ′

m, the completeness equation 1 =
∑

i<m qipi is a semiring equation.
The name bra-ket R-dioid comes by analogy to a notation in quantum mechanics, where a quan-

tum state is represented by a vector ψ of a Hilbert space H, written |ψ⟩ and called a ket. Elements f
of the dual space H∗ of (continuous) linear functions on H can uniquely be represented by elements
φ ∈ H, via f(ψ) = ⟨φ,ψ⟩ for all ψ ∈ H, where ⟨·, ·⟩ : H×H → F is the inner product on H to the
underlying field F . The element ofH∗ represented by φ is written ⟨φ| and called a bra.

SupposeH has finite dimenson m and let |0⟩, . . . , |m− 1⟩ be a basis ofH of unit column vectors
and ⟨0|, . . . , ⟨m− 1| a basis ofH∗ of unit row vectors. If the application of ⟨i| = (i0, . . . , im−1) ∈ H∗

to the vector |j⟩ with row values j0 = δ0,j . . . , jm−1 = δm−1,j is written as juxtaposition, we get the
bracket match- and mismatch equation for the inner product,

⟨i||j⟩ = ⟨i, j⟩ =
∑
{ ikjk | k < m } = δi,j .

The outer product |j⟩⟨i| of qj and pi is a linear operator onH and represented by the m×m matrix

|j⟩⟨i| =
(
jkil
)
.

In particular, |i⟩⟨i| is a projection to the subspace spanned by |i⟩ and represented by the m×m-matrix
with 1 on the i-th position on the diagonal and 0 otherwise. The combination of the projections gives
the identity operator

|0⟩⟨0|+ . . .+ |m− 1⟩⟨m− 1| = 1,

represented by the unit matrix of dimension m, corresponding to the completeness equation. This
interpretation of ⟨i||j⟩ and |j⟩⟨i| has to be combined with an interpretation of |i⟩|j⟩ as a tensor in the
2-particle space H ⊗ H. Here, opening and closing brackets are interpreted by different kinds of
objects and strings of brackets are interpreted in several ways. A uniform interpretation of brackets
and bracket concatenation is given below.
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5.1. The bra-ketR-dioid Cm and matrix algebras

For applications to context-free languages L ⊆ X∗, the R-dioids Cm and C ′
m as factors C of

RX∗⊗RC arise by an interpretation of brackets pi as pushing and qi as popping symbol i from a
stack. Then piqi leaves the stack unchanged, piqj for j ̸= i aborts the computation, and qipi succeeds
iff i is on top of the stack. The completeness equation

∑
i<m qipi = 1 of Cm says that one of the

symbols i < m is always on top of the stack (including 0 as end marker). This originally seemed
necessary to have ZC(RX∗⊗RC) be isomorphic to the C-dioid of context-free languages over X∗,
but as shown in [11], C = C ′

m is sufficient.
More precisely, a uniform interpretation of brackets as binary relations on a countably infinite set

and bracket concatenation as relation product, i.e. an interpretation of Cm in Matω,ω(B), is as follows:

Example 5.1. Let e0, e1, . . . be the unit vectors of size ω×1 and et0, e
t
1, . . . their transposed vectors of

size 1× ω. Each eketl is a boolean square matrix of dimension ω, representing the relation {(k, l)} ⊆
ω × ω, and so, for i, j < m, we can interpret brackets pi and qj in Bω×ω by

pi =
∑
k<ω

eke
t
mk+i, qj =

∑
k<ω

emk+je
t
k,

representing the relations { (k,mk + i) | k ∈ N } and { (mk + j, k) | k ∈ N }, respectively.
Concatenation of brackets is boolean matrix multiplication, corresponding to relation composition, so

piqj = δi,j

holds, with 0 and 1 for the zero and unit square matrices of dimension ω. The matrix qipi represents
the subrelation { (mk + i,mk + i) | k ∈ N } of the identity, so the completeness equation∑

i<m

qipi = 1

also holds. In a similar spirit, one can think of Γ = {0, . . . ,m− 1} as a stack alphabet, Γ∗ as the set
of possible stack contents w (with top of the stack on the left), and let pi be the graph of the operation
“push symbol i”, qi the graph of “pop symbol i”, · the relation product, + the union of relations, 0 the
empty relation and 1 the identity relation on Γ∗. Then clearly piqj = δi,j holds, but, since one cannot
pop from the empty stack ϵ, e :=

∑
i<m qipi is the identity relation on the non-empty stack Γ+ only,

so e < 1 = e + {(ϵ, ϵ)}. To obtain e = 1, one can treat 0 as a special symbol, pad all stack contents
w ∈ Γ∗ by an ω-sequence of 0’s to w0ω, and interpret the operations as binary relations on the new
stack Γ∗0ω. ◁

A remarkable consequence of the completeness equation is the following:

Theorem 5.2. Cm is isomorphic to its own matrix Kleene algebra Matm,m(Cm).

Proof:
Define ·̂ : Cm → Matm,m(Cm) and ·̌ : Matm,m(Cm)→ Cm by

âij := piaqj for a ∈ Cm, and Ǎ =
∑
i,j<m

qiAijpj for A ∈ Matm,m(Cm).
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These maps are inverse to each other, because for a ∈ Cm and A ∈ Matm,m(Cm),

ˇ̂a =
∑
i,j

qiâijpj =
∑
i,j

qipiaqjpj = (
∑
i

qipi)a(
∑
j

qjpj) = a,

(Ǎ)̂kl = (
∑
i,j

qiAijpj )̂kl = pk(
∑
i,j

qiAijpj)ql = pkqkAklplql = Akl.

Let 0m be the zero and 1m the unit matrix of dimension m×m. Clearly, ·̂ is a semiring morphism, by

0̂ =
(
pi0qj

)
= 0m,

1̂ =
(
pi1qj

)
=
(
δij
)
= 1m,

â+ b̂ =
(
piaqj

)
+
(
pibqj

)
=
(
pi(a+ b)qj

)
= â+ b,

â · b̂ =
(∑

k

piaqkpkbqj
)
=
(
pia(

∑
k

qkpk)bqj
)
=
(
piabqj

)
= âb .

We leave it to the reader to check that the inverse ·̌ also is a semiring morphism. Since they preserve
+, these maps are monotone and order isomorphisms. To see that they are Kleene algebra morphisms,
let a ∈ Cm and A ∈ Matm,m(Cm). Then a∗ = µx.ga(x) and A∗ = µx.hA(x) are the least pre-
fixpoints of the monotone maps ga : Cm → Cm and hA : Matm,m(Cm)→ Matm,m(Cm) defined by
ga(x) = ax+ 1 and hA(x) = Ax+ 1m. For f = ·̂ : Cm → Matm,m(Cm) we have

(f ◦ ga)(x) = âx+ 1 = âx̂+ 1̂ = (hâ ◦ f)(x).

It follows that
â∗ = f(µx.ga(x)) = µx.hâ(f(x)) = â∗.

Likewise, for the inverse f−1 = ·̌ : Matm,m(Cm)→ Cm we have

(f−1 ◦ hA)(x) = (Ax+ 1m)̌ = Ǎx̌+ 1 = (gǍ ◦ f
−1)(x),

which implies (A∗)̌ = Ǎ∗. ⊓⊔

Corollary 5.3. The Kleene subalgebra of Cm generated by { qipj | i, j < m } is isomorphic to
Matm,m(B). Moreover, Cm ≃ Cm⊗R Matm,m(B).

Proof:
Let E(i,j) be the m ×m boolean matrix with 1 only at position (i, j). The first claim holds since the
isomorphism ·̌ : Matm,m(Cm) → Cm maps a generator E(i,j) of Matm,m(B) to qipj . The second
claim follows from Cm ≃ Matm,m(Cm) and Proposition 2.14. ⊓⊔

Similar to Lemma 2.3, we can code Cm in C2 for m > 2:
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Proposition 5.4. Form > 2 there is an embeddingR-morphism g : Cm → C2 such that for i, j < m,

g(pi) · g(qj) = δi,j and g(
∑
i<m

qipi) = 1,

writing pi and qj for the congruence classes {pi}/ρm and {qj}/ρm in Cm.

Proof:
Let ρm be theR-congruence onR∆∗

m generated by the match- and completeness equations forR∆m

and ρ2 the corresponding R-congruence on R∆∗
2. Writing again ∆2 = {b, p, d, q}, we modify the

coding · of ∆m in ∆∗
2 of Lemma 2.3 by putting

pi =

{
bpi, i < m− 1

pi, i = m− 1
and qi =

{
qid, i < m− 1

qi, i = m− 1.

This extends to a homomorphism from ∆∗
m to ∆∗

2 and lifts to an R-morphism · : R∆∗
m → R∆∗

2.
Clearly, the match equations pi qj = δi,j for i, j < m hold in C2 = R∆∗

2/ρ2. In C2, we have
1 = db+ qp = q0p0 + q1p1, and since for 1 ≤ i < m− 1

qipi = qi(db+ qp)pi = qidbpi + qiqppi = qipi + qi+1pi+1,

it follows that
1 = q0p0 + q1p1 =

∑
i<m−1

qipi + qm−1pm−1 =
∑
i<m

qipi.

So the completeness equation ofCm also holds under the coding inC2. Hence a map g : R∆∗
m/ρm →

R∆∗
2/ρ2 is well-defined by g(A/ρm) = A/ρ2 for A ∈ R∆∗

m. As in Lemma 2.3, it is anR-morphism
and satisfies g(pi) · g(qj) = δi,j and 1 = g(

∑
i<m qipi). (But the additional property p0 · g(qi) = 0 =

g(pi) · q0 of Lemma 2.3 only holds for i > 0, since p0q0 = bq0d = 1 = bp0d = p0q0 in C2.)
To see that g is injective, first notice that · : R∆∗

m → R∆∗
2 is injective: any w ∈ ∆∗

2 in the
image of · can uniquely be parsed into a word of {p0, . . . , pm−1, q0, . . . , qm−1}∗, so there is a unique
v ∈ ∆∗

m with w = v. It is therefore sufficient to show

for all A,B ∈ R∆∗
m(Aρ2,nB ⇒ A/ρm = B/ρm), (11)

where ρ2,n is the n-th stage of the inductive definition of ρ2. This is done by induction on n. If
Aρ2,0B, either A = B, in which case A = B, or Aρ2,0B is a match equation or the completeness
equation of ρ2, in which case (A,B) is the corresponding match or completeness equation of ρm,
so A/ρm = B/ρm. If Aρ2,n+1B is obtained by symmetry from B ρ2,nA or by transitivity from
Aρ2,nC and C ρ2,nB, the claim follows from symmetry resp. transitivity of ρm.

If Aρ2,n+1B is obtained from A1 ρ2,nB1 and A2 ρ2,nB2 by A = A1A2 and B = B1B2, then

A/ρm = (A1A2)/ρm = A1/ρmA2/ρm = B1/ρmB2/ρm = (B1B2)/ρm = B/ρm

by induction. The argument is similar if A = A1 ∪A2 and B = B1 ∪B2.
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Suppose
⋃
U ′ ρ2,n+1

⋃
V ′, where U ′, V ′ ∈ R(R∆∗

2) contain only regular sets of words in the
image of · : ∆∗

m → ∆∗
2 and (U ′/ρ2)

↓ = (V ′/ρ2)
↓ in stage n. As these regular sets of words are

also regular sets of words over ∆m, there are U, V ∈ R(R∆∗
m) such that U ′ = {A | A ∈ U },

V ′ = {B | B ∈ V }, and for each A ∈ U there is B ∈ V with A ∪ B ρ2,nB and for each B ∈ V
there is A ∈ U with B ∪ Aρ2,nA. By induction, A ∪B = A ∪ B ρ2,nB implies A/ρm ≤ B/ρm
and B ∪ Aρ2,nA implies B/ρm ≤ A/ρm, so that (U/ρm)↓ = (V/ρm)↓ and therefore

⋃
U/ρm =⋃

U/ρm. Since
⋃
U ′ =

⋃
U and

⋃
V ′ =

⋃
V , the claim is proven. ⊓⊔

5.2. Relativizing the completeness property

Let m ≥ 2 and e :=
∑

i<m qipi. For the tensor product K ⊗RCm of an R-dioid K and Cm, the
completeness equation e = 1 can be used to show that every element of the centralizer of Cm is the
least upper bound of some context-free subset of K, i.e. that∑

: CK → ZCm(K ⊗RCm)

is surjective. Also, Lemma 3.3 is a bit easier to prove for C2 than for C ′
2, as we can use db ≤ 1 to

prove NN ≤ N in Claim 3.3. We do not go into this here, but observe that in suitable contexts, e = 1
in a sense holds in the polycyclic algebras C ′

m as well. For example, as pie = pi for pi ∈ Pm and
eqj = qj for qj ∈ Qm, in C ′

m we have

p0eq0 = p0q0 = 1 = p01q0.

This can be generalized to a relativized form of the completeness property. Basically, for any regular
expression φ(x) in an unknown x, elements of K and brackets of C ′

m other than p0, q0, the two
elements φ(e), φ(1) ∈ K ⊗RC

′
m are suprema of regular sets that differ only by elements from the

centralizer ZC′
m
(K ⊗RC

′
m) weighted by factors from {q1, . . . , qm−1}∗{p1, . . . , pm−1}∗ \ {1}, and

these reduce to 0 in the context p0 . . . q0 of a fresh pair of brackets.

Theorem 5.5. (Relative Completeness)
Let K be an R-dioid. For any φ(x) = φ(π, p1, . . . , pm−1, q1, . . . , qm−1, x) ∈ (K ⊗RC

′
m)[x] in

which p0 and q0 occur only in π = q0p0,

p0φ(e)q0 = p0φ(1)q0 and p0φ(1)q0 ∈ ZC′
m
(K ⊗RC

′
m).

Proof:
Let φ(x) = S(A+Wπ)∗F be given by an automaton ⟨S,A+Wπ,F ⟩, whereA = U+X+V +Y x,
S,U,X, V,W,F and n are as in Theorem 3.11, and Y ∈ {0, 1}n×n. Then

p0φ(x)q0 = p0S(A+Wπ)∗Fq0 = Sp0(A+Wπ)∗q0F.

Recall that on the right and in the following, pi and qj are identified with corresponding diagonal
matrices of dimension n. As in the proof of Theorem 3.11,

p0(A+Wπ)∗q0 = p0A
∗q0(Wp0A

∗q0)
∗.
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It is sufficient to show that p0A∗q0 does not depend on the choice of x ∈ {1, e}. Using α = U+X+V ,

p0A
∗q0 = p0(α+ Y x)∗q0 = p0α

∗(Y xα∗)∗q0.

Let N ∈ (ZCm(K ⊗RCm))n×n be as in Theorem 3.11, so that with ∗-continuity on the matrix level,

α∗ = (U +X + V )∗ = (NV )∗N(UN)∗

=
∑
{ (NV )kN(NU)l | k, l ∈ N }.

There are Ui, Vj ∈ Bn×n such that U =
∑

0<i<m Uipi and V =
∑

0<j<m qjVj . As the qj and pi
commute with N and boolean matrices,

(NV )kN(UN)l = (
∑

0<j<m

qjNVj)
kN(

∑
0<i<m

UiNpi)
l

=
∑

0<j1,...,jk,i1,...,il<m

qj1 · · · qjkpil · · · pi1NVj1 · · ·NVjkNUilN · · ·Ui1N.

Let P = Pm \ {p0} and Q = Qm \ {q0}. For v = qj1 · · · qjk ∈ Q∗ and u = pil · · · pi1 ∈ P ∗, put

Nvu = NVj1 · · ·NVjmNUilN · · ·Ui1N,

so that
α∗ =

∑
{ (NV )kN(UN)l | k, l ∈ N } =

∑
{ vuNvu | u ∈ P ∗, v ∈ Q∗ }.

By ∗-continuity, it follows that

p0α
∗(Y eα∗)∗q0

=
∑
{ p0α∗(Y eα∗)kq0 | k ∈ N }

=
∑
{ p0v0u0Nv0u0 . . . Y evkukNvkuk

q0 | k ∈ N, u0, . . . , uk ∈ P ∗, v0, . . . , vk ∈ Q∗ }

=
∑
{ p0v0u0 . . . evkukq0Nv0u0 . . . Y Nvkuk

| k ∈ N, u0, . . . , uk ∈ P ∗, v0, . . . , vk ∈ Q∗ },

where the final step holds since the evi+1ui+1 commute with Nv0u0Y · · ·NviuiY .
To show p0α

∗(Y eα∗)∗q0 = p0α
∗(Y α∗)∗q0, it therefore is sufficient that e can be replaced by 1 in

the summands p0v0u0 . . . evkukq0Nv0u0 . . . Y Nvkuk
, i.e. that

p0v0u0ev1u1 . . . evkuk = p0v0u0v1u1 . . . vkuk. (12)

For k = 0, equation (12) is obvious. For 0 < k, put wj = v0u0 . . . vjuj and, by induction, assume

p0v0u0ev1u1 . . . evjuj = p0wj

for some j < k. Since wj ∈ Q∗P ∗ ∪ {0}, we distinguish three cases. If wj = 1, then p0wje =
p0e = p0 = p0wj , so p0wjevj+1uj+1 = p0wjvj+1uj+1 = p0wj+1. If wj ∈ Q+, then p0wj = 0, so
p0wjevj+1uj+1 = p0wj+1. If wj ∈ Q∗P+ ∪ {0}, then wje = wj , so p0wjevj+1uj+1 = p0wj+1.
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It follows that p0v0u0ev1u1 . . . evj+1uj+1 = p0wj+1, and by induction, (12). Thus we have shown
p0α

∗(Y eα∗)∗q0 = p0α
∗(Y α∗)∗q0 and thereby p0φ(e)q0 = p0φ(1)q0.

Moreover, since p0wkq0 ∈ {0, 1} for all k, p0α∗(Y α∗)∗q0 is the least upper bound of a regular set
of n× n-matrices over ZC′

m
(K ⊗RC

′
m). It follows that, for x = 1,

p0A
∗q0 = p0α

∗(Y α∗)∗q0 ∈ (ZC′
m
(K ⊗RC

′
m))

n×n
,

and therefore p0φ(1)q0 = Sp0A
∗q0(Wp0A

∗q0)
∗F ∈ ZC′

m
(K ⊗RC

′
m). ⊓⊔

It therefore seems that at least for applications to formal languages, where we can use a special pair
p0, q0 of brackets to annihilate words of {q1, . . . , qm−1}∗{p1, . . . , pm−1}∗, the completeness equation
is of little help.

6. Conclusion

The tensor productRX∗⊗RC
′
m of the algebraRX∗ of regular sets ofX∗ with the polycyclic Kleene

algebra C ′
m based on m ≥ 2 bracket pairs is a ∗-continuous Kleene algebra subsuming an isomorphic

copy of the algebra CX∗ of context-free sets of X∗, the centralizer ZC′
m
(RX∗⊗RC

′
m) of C ′

m.
We have investigated K ⊗RC

′
m for arbitrary ∗-continuous Kleene algebras K. Every element

φ ∈ K ⊗RC
′
m is the value SA∗F of an automaton ⟨S,A, F ⟩whose transition matrixA = U+X+V

splits into transitions by opening brackets (and 0’s) in U , transitions by elements of K in X , and tran-
sitions by closing brackets (and 0’s) in V . Our main result is a normal form theorem saying that
A∗ = (NV )∗N(UN)∗, where N is the least solution of y ≥ (UyV + X)∗ in Matn,n(K ⊗RC

′
m),

corresponding to Dyck’s language D ⊆ {U,X, V }∗ with bracket pair U, V , and N has entries in
ZC′

m
(K ⊗RC

′
m). If φ = SA∗F belongs to the centralizer of C ′

2 in K ⊗RC
′
2, and K has no zero

divisors, then SA∗F = SNF . It remains open whether the non-existence of zero divisors is a neces-
sary assumption. These normal forms generalize a simpler normal form for elements of the polycyclic
monoid P ′

m[X].
Our main result had been obtained earlier (unpublished) by the first author with the bra-ket Kleene

algebra Cm instead of C ′
m. For the brackets p0, . . . , qm−1, we no longer need the completeness equa-

tion 1 = q0p0 + . . . + qm−1pm−1 of Cm, but only the match- and mismatch equations piqj = δi,j of
C ′
m. It is also shown that in the context p0 . . . q0, in K ⊗RC

′
m this equation can be assumed to hold.

The two sets of cases of greatest interest are specializations ofRM ⊗RC to the monoidsM = X∗

and M = X∗ × Y ∗ and to C = C ′
2 and C = C2. Applications, for M = X∗, include recognition of

languages over an alphabet of inputsX , while forM = X∗×Y ∗, they include parsing or translation of
languages overX , where Y may denote an alphabet of actions (such as parse tree building operations),
or an alphabet of outputs. With the results established here, we have laid a foundation for an algebraic
study of recognition, parsing and translation algorithms for context-free languages over X , that we
hope to analyze in greater depth in later publications.

In addition, given the close relation between C ′
2 and C2 and stack machines, it is natural to enquire

as to whether RM ⊗RC may provide a representation for 2-stack machine languages and relations,
where C = C ′

2⊗RC
′
2 or C = C2⊗RC2, and, thus, a basis for a calculus for recursively enumerable

languages and relations. We also hope to elaborate this in a future publication.
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7. Appendix

We here complete the proof of Lemma 2.6 by showing that ≡⊆ P . We repeat that P (R,S) is

∀(x, y), (a, b), (a′, b′)[(a, b)R(a′, b′) \ Z ⪯ (x, y) ⇐⇒ (a, b)S(a′, b′) \ Z ⪯ (x, y)], (13)

where Z = { (a, b) ∈ K1 ×K2 | a = 0 or b = 0 } and R ⪯ (x, y) says that (x, y) is an upper bound
of R ⊆ K1 ×K2.

Proof:
Let ≡n be the n-th stage in the inductive definition of ≡, where ≡0 consists of those (R,S) where
R = S or where they are a tensor product equation, i.e.R = A×B and S = {(

∑
A,
∑
B)} for some

A ∈ RK1, B ∈ RK2, and≡n+1 adds pairs to≡n by the closure conditions for symmetry, transitivity,
sum, product and supremum. To prove ≡⊆ P , it is sufficient to show ≡n⊆ P by induction on n.

Suppose R ≡0 S. If R = S, then P (R,S) is clear, since P is reflexive. Otherwise, R ≡0 S
is a tensor product equation, i.e. there are A ∈ RK1 and B ∈ RK2 such that R = A × B and
S = {(

∑
A,
∑
B)}. Let (x, y), (a, b), (a′, b′) ∈ K1 ×K2. To show

(a, b)(A×B)(a′, b′) \ Z ⪯ (x, y) ⇐⇒ (a, b){(
∑

A,
∑

B)}(a′, b′) \ Z ⪯ (x, y), (14)

we first observe that, since for a rectangle A′ ×B′ ⊆ K1 ×K2,

A′ ×B′ ⊆ Z ⇐⇒ A′ ⊆ {0} ∨B′ ⊆ {0},

either both sets (a, b)(A×B)(a′, b′) and (a, b){(
∑
A,
∑
B)}(a′, b′) are subsets of Z or both are not:

(a, b)(A×B)(a′, b′) ⊆ Z ⇐⇒ aAa′ ⊆ {0} ∨ bBb′ ⊆ {0}
⇐⇒

∑
aAa′ = 0 ∨

∑
bBb′ = 0

⇐⇒ (a(
∑

A)a′, b(
∑

B)b′) ∈ Z

⇐⇒ (a, b){(
∑

A,
∑

B)}(a′, b′) ⊆ Z.

If both of these sets are subsets of Z, then clearly (14) holds. Otherwise, both (a, b)(A×B)(a′, b′)\Z
and (a, b){(

∑
A,
∑
B)}(a′, b′) \ Z are non-empty. Since for rectangles A′ ×B′ ̸⊆ Z,

A′ ×B′ \ Z ⪯ (x, y) ⇐⇒ A′ ×B′ ⪯ (x, y),

the claim (14) is implied by the following:

(a, b)(A×B)(a′, b′) ⪯ (x, y) ⇐⇒ (aAa′ × bBb′) ⪯ (x, y)

⇐⇒ aAa′ ⪯ x ∧ bBb′ ⪯ y
⇐⇒

∑
aAa′ ≤ x ∧

∑
bBb′ ≤ y

⇐⇒ (a, b){(
∑

A,
∑

B)}(a′, b′) ⪯ (x, y).
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Suppose R ≡n+1 S is obtained from S ≡n R by the condition to close ≡ under symmetry. By
induction, P (S,R) holds, and since P is an equivalence relation, P (R,S) also holds.

Suppose R ≡n+1 S is obtained from R ≡n T and T ≡n S by the condition to close ≡ under
transitivity. By induction, P (R, T ) and P (T, S), and since P is an equivalence relation, P (R,S).

Suppose R1 ∪ R2 ≡n+1 S1 ∪ S2 is obtained from R1 ≡n S1 and R2 ≡n S2 by the condition to
close ≡ under union. By induction, P (R1, S1) and P (R2, S2), and hence, for all (a, b), (a′, b′) and
(x, y),

(a, b)(R1 ∪R2)(a
′, b′) \ Z ⪯ (x, y)

⇐⇒ (a, b)R1(a
′, b′) \ Z ⪯ (x, y) ∧ (a, b)R2(a

′, b′) \ Z ⪯ (x, y)

⇐⇒ (a, b)S1(a
′, b′) \ Z ⪯ (x, y) ∧ (a, b)S2(a

′, b′) \ Z ⪯ (x, y)

⇐⇒ (a, b)(S1 ∪ S2)(a′, b′) \ Z ⪯ (x, y),

which shows P (R1 ∪R2, S1 ∪ S2).
Suppose R1R2 ≡n+1 S1S2 is obtained from R1 ≡n S1 and R2 ≡n S2 by the condition to close

≡ under products. Let (a, b), (a′, b′), (x, y) ∈ K1 ×K2 and assume (a, b)R1R2(a
′, b′) \ Z ⪯ (x, y).

By induction, P (R1, S1), and hence, exploiting the universal quantification in (13),

(a, b)S1R2(a
′, b′) \ Z ⪯ (x, y).

Since, by induction, we also have P (R2, S2), this similarly gives (a, b)S1S2(a′, b′) \ Z ⪯ (x, y). In
the same way, from (a, b)S1S2(a

′, b′) \ Z ⪯ (x, y) one gets (a, b)R1R2(a
′, b′) \ Z ⪯ (x, y). Taken

together, this shows P (R1R2, S1S2).
Suppose

⋃
U ≡n+1

⋃
V comes from U ,V ∈ R(R(K1 ×K2)) with (U/≡)↓ = (V/≡)↓ in stage

n, i.e.
∀R ∈ U ∃S ∈ V(R ∪ S ≡n S) ∧ ∀S ∈ V ∃R ∈ U(S ∪R ≡n R),

by the condition to close ≡ under suprema. By induction,

∀R ∈ U ∃S ∈ V P (R ∪ S, S) ∧ ∀S ∈ V ∃R ∈ U P (S ∪R,R). (15)

Let (a, b), (a′, b′), (x, y) ∈ K1 ×K2, and assume (a, b)(
⋃
U)(a′, b′) \ Z ⪯ (x, y), i.e.

∀R ∈ U((a, b)R(a′, b′) \ Z ⪯ (x, y)).

To show (a, b)(
⋃
V)(a′, b′)\Z ⪯ (x, y), let S ∈ V . By (15), there is R ∈ U with P (S∪R,R), hence

(a, b)(S ∪R)(a′, b′) \ Z ⪯ (x, y) ⇐⇒ (a, b)R(a′, b′) \ Z ⪯ (x, y).

Since the right-hand side is true, we get (a, b)S(a′, b′)\Z ⪯ (x, y) from the left-hand side. This shows
∀S ∈ V((a, b)S(a′, b′) \ Z ⪯ (x, y)), i.e. (a, b)(

⋃
V)(a′, b′) \ Z ⪯ (x, y). The reverse implication

(a, b)(
⋃
U)(a′, b′) \ Z ⪯ (x, y)⇐ (a, b)(

⋃
V)(a′, b′) \ Z ⪯ (x, y)

is shown by a symmetric argument. Therefore, we have P (
⋃
U ,
⋃
V). ⊓⊔
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