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Abstract. Previous work has axiomatised the cardinality operation in relation algebras, which
counts the number of edges of an unweighted graph. We generalise the cardinality axioms to
Stone relation algebras, which model weighted graphs, and study the relationships between var-
ious axioms for cardinality. This results in simpler cardinality axioms also for relation algebras.
We give sufficient conditions for the representability of Stone relation algebras and for Stone
relation algebras to be relation algebras.
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1. Introduction

Relation algebras have been introduced by Tarski to algebraically describe properties of binary rela-
tions and capture a fragment of first-order logic [19]. Since binary relations are closely connected
to graphs, relation algebras have been used for studying graphs and graph algorithms [18]. For this
purpose, counting the number of vertices and edges is important and achieved by extending alge-
bras/categories of relations with a cardinality operation and suitable axioms [1, 10]. Stone relation
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algebras have been introduced in [4] to model weighted graphs; they generalise relation algebras
which capture only unweighted graphs.

This paper combines and continues the above lines of research by investigating how the cardi-
nality operation generalises from relation algebras to Stone relation algebras. It also studies the rep-
resentation of (Stone) relation algebras extended with a cardinality operation. A relation algebra is
representable if it is isomorphic to an algebra of binary relations with the usual relational operations.
Several sufficient conditions for representability are known [9, 12, 13, 15, 17, 20, 21], but it is open
whether relation algebras with a cardinality operation are representable. Section 4.4 contributes both
positive and negative answers to this question. The paper also gives a sufficient condition for the
representability of Stone relation algebras.

Cardinality and representability are treated together in this paper because both notions are linked
through the concept of atoms. In particular, the paper investigates a cardinality operation that counts
the number of atoms below each element. Requirements for the cardinality operation then affect prop-
erties of atoms; for example, see Theorem 13. On the other hand, it is known that certain postulates for
atoms provide sufficient conditions for a relation algebra to be representable. It is therefore a natural
question whether requirements for the cardinality operation make a relation algebra representable.

The main results of this paper are:

* Every Stone relation algebra satisfying an additional axiom can be represented by lattice-valued
matrices (Theorem 5). This is in line with previously known representations of Dedekind cate-
gories and relation algebras.

* Axioms of the cardinality operation for relation algebras can be used in Stone relation alge-
bras, but some of them need to be adjusted and different combinations of new axioms can be
considered (Figure 1).

* The operation that counts the number of atoms below an element satisfies most cardinality
axioms in atomic Stone relation algebras with finitely many atoms (Theorem 7). More generally,
this paper studies five conditions and identifies which of them are sufficient for each of the
cardinality axioms (Theorem 10 and Counterexample 3).

* Every simple and atomic Stone relation algebra with finitely many atoms and an additional
condition is a relation algebra (Theorem 12). This unexpected result affects the generalisation
of cardinality operations to Stone relation algebras.

* Every simple Stone relation algebra with finitely many atoms and a cardinality operation that
counts the number of atoms below an element is a relation algebra (Theorem 13). This, too,
affects the generalisation of cardinality to Stone relation algebras.

* There are equivalent, simpler formulations of two of the cardinality axioms in relation algebras
(Theorems 8 and 9). This considerably expands the search space for suitable axioms for Stone
relation algebras, where these formulations are no longer equivalent.

* In an atomic relation algebra with finitely many atoms, any operation satisfying the cardinality
axioms indeed counts the number of atoms below an element (Theorem 11). Hence counting
the number of atoms is a canonical form of cardinality operations in relation algebras.
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* Every simple and atomic relation algebra with finitely many atoms and a cardinality operation
is representable (Theorem 14).

* There is an atomic relation algebra with finitely many atoms and a cardinality operation that
does not satisfy typical sufficient conditions for representability (Counterexample 4). Still, this
counterexample is representable.

All theorems of this paper have been formally verified in Isabelle/HOL [16]; see [6] for these proofs.
The Isabelle/HOL theories also contain most of the counterexamples discussed in this paper. The
theories complement existing theories based on Stone relation algebras, which provide models of
weighted and unweighted graphs and correctness guarantees for graph algorithms.

2. Basic Definitions and Properties

In this section we define Stone relation algebras [4] and give basic properties. For further details about
relation algebras see, for example, [8, 14, 18, 19].

A bounded semilattice (S, L, 1) is a set S with an associative, commutative and idempotent binary
operation L and a constant L that is a unit of Ll. We write | | P for applying LI to the elements of
a finite non-empty set P C S. A bounded lattice (S,U,M, L, T) comprises bounded semilattices
(S,U, L) and (S,M, T) such that the absorption laws = U (z My) = = = z M (z U y) hold for
all z,y € S. A bounded distributive lattice is a bounded lattice S such that the distributivity law
xU(yMz) = (zUy) N (zUz) holds for all z,y,z € S. Distributivity of 1 over LI follows from
this. The lattice order is defined by x C y < x Ly = y for all z,y € S. A (distributive) p-algebra
(S,U, 1,7, L, T) is a bounded (distributive) lattice (.S, L,M, L, T) with a unary pseudocomplement
operation that satisfies z My = L < z C yforall z,y € S. A Stone algebra is a distributive
p-algebra S suchthatz LIz = T forall z € S.

A monoid (S, -,1) is a set S with an associative binary operation - and a constant 1 that is a left and
right unit of -. We abbreviate x - y as zy. An idempotent semiring (S,U, -, 1, 1) comprises a bounded
semilattice (5,0, L) and a monoid (S, -, 1) such that - distributes over LI and L is a zero of -. An
idempotent semiring with involution (S,1,-, 7, 1 1) is an idempotent semiring (S, LI, -, L, 1) with a
unary involution | that satisfies 7T = z and (xy)T =y'2" and (z U y)T = 2Ty forallz,y € S.
A Stone relation algebra (S,11,1,-,”, 7, L, T,1) comprises a Stone algebra (.5,1J,1,”, L, T) and an
idempotent semiring with involution (S,U,-, T, 1,1) suchthat T = 1 and Ty = Ty and 2y M 2z T
x(yMa'z)forall z,y, z € S. A relation algebra is a Stone relation algebra S such that Z = x for all
xeS.

Let S be a Stone relation algebra and let x € S. We call x

o univalentif 72 C 1;
e total if 1 C zz';
* a mapping if z is univalent and total;

e injective if xx’ C1;
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o surjective if 1 C 2T x;

* bijective if x is injective and surjective;

e avectorif xT = x;

e acovectorif Tx = x;

* apoint if x is a bijective vector;

e arectangle if xTx C x;

o simpleif TxT =T;

e anatomif x # | and y = x for each y € S such that | # y C x.

Stone relation algebra S is simple if every element in S except L is simple. For relation algebras this
condition is equivalent to being simple in the universal-algebraic sense [9], which is why we apply
the term ‘simple’ also to elements. The full algebra of relations over the two-element base set {a, b}
contains two points {(a,a), (a,b)} and {(b,a), (b,b)} and four atoms {(a,a)}, {(a,b)}, {(b,a)} and
{(b,0)}.

The following result summarises basic properties, which are useful to establish the results in this
paper.

Theorem 1. Let S be a Stone relation algebra and let a, b, p, x,y, z € S. Then

1. 2Ny =1 & x'y= L if xisavector.
2. x"a = T if x is a surjective vector.
3. T=|P<1=|/{pp" | p € P}if P C Sisanon-empty finite set of points.
4. ppT =pnN1ifpis a point.
5. & = pp'xif pis apoint and z C p.
6. 1MaT =1MNzz’ =11Ta'.
7. 2y Mz = (x N2y )y if y is univalent.
8. xyMz=x(yMa'z)if x is injective.
9. ais an atom if and only if a" is an atom.

10. aT M1land Ta 1 are atoms if a is an atom.

11. aMb = L if a and b are different atoms.

12. Exactly one of a C x and a C 7 holds if a is an atom.
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13.aCzUy < al xVal yifais an atom.

14. a C z Uy if and only if exactly one of a C x and @ C y holds, if aisan atomand z My = L.

Counterexample 1. There are a relation algebra S and x € S such that the following statement does
not hold: x is univalent if  is an atom.

Proof: Nitpick [2] found the following counterexample. The set { L, 1,1, T} of relations over a
three-element base set forms a relation algebra which is a subalgebra of the full algebra of relations.
In this subalgebra, 1 is an atom but not univalent. a

3. Representability of Stone Relation Algebras

In this section we give a sufficient condition for a Stone relation algebra S to be representable.

For alattice L, an L-valued binary relation on base set A is a function from A? to L, or equivalently
an A x A matrix with entries from L. The usual binary relations arise as the special case where L
is the two-element Boolean algebra. A Stone relation algebra is representable if it is isomorphic to a
Stone relation algebra of Stone-algebra-valued binary relations with the usual relational operations for
lattice-valued binary relations.

Several sufficient conditions for the representability of relation algebras are known [9, 12, 13, 15,
17, 20, 21]. One of these conditions is called point axiom [17]. Modifying the concept of points and
the point axiom, representation theorems for Dedekind categories can be shown [3, 11]. We take a
similar approach here.

Element x € S is an ideal if x is a vector and a covector. Let I(.S) be the set of ideals in S. The
following result gives basic properties of ideals.

Theorem 2. Let S be a Stone relation algebra. Let z,y, z € S. Then

—_—

. xzisanideal if and only if Tz T = z.

N

2 Tyz is an ideal if = and z are vectors.
Ideals are closed under -, LI, 1, T and .
1 and T are ideals.

xy = x My if x and y are ideals.

A

I(.S) is a Stone relation algebra where - is Mand 1is T.
7. x =z if x is an ideal.
8. yzMuz = (yMa)(zMa)if x is an ideal.

Element p € S is an ideal-point if p is a point and gz = p implies ¢ C p for all points ¢ € .S and
ideals x € S with x # L. Let IP(.S) be the set of ideal-points in S. The following result characterises
different ideal-points.



6 H. Furusawa, W. Guttmann | Cardinality and Representation of Stone Relation Algebras

Theorem 3. Let S be a Stone relation algebra. Then
1. pMq=pTq= L foreach p,q € IP(S) such that p # q.
2. Every point is an ideal-point if S is simple.

3. p € S is an ideal-point if and only if p is a point and ¢ = p or ¢ C p for all points g € S.

Counterexample 2.
1. There is a non-simple Stone relation algebra S with T # 1 and an ideal-point p € S.

2. There is a non-simple relation algebra with points but no ideal-points.

Proof:
1. The set .S = {0, %, 1} of numbers with their natural order forms a Stone relation algebra where
Tis identity, - is M, 0 = 1 and % =1 = 0. The 2 x 2 matrices with entries from S form a Stone

relation algebra, where T = (1), 1 = (;!) and - is matrix product using max and min instead

of addition and multiplication [4]. In this matrix algebra, ((1) (1)) and ((1] (1)) are ideal-points, but

only the matrices which contain a 1 entry are simple.
2. Let R be the full algebra of relations over the two-element base set {a,b}. Then R has two
points p = {(a,a), (a,b)} and ¢ = {(b,a), (b,b)}. The Cartesian product R x R is a relation

algebra where operations are applied componentwise. This algebra is not simple and has four

points (p,p), (p,q), (¢, p) and (g, ¢) but no ideal-points.
O

Stone relation algebra S satisfies the point axiom if IP(S) is finite and non-empty and T = | |IP(.5).
The following result gives consequences of the point axiom.

Theorem 4. Let S be a Stone relation algebra satisfying the point axiom. Let x € S. Then
L 1=[|{pp" |p € IP(S)}.
2. x={pp"wqq" | p,q € IP(S)}.
3. For each atom a € S there is a p € IP(.S) such that a C p.
4. Every point is an ideal-point.

Elements of S can be represented by square matrices of type M(S) = I(S)P($)*IP(S) whose
index set is IP(.S) and whose entries are from I(.5).
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Theorem 5. Let S be a Stone relation algebra satisfying the point axiom. Then

1. M(9) is a Stone relation algebra where LI, 1, ", | and T are lifted componentwise and -, T and
1 are

(XY),, =| [{Xpr Y |7 €IP(5)}

XTp,q = Xgp
T ifp=gq
Ipg = .
L ifp#gq
2. The functions
f:S8—M(S) g:M(S)— S
f(x),,=p"2q 9(X) =| [{pXpqq" | p.q € IP(S)}

are isomorphisms between Stone relation algebras S and M(.S).

4. Cardinality in Stone Relation Algebras

The cardinality of a relation is the usual set cardinality, that is, the number of pairs in the relation.
More abstractly, axioms for a cardinality operation have been proposed for Dedekind categories and
heterogeneous relation algebras [1, 10]. In this section, we study different ways to adapt these axioms
to Stone relation algebras.

In a Stone relation algebra .S, the cardinality operation # : S — IN U {co} maps each element of
S to a natural number or co. Extending previous works, we allow relations with infinite cardinalities;
we do not distinguish between different types of infinity. We consider the formulas in Figure 1 as
potential axioms.

We informally discuss the meaning of the candidate axioms. Axioms (Cla) and (C1b) express
that the least element _L has cardinality 0, which describes the lower end of the range of cardinalities.
Axioms (C2a) and (C2b) express that atoms have cardinality 1, which normalises cardinalities. Axiom
(C3) expresses that T does not affect cardinalities. Axioms (C4a) and (C4b) express how cardinality
preserves the lattice structure. Axioms (C5a)—(C5e) express inequalities for cardinalities related to the
modular law = M yz C y(z My"z); the univalence assumption yields strong consequences such as
Theorems 8.9 and 8.10. Axioms (C6a) and (C6b) specialise (C5b) to the (co)domain of an element
represented as an element below 1, which reduces the number of variables and avoids the univalence
assumption. Axioms (C7a) and (C7b) express that only the greatest element T has maximal cardinal-
ity, which describes the upper end of the range of cardinalities. Axiom (C8) relates cardinalities with
pairs of elements below 1, which is typical for representable relation algebras. Axiom (C9) expresses
that T has finite cardinality; omitting it allows us to consider relations with infinite cardinality.

In [10], Kawahara has proposed to use the following cardinality axioms in Dedekind categories:
(Cl1b), (C3), (C5a), (C5b), a version of (C4a) formulated as

Vo,y € S:#(xUy) = #x+#y — #(xNy)
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#1=0 (Cla)
VeeS:#r=0sz=1 (C1b)
VreS:atomzr = #xr =1 (C2a)
VreS:atomzr < #r =1 (C2b)
Ve €S :#(x') = #x (C3)
Ve,ye S:#He+H#y=#@Uy)+#(@Ny) (C4a)
Ve,ye S:x Cy= #x < #y (C4b)
Vx,y,z € S : univalent z = #(a;Ty Mz) < #(xzMNy) (C5a)
Vr,y,z € S : univalent z = #(x Myz") < #(xzMy) (C5b)
Va,y € S : univalent © = #(yx) < #y (C5c¢)
Va,y € S :univalent x = #(xMyT) < #y (C5d)
Yo,y € S :univalent x = #(xMyy') < #y (C5e)
VeeS:#(1Nzx") < #x (C6a)
VeeS:#(1NazTz) < #x (C6b)
VeeS:#Hx=#T o =T (C7a)
VeeS: #T <#Hrsx=T (C7b)
#T = (#1)° (C8)
#T # o0 (C9)

Figure 1. Axioms for the cardinality operation
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and #1; = 1 where [ is the singleton set. We use (C4a) to avoid subtraction. We use (C2a) instead
of #1; = 1 because we are working with algebras rather than categories and so we cannot refer to
specific objects.

Examples of the use of the cardinality axioms for reasoning about algebras are given in Section 4.4.
Examples using the cardinality axioms for reasoning in Dedekind categories and in relation algebras
are given in [1, 10].

4.1. Atoms Below an Element

Let S be a Stone relation algebra. Let A : S — 2% map each element - € S to the set of atoms below
z.Let C': S — INU {00} count the number of atoms below each element. The following result gives
basic properties of A.

Theorem 6. Let S be a Stone relation algebra. Let , y € S. Then
1. A(z) C A(y) ifz C y.
2. A

o
1N

Stone relation algebra S is atomic if every element except L is above some atom, that is, for each
x € S such that x # L there is an atom a € S such that a C z. In other words, A(z) # () for each
x# L.

Theorem 7. Let .S be a Stone relation algebra. Then C satisfies axioms (Cla), (C2a) and (C3)—(C4b).
If S is atomic, C also satisfies axioms (C1b) and (C5a)—(C6b).

Hence C satisfies (appropriate generalisations of) Kawahara’s cardinality axioms in atomic Stone
relation algebras.
4.2. Relationships Between Cardinality Axioms

Figure 1 lists a number of alternative axioms. The following result states connections between the
axioms and consequences in Stone relation algebras.

Theorem 8. Let S be a Stone relation algebra. Then

1. (Clb) = (Cla).
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(C3) A (C5¢) = (CSa).
(C5b) V (C5e) = (C6a).

> »n

Assume (C3). Then (C6a) < (C6b).
5. Assume (C3) and (C4b). Then (C5a) < (C5c).
6. Assume (C4b). Then (C5b) < (C5d) = (CSe).
7. Assume (C4b) and (C5c). Then (C5b) < (C5d) < (CSe) < (C6a).
8. Assume (C4b). Then #x < # 7T for each z € S. In particular, (C7a) < (C7b).
Letx,y € S. Then
9. Assume (C5b) and (C5c). Then #(xy) = #x if x is univalent and y is a mapping.
10. Assume (C3) and (C5b) and (C5c). Then #x = #1 if = is a point.
Assume (Cla) and (C4a). Let X C S be finite and non-empty. Then
1. #(xUy) =H#x+#yifenNy = L.
12. #| X = cx #vifz My = L foreach 2,y € X such that z # y.
13. # || X = >, cx #xifeach x € X is an atom.

The following result states connections that hold in relation algebras. Notably, (C4b) follows
from Kawahara’s axioms in relation algebras, but needs to be axiomatised separately in Stone relation
algebras. With this axiom, all properties in the range (C5¢c)—(C6b) follow by the previous result.

Theorem 9. Let S be a relation algebra. Then
1. (Cla) A (C4a) = (C4b).
2. (ClIb) A (C4a) A (C9) = (CTa).

Theorem 8 gives structurally simpler alternatives to Kawahara’s axioms (C5a) and (C5b), which
can be used in Stone relation algebras. First, (C5c) has only two variables and a simpler right-hand
side than (C5a), so it is easier to check if a model satisfies the former. By Theorem 8, (C5c) implies
(C5a) in the presence of (C3), and both are equivalent if also (C4b) is assumed. Second, (C5e) has
only two variables and a simpler right-hand side than (C5b), so it too is easier to verify. Third, (C6a)
has only one variable, which makes it structurally simpler than (C5e) or (C5b). By Theorem 8, all
three are equivalent in the presence of (C4b) and (C5c).

In relation algebras, (C4b) follows from Kawahara’s axioms by Theorems 8 and 9. Hence we
automatically get the above equivalences. However, in Stone relation algebras it is possible to omit
axiom (C4b), which gives a number of alternative choices to (C5a) and (C5b) from the range (C5c)-
(C6b). For example, counterexamples generated by Nitpick witness that in the presence of (Clb)-
(Cda),
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* (C5a) and (C5c) are not equivalent, even if (C5b) is assumed additionally;
* (C5b) and (C5d) are not equivalent, even if (C5a) is assumed additionally;
* (C5b) and (C5e) are not equivalent, even if (C5a) is assumed additionally.
The overall conclusion is that there are many different ways to generalise the cardinality axioms in

Stone relation algebras, which cannot be distinguished in relation algebras.

4.3. Further Axioms for Atoms Below an Element

Stone relation algebra S'is atom-rectangular if every atom in .S is a rectangle and atom-simple if every
atom in S is simple. It follows that every atomic and atom-simple S is simple.

For example, rectangular atoms are used for reasoning about graphs. In this context, an edge of
a graph can be modelled as a singleton relation, which is a rectangular atom in the full algebra of
relations. The rectangular property allows the contraction of cycles in paths that contain the same
edge multiple times [5].

The following result gives sufficient conditions for operation C' to satisfy axioms other than those
covered in Theorem 7.

Theorem 10. Let S be a Stone relation algebra. Then
1. C satisfies (C2b) if S is atomic, atom-rectangular and simple.
2. C satisfies (C2b) if S is an atomic relation algebra.
3. O(T) < C(1)?if S is atom-rectangular.
4. C(T) > C(1)?if S is atomic and simple with finitely many atoms.
5. C satisfies (C8) if S is atom-rectangular and atom-simple.

6. C satisfies (C9) if S has finitely many atoms.

Counterexample 3.

1. (C2b), (C7a) and (C7b) do not hold in all atomic and atom-rectangular Stone relation algebras
with finitely many atoms.

2. (C2b), (C7a) and (C7b) do not hold in all atomic and simple Stone relation algebras with finitely
many atoms.

3. (C7a) and (C7b) do not hold in all atom-rectangular and atom-simple Stone relation algebras
with finitely many atoms.

4. (C8) does not hold in all atomic relation algebras with finitely many atoms.

Proof: Nitpick found some of the following counterexamples.
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1. The Stone relation algebra .S of Counterexample 2 is atomic and atom-rectangular. The only
atom in this algebra is £ but C(3) = C(1) = 1.

2. Theset R = {0, 3,1} x {0, 1} of pairs of numbers with the componentwise natural order forms
a Stone algebra where 1. = (0,0) and T = (1,1) and ~ applies componentwise using ~ of
Stone algebra S of Counterexample 2 in the first component and the usual Boolean ~ in the
second component. Moreover R forms a Stone relation algebra where ' is identity, 1 = (0, 1)
and - is defined so that _L is its zero, 1 is its unit and the result is T in all other cases. Stone
relation algebra R is atomic and simple. The only atoms in R are 1 and (3,0), so C(I) = 1
refutes (C2b) and C((1,1)) = C(T) = 2 refutes (C7a) and (C7b). Note that R does not form
a relation algebra because it has 6 elements, which is not a power of 2.

3. The set of integers Z extended by a least element | and a greatest element T forms a Stone re-
lation algebra where T is identity, - is M, | = T and Z = L for each x # L. This Stone relation
algebra has no atoms, and therefore is atom-rectangular and atom-simple. Hence C(z) = 0 for
each z.

4. The set { L, 1,1, T} of relations over a two-element base set forms an atomic relation algebra
which is a subalgebra of the full algebra of relations. The atoms in this subalgebra are 1 and 1,
soC(T)=2butC(1) = 1. O

4.4. Relation Algebras

We now state a converse of Theorem 7. According to the following result, C' is the only cardinality
operation satisfying axioms (Cla), (C2a) and (C4a) in atomic relation algebras with finitely many
atoms.

Theorem 11. Let S be an atomic relation algebra with finitely many atoms. Let # be a cardinality
operation satisfying axioms (Cla), (C2a) and (C4a). Then # = C.

Proof: # 1 = 0= C(L) by (Cla). For x # | we have
#e=#| |A@) =) {#alacAx)} =) {1]ac A()} =C(x)

The first equality uses that every atomic relation algebra with finitely many atoms is atomistic, that
is, each element is the | | of the atoms below it. The second equality follows by Theorem 8.13 using
(Cla) and (C4a). The third equality uses (C2a). O

Under the assumptions of Theorem 11, # satisfies all axioms in Figure 1 except (C8) by Theo-
rems 7, 8, 9 and 10. Nevertheless, the additional axioms including (C5a) and (C5b) are still useful for
relation algebras which are not atomic with finitely many atoms.

Theorem 11 does not generalise to atomic Stone relation algebras with finitely many atoms: the
operation # on the Stone relation algebra S of Counterexample 2 defined by #x = 2z satisfies
(Cla)—~(C7b) and (CO) but #1 =2 # 1 = C(1).

The next results give sufficient assumptions about atoms to turn Stone relation algebras into rela-
tion algebras.



H. Furusawa, W. Guttmann | Cardinality and Representation of Stone Relation Algebras 13

Theorem 12. Let S be an atomic, atom-rectangular and simple Stone relation algebra with finitely
many atoms. Then S is a relation algebra.

Proof: It suffices to show that every x € S is regular, that is, T = x. This is immediate for x =
1. For z # L we first show z = | | A(x); in other words, we show that .S is atomistic. The
inequality | | A(z) C z is immediate. The opposite inequality follows from x M| | A(x) = L by
pseudocomplement properties. Assuming the latter is false, there would be an atom a C x M| | A(z)
since S is atomic. Butthena € A(x)soa C | | A(x),hencea C | | A(z)M| | A(x) = L, contradicting
that a is an atom.

Second, we show that | | A(z) is regular by induction over the size of A(z) since S has finitely
many atoms. The induction step follows since ~ distributes over LI in Stone algebras. The base cases
are singleton sets of atoms, for which we show that every atom a € S is regular.

Note that aT is injective since aT(aT)" = (aT M 1)T(aT M 1) C aT M1 C 1 using that
S is atom-rectangular and aT M 1 is an atom by Theorem 1. Similarly Ta is univalent. Moreover
aT is surjective and Ta is total using that a is simple. Hence aT is bijective and Ta is a mapping.
In Stone relation algebras, all bijective elements and mappings are regular and regular elements are
closed under - [4]. Therefore a T a is regular. But a = aTa since a is a rectangle, which implies that
a is regular. a

This affects the generalisation of cardinality operations to Stone relation algebras as follows. By
Theorem 7, C' satisfies several cardinality axioms in atomic Stone relation algebras. If we wanted to
add (C2b) and (C9) to these, we could use Theorem 10. However, doing so would need the additional
assumptions that the Stone relation algebra is simple and atom-rectangular with finitely many atoms.
This would automatically turn it into a relation algebra, which might not be desired. The same issue
would arise if we were to add (C8) and (C9) using Theorem 10.

Theorem 13. Let S be an atom-simple Stone relation algebra with finitely many atoms. Assume C
satisfies axioms (C1b) and (C8). Then S is atomic and atom-rectangular, and hence a representable
relation algebra.

Proof: S is atomic since for each x # L we have C(z) # 0 by (C1b), hence there is an atom in A(x).

Next, we consider the mapping d : S — S x S defined by d(x) = (T M1, TzM1). Recall from
Theorem 1 that a T M1 and Ta M1 are atoms for each atom a € S. We prove that d is injective on
the set A of atoms of S. To this end we show that A and the image d(A) have the same finite size. In
atomic and atom-simple Stone relation algebras, d(A) = A(1) x A(1). Hence the number of elements
of d(A)is C(1)? = C(T) by (C8), which is the number of atoms.

We now show that S is atom-rectangular, which is equivalent to a Ta C 1 for all atoms a = 1. For
this equivalence note that the latter condition implies aTa = (¢T M 1)T(aT M1)a C asince aT M1
is an atom; the converse implication is immediate.

Hence it suffices to show aTa 1 = L. Assuming the latter is false, there would be an atom
bC aTamM1since S is atomic. It follows that bT M1 C aTaT M1 C aT M1. Since both bT M1 and
aT M1 are also atoms, bT M1 = aT M1. Similarly, ToM1 = TaM1. Together we obtain d(b) = d(a),
from which injectivity of d gives b = a. The latter is a contradiction since ¢ = 1 and b C 1. ad
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This has a similar effect to Theorem 12. If we work with atomic and simple Stone relation algebras
that already satisfy (C8), adding (C9) using Theorem 10 would need the additional assumption of
finitely many atoms. However, this would automatically result in a relation algebra. Both theorems
limit the assumptions we can make if we wish to prove results about Stone relation algebras without
an implicit restriction to relation algebras.

Combining Theorems 7, 11 and 13 yields the following result. It gives sufficient conditions for
a cardinality operation to obtain representability of atomic and simple relation algebras with finitely
many atoms.

Theorem 14. Let S be an atomic and simple relation algebra with finitely many atoms. Let # be a
cardinality operation satisfying axioms (Cla), (C2a), (C4a) and (C8). Then .S is atom-rectangular and
hence representable.

On the other hand, if we do not assume that the relation algebra is simple, having a cardinality
operation does not imply typical sufficient conditions for representability.

Counterexample 4. There is a representable atomic relation algebra S with finitely many atoms and a
cardinality operation satisfying all axioms in Figure 1, such that S does not satisfy any of the following
conditions:

1. S is atom-rectangular (used in [7, Theorem 3.2.16] for representing cylindric algebras, which
model relations of higher arity).

2. Every atom in S is univalent (used in [9, Theorem 4.29] for representing relation algebras).

3. Forevery x € Swith L #x C 1,thereisay € Swith L #y C xandyTy C 1 (usedin [13,
Theorem (C)] for representing relation algebras).

Proof: Let R be the four-element relation algebra of Counterexample 1. Then R is atomic with atoms
land 1,50 C(T) =2and C(1) = C(1) = 1 and C(L) = 0. By Theorems 7, 8, 9 and 10, C satisfies
all axioms in Figure 1 except (C8).

To obtain (C8) we consider S = R x R. The Cartesian product of two relation algebras is a
relation algebra where operations are applied componentwise. It follows that .S can be represented
as a subalgebra of the full algebra of relations over a four-element base set. Likewise, S is atomic
with atoms (x, L) and (L, y) using atoms z,y € R. Using the operation #(x,y) = #x + #y for
z,y € R, the Cartesian product construction preserves cardinality axioms (C1b), (C2b), (C3), (C4a),
(C5a) and (C5b). By Theorems 8, 9 and 10, # satisfies all axioms in Figure 1 except (C8). Moreover
HT, T =#T+#T =C(T)+C(T)=2+2=4dand #(1,1) =#1+#1=C(1)+ C(1) =
1+ 1 = 2, hence also (C8) holds in S.

Nitpick found the following counterexamples in S.

1. (1,1) is an atom but not rectangular as (1, L)(T,T)(1,L) = (1T1,LT1L) = (T,L1) Z
1,1).

(
2. (L, T) is an atom but not univalent since (L, T)" (L, T) = (LT, TT)(L,T) = (L, T)(L,1) =
(LL,11) = (L, T)Z(1,1).
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3. Let x = (1,1). Then (L, 1) # = C (1,1). Assume (L, 1) # y C x. Theny = (L,1)
ory = (1,L)ory = x. First, (L, 1)(T,T)(L,1) = (LTL,1T,1) = (L, T) Z (1,1).
Second, (1, L)(T,T)(1,L) = (1T1,LTL)=(T,L1)Z (1,1). Third, (1,1 )( T)(1,1) =
(1T1,1T1) = (T,T) iZ (1,1).

In fact, condition 1 implies condition 3 for any atomic Stone relation algebra S’: if x € S’ with
1 # x C 1, there is an atom a € S” with a C z, hence aTa C a C x C 1 by condition 1. O

5. Open Problem and Future Work

A referee has raised the question whether every point is an ideal-point if there exists an ideal-point.
Theorem 4 gives an affirmative answer if we assume the point axiom. We intend to further look into
the relationship between points and ideal-points with a view to answering this question without the
point axiom. We also plan to study the consequences of using points instead of ideal-points in the
point axiom.

In this paper we restrict | | P to finite non-empty sets P. This restriction is inherited from a library
used by the formally verified theories in Isabelle/HOL. Many results in this paper can be extended to
include | | of the empty set and some results may generalise to | | of arbitrary sets. Formally verifying
such extensions requires a change or modification of the library, so we defer these to future work. We
would also like to study applications of the cardinality axioms to graph problems following [1].
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