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Abstract. Van der Aalst’s theorem is an important result for the analysis and synthesis of process
models. The paper proves the theorem by exhausting perpetual free-choice Petri nets by CP-subnets.
The resulting T'-systems are investigated by elementary methods.
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1. Introduction

In the course of his work on the analysis and synthesis of process models van der Aalst introduced the
concept of a lucent process model [1]], [3]. The global state of a lucent process model is known when
all actions that are possible in a given state are known. When expressed in the language of Petri nets
lucency means: If two reachable markings of the Petri net enable the same transitions (actions) then
the markings are equal, i.e. each state of the system is already determined by the set of its enabled
transitions.

How to decide by inspection of a Petri net whether it is lucent? Van der Aalst considers the class
of live and bounded Petri nets. He provides interesting examples from this class which are not lucent,
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even though they are safe. He names perpetual Petri nets the class of live and bounded Petri nets
with a “regeneration point”, i.e. with a home marking which marks only the places of a distinguished
cluster. [1, Theor. 3] states:

Theorem [Van der Aalst’s theorem on lucency] Each perpetual free-choice system is lucent.

For the importance of lucency in the context of process discovery see [3]. The proof of the theorem
in [1] has a gap as van der Aalst remarks in [2]]. To close the gap van der Aalst uploaded a revised
version of a previous paper, see [4, Theor. 3].

The purpose of the present paper is to give a proof of van der Aalst’s theorem which uses some
fundamental results from the theory of free-choice systems. Notably we focus on the existence
of CP-subnets of well-formed free-choice nets. Hence our proof uses different ideas than those in
[L]], [4]: We exhaust a well-formed free-choice net by a family of CP-subnets. In the end the problem
reduces to a statement about lucency of certain perpetual T-systems. Here the claim can be proved by
elementary methods. For a scheme of the proof in the present paper see Figure [3]in Section [4]

2. Basic concepts and results

To fix the notation and for the convenience of the reader we recall some basic concepts and results. As
common in mathematics we denote set inclusion by “C”. The sign covers both cases, proper inclusion
and equality; we de not use the sign “C”. The symbol ”C” also the denotes the inclusion of subnets.
Furthermore, we mostly follow the standard textbook about free-choice systems [5]].

Remark 2.1. (Concepts, notations, basic results)
A net
N=(P,T,F)

is a bipartite, directed graph with nodes the set P of places and the set T of transitions, and the set of
edges
FC((PxT)U(T xP)).

All nets are finite. We use also the notation Np := P, Ny :=T. We represent edges by arrows, pointing
from the first to the second component of the pair.

1. Structure: Two nets N; = (P;, T}, F;), j = 1,2, are disjoint if
PNP=T1NT,=0.

The disjoint union of a family of pairwise disjoint nets is the union of these nets. A net
N' = (P',T',F') is a subnet N' C N if

PCcPT CT,FCF

TAdded in proof: See also "van der Aalst, Wil M.P.: Free-Choice Nets With Home Clusters Are Lucent. Fundamenta
Informaticae, 2021 (in print).”
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The subnet N’ C N is a full subnet if
F'=FnN((PxT)Uu(T'xP))

If not explicitly stated otherwise the term subnet in the present paper means a full subnet. But
we will also consider subnets which are not full subnets. Each pair of subsets P C P, T' C T
generates a full subnet

spany < P.T'>CN

with node set P’ UT’. For a full subnet N' = (P',T",F’) C N the complement
N :=N\N'CN

is the full subnet of N spanned by the nodes from (PUT)\ (P"UT’). A subnetN' C N is
transition-bordered if its places p € (N')p satisfy *pUp®* C N'.

A path of N is a non-empty sequence of nodes of N
0 = (x1,...,x,) With (x;,x;41) €F, i=1,...,n—1.

We use the notation 6 C N. The path 0 is elementary if x; # x;j for 1 <i# j <n. Itis a circuit
if (x,,x1) € F. The concatenation of two adjacent paths 8; = (xj....,x,) and & = (X, ..., Xp1k)
is

61 * 52 = (xl, ...,xn,xn+1,...,xn+k)

If x; = x4+ then O; * &, induces the circuit (x1,...,Xy4x—1)-

The net N is weakly connected or just connected when each two nodes x,y € N satisfy
(x,y) € (FUF~1)* (symmetric, reflexive and transitive closure)

The net is strongly connected when each two nodes x,y € N can be joined by a path (x,...,y)
leading from x to y, i.e. (x,y) € F*. If not stated otherwise nets are supposed to be connected.
For a node x the sets of nodes

*x:={yeN: (yyx)eF}andx*:={yeN: (x,y) €F}

denote respectively the pre-set and the post-set of x. The concept generalizes to the pre-set and
post-set of sets of nodes. The net N is a T-net if all places p € P satisfy card p® = card *p = 1.
The net is a P-net if all transitions ¢ € T satisfy card t* = card *t = 1. The net N is a free-choice
net if for each pair (p,r) e Px T

(p,t) eF = *txp*CF

The cluster of a node x is the smallest subnet ¢/ C N which contains x and for each place p € cl
also its post-set p*® and for each transition ¢t € ¢/ also its pre-set *z. For a free-choice net N and
a cluster ¢/ C N holds: Each pair (p,t) € clp x clr satisfies (x,y) € F.

A P-component of N is a non-empty, strongly connected P-subnet C C N such that for each
place p € C holds *pU p® C C.
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2. Structure and dynamics: A marking of N is a map
u:Np—N
The token count at u of a subset X of nodes of N is the number

lullx =Y wulp)

PEXNNp

adding up all tokens marking places of X. A Petri net or marked net is a pair (N, 1) with u a
marking of N. A T-system respectively a free-choice system is a Petri net (N, i) with N a T-net
respectively a free-choice net.

A transition ¢ € T is enabled at the marking p if all its pre-places are marked, i.e. if for all
p € °tholds u(p) > 1. A transition 7, which is enabled at y, may fire. Firing t consumes one
token from each pre-place of t and creates one token at each post-place of ¢. The notation

t
‘LL - .upost

means: ¢ is enabled at u, and firing  at u creates the marking ., defined for each p € Np as

up) ifpe *tNt*orp & *ruUr®
.up()st<P) = ,Ll(p)—l if pe .l\l‘.
u(p)+1 ifpe *\°t

The set of all transitions of N enabled at the marking u is denoted en(N, ).

An occurrence sequence ¢ = (t1,...,1,) is a sequence of transitions. It is enabled at a marking u
if
N 15 In
U=t = .p—1 — Uy
The shorthand
(e}
H = Hn

expresses the successive enabledness and firing of the component transitions of o.

A marking U,y of a net N is reachable from a marking W, if there exists an occurrence
sequence

c
Hpre — Hpost

A marking u is reachable in a Petri net (N, p) if p is reachable from uy. A marking which
is reachable from each reachable marking is a home marking. A Petri net (N, Uy) is live if for
each transition ¢ and from each reachable marking a marking is reachable which enables . A
Petri net (N, o) is bounded if there exists a constant K with u(p) < K for each reachable
marking p and for all places p € Np. The Petri net is safe if the bound K =1 is possible.
A net N is well-formed if there exists a marking o of N such that the Petri net (N, to) is live
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and bounded. Two reachable markings u;, j = 1,2, of a live and bounded Petri net with t; >
are equal. We will often use the latter result without further mentioning.

Each well-formed free-choice net is covered by P-components. The token count of a P-compon-

ent is the same for all reachable markings of (N, up). Each strongly connected P-subnet of a

well-formed free-choice net, in particular each elementary circuit, is contained in a P-component,
[6, Chap. 5].

. Greedy cluster: For a cluster ¢/ C N we denote by u.; the marking of N

1 peclp

o Np— N, U, =
Het : p Her (p) {0 otherwise

Hence p; is the characteristic function of the set of places of ¢l. If a Petri net (N, o) has a
reachable marking with p = i, for a given cluster ¢/ C N, then ¢/ shows a kind of “greediness”
- in particular if y is a home marking. Greediness will be a fundamental property in this paper.

We emphasize the following properties of T-systems:

Remark 2.2. (T-nets and T -systems)

3.

* The P-components of a 7-net are its elementary circuits.

* In a T-system an enabled transition can lose its enabledness only by firing itself. During the

firing of an occurrence sequence the token count of a path (pjy, ..., pous) joining two places can
change only by creating tokens at p;,, or consuming tokens at p,,,. The token count of a circuit
is the same for each reachable marking.

CP-subnets and CP-exhaustion

CP-subnets have been introduced by Desel and Esparza. Since then, CP-subnets are a standard tool
for the investigation of free-choice systems, [15, Def. 7.7, Theor. 7.13].

Definition 3.1. (CP-subnet)
Consider a net N.

1. A non-empty, weakly connected transition-bordered T-subnet

NCN
is a CP-subnet of N if the complement
N:=N\N

contains some transition and is strongly connected.

2. A way-in transition t;;, of a CP-subnet N C N is a transition 7 € Ny with *t N\ Np % 0, a way-out

transition ty, is a transition ¢ € Ny with r* "\Np # 0.
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3. A CP-subnet N C N is adapted to a cluster c/ C Nif ¢l ¢ N.

We recall some well-known properties of CP-subnets.

Remark 3.2. (Existence, structure and dynamics of CP-subnets)
Consider a well-formed free-choice net N.

1. Existence: If N is not a T-net then N has a CP-subnet N C N, [5| Prop. 7.11]. One may even
assume that a given transition ¢t € N is not contained in N, [, Lem. 1.2]. The latter result is
crucial to obtain in Theorem 3.5]a CP-exhaustion of N which is adapted to a given regeneration
cluster of N.

2. Structure: A CP-subnet N C N has the following structural properties:

The net N has a unique way-in transition t;, € Nr, I3 Prop. 7.10]. The net N has at least
one way-out transition #,,, because N is strongly connected.

Each place p € N has a path (¢;,...,p) C N leading from #;, to p, cf. [S, Prop. 7.10 proof].

The complement N := N \N is a well-formed free-choice net too, [5, Cor. 7.9].

Each cluster ¢/ C N satisfies
cl ¢ N < (cINN)y #0 <= clp C Np
The proof uses that N is strongly connected and that N C N is transition-bordered.

3. Dynamics: Consider a CP-subnet N C N, and a live and bounded marking g of N and a reach-
able marking u of (N, to).

» There exists a shutdown sequence for N, i.e. a finite occurrence sequence of (N, 1)

Osd
H— W
with transitions ¢ € o,y only from N7 \ {#;,}, such that p,, enables no transition of N
different from ¢;,, [I5, Prop. 7.8].
* The free-choice system
(Nvﬁsd) with Hsd = ”sd|N
is live and bounded, [3, Prop. 7.8]. If (N, o) is safe then (N, [ ;) is safe too.

 An occurrence sequence of transitions from N is enabled at a marking u of N iff it is
enabled as an occurrence sequence of the restriction (N, (t|N).

Proposition [3.3]shows: A CP-subnet in the complement of a CP-subnet is a CP-subnet in the original
net too. The result prepares the induction step in the proof of Theorem [3.5]
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Proposition 3.3. (Iteration of CP-subnets)
Consider a well-formed free-choice net N and a CP-subnet Ny C N with complement

N() =N \No
Each CP-subnet N; C Ny of the complement Ny is also a CP-subnet N; C N of N.

Proof:
One has to show that the complement N \ Nj contains some transition and is strongly connected.

1) The complement contains some transition: Because Ny € Ny is a CP-subnet, the
complement N \Nl contains some transition by definition. The inclusion

(No\N1) € (N\ 1)
implies that the complement N \ N; contains a transition too.
ii) The complement is strongly connected: The proof relies on Remark[3.2] part 2). Set
Ni:=No\Ni.
By construction N is strongly connected and
N\ Ny = spany < N{,Ny >

The claim that two nodes
X1, Xp € N \N 1

can be joined in both directions by a path in spany < Ny, Ny > reduces to the following two cases:
e x; € N, and x; € Ny: First, there exists a place
pin € *tin C N}

with #;, € Ny the way-in transition of No. Because pin € N there exists a path

T = (X1,...,Pin) C N1

Secondly, choose
V= (pimtin) Cspany < N],N() >

the joining edge. Eventually, there exists a path

A

V3= (t,-n, ...,xz) C Ng.
The concatenation satisfies

Y=N*Phxy=(x,...,x) Cspany < N1, Ny >
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For the opposite direction: First, there exists a path
51 = (XQ,...,tom) (- N()
with 7, € Ny a suitable way-out transition of No. Secondly, choose a place
Pout € (tow)* C Ny

and set
62 = (touhpout) Cspany < N],N() >

the joining edge. Eventually, there exists a path
63 = (pouta "'axl) C Nl
The concatenation satisfies

8:=08 %868 = (x2,...,x1) C spany < Ny, No >

e Both x;,x; € No: The case follows from the first case after introducing an intermediate
place x3 € Nj.

The main means for our proof of van der Aalst’s theorem is the new concept of a CP-exhaustion.
Theorem [3.5]| shows that any well-formed free-choice net has a CP-exhaustion adapted to a given
cluster.

Definition 3.4. (Adapted CP-exhaustion)
A CP-exhaustion of a net N is a family

(M)jers 1=10,...,n} CN,
of pairwise disjoint CP-subnets N; C N such that
N = N\ UiEINi
is a strongly connected T'-net. The CP-exhaustion defines the disjoint union
Nexn := NU Uielfvi
The CP-exhaustion is adapted to a given cluster ¢ C N if N; C N is cl-adapted for all i € I.
The net N, has the same nodes as N and

spany < Ny >=N

For a non-empty index set / the net N, is not connected and N,,;, C N is not a full subnet.
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In general one does not obtain a CP-exhaustion by just taking a maximal family of pairwise disjoint
CP-subnets of N: Their complement N is not necessarily connected. Therefore we construct a CP-
exhaustion of a well-formed free-choice net iteratively: The next CP-subnet is a CP-subnet of the
complement of the previous CP-subnet. This is a stronger property than just being a CP-subnet of N.
Proposition [3.3]ensures that all obtained CP-subnets are also CP-subnets of N.

Theorem 3.5. (Existence of an adapted CP-exhaustion)
Consider a well-formed free-choice net N and a cluster ¢/ C N. Then N has a c/-adapted CP-
exhaustion.

Proof:
i) Algorithm constructing the exhaustion: The following algorithm constructs the index set / C N and
the family (N;),; of the CP-exhaustion by induction on j > 0:

Initialize the net N_; := N and the cluster ¢/_; :=cl C N_;.

Step 2A(j) constructs a triple (N, N;, cl;) with the following properties
* The first component N j1s a clj_1-adapted CP-subnet N i CNj_1.
* Second component: The complement N; := N,_; \ N; is well-formed.
* Third component: The cluster cl; := cl;_ NN is not empty .

Induction start 2(0): If N is a T-net then set

[:=0, N:=N
and terminate. Otherwise Remark [3.2] provides a c/-adapted CP-subnet
N() CN
Define
NO = N\f\’o and cly := Clﬂﬁo #0
Remark part 2) shows that Ny is well-formed.

Induction step j — j+ 1: By induction assumption 2((j) the free-choice net N; is well-formed. If N;
is a T-net, then set
1:={0,..,j—1}and N:=N;

and terminate. Otherwise Remark [3.2| provides a c/;-adapted CP-subnet
N j+1 C N j

Define
Nj+1 Z:Nj\Nj+1 and Clj+1 = CljﬂNj+1 75@
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ii) Correctness: The algorithm terminates because N is finite. If N is not a T-net then the iterative
application of Proposition [3.3]implies that for each j € I the CP-subnet

fV i C N j—1
is also a CP-subnet N i CN.Alsocl ¢ N ; because by construction

ClﬁNjZCljflﬁNj#m O

Example 3.6. (Adapted CP-exhaustion)

The example applies the CP-algorithm from Theorem [3.3]to the free-choice net N underlying the Petri
net (N, lo) from Figure The net is taken from [[1]]. It is well-formed because Ll is live and safe. We
construct by iteration a CP-exhaustion of N adapted to the cluster

cl = spany < start, to > .

@—.to
start 4

A i3
t*
X t1 =
p4
i8 7/
P9
complete P> t5
p8

t2 p6

B t6

Figure 1. Free-choice system (N, y) from [I} Fig. 5] (dashing at * here not significant)

1. Constructing an adapted CP-exhaustion:

¢ First, choose the CP-subnet of N

A

Ny :=spany < pa,t|,t4 > CN

The complement
N() =N \ No

is well-formed.
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¢ Secondly, choose the CP-subnet of the complement N
]V] ‘= spang, < ps,b,t5 > CN()
* The final complement is the strongly connected 7 -net
N = NO \]V 1
Figure [2| shows the subnets Ny, Ny, N C N. The family (Ny, ;) is a cl-adapted CP-exhaustion
of N, and
Nexh = N U N() U Nl
satisfies
spany < Ny, >=N.

Note: The CP-exhaustion is also adapted to the cluster
cly = spany < py,p2,ti,0,13 > .

. Greediness of the clusters: Both clusters ¢l and cl; of N are greedy in the Petri net (N, tp). They
provide examples of regeneration clusters, a fundamental concept which will be introduced in
Definition 4.1]

Figure 2. CP-exhaustion of the net N from Figure|l{ Top: NO,N 1; bottom: N
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Definition 3.7. (Way-in places and critical transitions)
Consider a CP-exhaustion (N;),; of a net N. Set

N::U N;and N :=N\N
icl

The elements from
Np’,'n =NpN (NT)' C Np

are the way-in places of N C N. Their post-transitions, the elements from

N7,n:=(Npin)* C Nt

are the critical transitions of N. Here the post-place operator in (N7)* applies with respect to the edges
of N, while the post-transition operator in (Np;,)® applies with respect to the edges of N.

For an application of the concepts of Definition see Figure|/| with two way-in places p; and two
critical transitions ¢, j=1,2.

4. Enabling equivalence and marking equality in free-choice systems

Van der Aalst introduces the two fundamental concepts from Definition [d.1]

Definition 4.1. (Lucency and perpetual Petri net)
1. A Petri net (N, ly) is lucent if for any pair (W, o) of reachable markings

en(N, i) = en(N, o) = 1 = lo.

2. A Petri net (N, lo) is perpetual if it is live and bounded and there exists a cluster ¢/ C N such
that u,; is a home marking of (N, ty). The cluster ¢l is named a regeneration cluster of (N, ly),
and U, is a regeneration marking of (N, Lp).

In [1]] the cluster ¢/ is named a home cluster and paraphrased as a “regeneration point”. Different
than [1]] we prefer the name regeneration cluster. The term home cluster could suggest erroneously
that any home marking relates to a home cluster. The property to be a regeneration cluster depends on
the Petri net (N, U ), not alone on the subnet ¢/ C N.

We will often rely on the fundamental property of reachable markings [ in a perpetual free-choice
system (N, ly) with regeneration cluster cl:

 Each P-component C C N contains exactly one place of ¢/ and has token count ||i||c = 1.
* The Petri net (N, L) is safe.

e If N is a T-net then each elementary circuit ¥ C N contains the unique transition ¢.; € cly and
has token count |[uly = 1.
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Proof: Each P-component C C N has a positive token count at 1.;. Hence C contains exactly one
place of ¢l and satisfies ||tq||c = 1. The token count of C is the same for all reachable markings.
Because the well-formed free-choice net N is covered by P-components each perpetual free-choice
system (N, lo) is safe. In the particular case of a T-net the P-components are exactly the elementary
circuits of N.

We consider the whole subject of lucency as a question about two equivalence relations on the set
of reachable markings of a given Petri net (N, tp): In addition to the equality of reachable markings
one considers the relation of enabling equivalence.

Definition 4.2. (Enabling equivalence)
A pair of reachable markings (1, 1) of a Petri net (N, L) is enabling equivalent if

en(N, p1) = en(N, i2)

Then the Petri net problem under consideration reads: When does enabling equivalence imply marking
equality?

Our proof of van der Aalst’s theorem, see Theorem starts with a pair (U, t2) of enabling equi-
valent markings of N. The well-formed free-choice net N has a c/-adapted CP-decomposition with
a final strongly connected T-net N. The proof relies on firing a global shutdown sequence o, the
concatenation of shutdown sequences for all CP-subnets. The firing squeezes out all tokens from
the CP-subnets and creates a pair (I, 44,1, ;) of markings of N. These markings are still enabling
equivalent with respect to the resulting marking of N. Hence the original claim reduces to the analo-
gous claim for a perpetual marking of N. Here the marking equality follows by elementary methods
for T-systems. During the proof we have to keep an eye on how the CP-algorithm from Theorem 3.3
propagates in each step the following properties

well-formedness, perpetuality, enabling equivalence, and marking equality.

The logical dependencies between the intermediate results is clarified by the diagram from Figure

Prop. Prop.
Prop. Prop. <&—— Prop.
T heor. T heor. Prop.

Figure 3. Overview of the proof of Theorem 8.1

* Theorem [3.5]splits the net of a perpetual free-choice system into an adapted CP-exhaustion with
a final strongly connected 7-net.
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e Propositions and study for T-systems the interplay of their deterministic occurrence
semantics with a regeneration cluster. Proposition [5.1] collects relevant properties of perpetual
T-systems. Proposition [5.2] concludes that perpetual T-systems are lucent.

* The analogue for adapted CP-nets in perpetual free-choice systems is proved in Proposition
and[6.2

* Proposition and [7.2] ensure: Each step of the CP-exhaustion algorithm from Theorem [3.3]
propagates perpetuality and enabling equivalence to the next level.

* Theorem[3.1|restates and proves van der Aalst’s theorem.

The intermediate results will be proved in Sections [} [6|and[7} Section [§|brings together all results to
show van der Aalst’s theorem.

5. Enabling equivalence and marking equality in perpetual 7-systems

The present section proves van der Aalst’s theorem in the particular case of a perpetual T-system,
see Theorem The proof for T-systems is much easier than the proof for free-choice systems in
general. In the presence of a regeneration cluster marking equivalence provides certain distinguished
paths of the underlying T-net. Due to Proposition part 2 ii) these paths are safe in the perpetual
T-system.

Proposition 5.1. (Token count of paths in 7-systems)
Let (TN,u) be a T-system. For each transition r € TNy and pre-place ¢ € °t with u(q) =0 denote
by

en(TN,u), :={(1,8): T€en(TN,u), 8 =(t,...,q,t) C TN elementary}

the set of all enabled transitions 7 together with their elementary paths to ¢, which pass g.

1. General T-system: Consider an arbitrary transition t € TNy which is enabled at u. For each
pre-place g € °t with u(q) = 0 exists a pair

(2,8) € en(TN, 1), with [ ]| 5 =0.

2. Perpetual T-system: Assume that (TN,u) is even perpetual with regeneration cluster ¢/ and
denote by . the unique transition of cl.

i) For each transition € TNy with a pre-place p € °f with u(p) = 1 exists for each
pre-place g € °t with u(q) = 0 a pair

(7,8) € en(TN, 1), with [|11]|5 = 0 and 1y & Sy

for the segment &y, := (7,...,q) of 8.
ii) Each elementary path 6 C TN with #.; ¢ 0 has token count ||u|s < 1.
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Proof:

1. Because (TN, ) is a T-system, Remark [2.2]implies en(TN, i), # 0. The following algorithm
returns a solution (7,0):

Initialization: Define the pair (¢', &,4i1) := (g, ;) with & := () the constant path.

Iteration step (g', §ait): Save 8oiq := &qi1. Because ||pt|5,., = 0 also the transition
t' € TNy with {t'} = (¢')°
is enabled at a reachable marking of (N, ). Due to p(q’) = 0 there exists a pair
(7',8") € en(TN, 1)y
o If [|u||lss = O then return (7,8) := (7,8 * Oy1a)-
* Otherwise choose the uniquely determined transition 7y, € 6’ such that the tail of &’
Orait := (Lsplits g ;1) satisfies lulls,, =0,

and set
6new = atail * Sold-

If t5p1 € en(TN, ) then return (7,8) 1= (fspiir, Onew)-
Otherwise choose a pre-place gy € °fp; With 1 (gpre) = 0 and reiterate with
(q’, 6tail) = (Qprea Snew)

The iteration terminates after finitely many steps: The length of the token-free tail increases
during each step. But the length is bounded because the iteration does not construct a token-free
circuit. Figure |4|illustrates the first iteration step.

2. i) Assume pu(p) = 1. Part 1) provides a pair
(,8) € en(TN, ), with [|ull5, = 0

The firing of a minimal occurrence sequence U 2 Upost With t € en(TN, Upos) forwards all
tokens on the pre-places of T along § to ¢g. Minimality of ¢ ensures that the token at p is frozen
during the firing of o. Then the greediness of ¢l implies #,; ¢ ¢ and a posteriori f.; & Oyeg.

ii) The proof is indirect. W.l.o.g.
6= (p1,..,p2) CTN, p1 # pa,
is elementary with p(p;) = u(p2) = 1. For j = 1,2 there exist two elementary circuits

Y; CTN with p; € ;.



378 J. Wehler | Perpetual Free-choice Petri Nets are Lucent

tau'
delta’
delta’
delta’
q_pre
delta’
t_split
delta_tail delta’
delta_tail delta’
delta_tail delta’
q
delta’
delta_tail

Figure 4.  First iteration step, case #y,;; ¢ en(TN, 1)

Due to the fundamental property of the perpetual T-system (TN, u) both circuits have token
count

[ Hetlly, = 1 withtg €Ny

Decompose each ¥; as the concatenation

Yi =Y *Yp2
with the segments
Yit = (tet, -, pj) and Yjo 1= (pj, ..., te1)
Claim: The concatenation
Vi1 * 6 x 1o
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induces a circuit y which is elementary. Otherwise there exist a node
X| €EYNNoorx; €5Nypnorxs €YiNyn

In case of a node
X1 €vn o)

the concatenation of the segments
(p1y---,x1) of 8 and (x1,..., p1) of %1
induces a circuit which avoids #,;. Analogously, in case of a node
X2 € 0N
the concatenation of the segments

(pz,...,XQ) of Y22 and ()Q,...,pz) of &

delta delta

Y
‘X
Y

delta
gamma_22

delta

delta gamma_22
gamma_1

1 < t_cl

p_1

Figure 5. Indirect proof: Common node x; € § Ny

induces a circuit which avoids ¢.;, see Figure E} In both cases the resulting circuit avoids 7.; and
has positive token count. Eventually for a node

X3ENMNY2
the concatenation of the segments
(e, .-, x3) of Y11 and (x3,...,1) of 12

induces a circuit which contains 7.; and is token-free, because both segments are token-free. In
each of the three cases the fundamental property of the perpetual 7-system (TN, 1) provides a
contradiction, which proves the intermediate claim.
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As a consequence the circuit Y is elementary with token count

llly = [lulls =2,

contradicting the fundamental property of perpetual T-systems
[lly = [[terlly = 1. O

The indirect argumentation employed in the proofs of Proposition [5.2] [6.2] and relies on the
same type of contradiction: Construct a reachable marking t’ and an elementary path 6’ with to-
ken count ||tt||s: > 2. Then apply Proposition part 2) respectively Proposition part 2) to
conclude |lp'||s < 1.

Proposition 5.2. (Perpetual T7-systems are lucent)
Consider a perpetual T-system (TN, 1p) with regeneration cluster /. For each pair (i, i) of reach-
able markings of (T'N, L) enabling equivalence implies marking equality, i.e.

en(TN, 1) = en(TN, 1) = W =

During the indirect proof of Proposition [5.2] a possible difference between the pair of markings is
pinned down to different values at the pre-places of a distinguished transition ¢. The transition is not
enabled at neither of the two markings. Due to the liveness of (TN, 1) the missing tokens can be
forwarded to the pre-places of ¢ along two token-free paths. One concludes that one of the two paths
avoids 7.; and can be marked with at least 2 tokens. The result contradicts Proposition[5.1] part 2 ii).

Proof:
The proof is indirect. The assumption p; # U, implies the existence of a place p € T Np, marked at 1
but unmarked at (. The transition t € TNy with p® = {t} satisfies

t & en(TN, k).
Hence by enabling equivalence
t¢en(TN,W).

As a consequence ¢ has a second pre-place ¢ € °f which is unmarked at 1, see Figure[6] left and right.
W.lo.g.

‘t={p.q}

and

(1 (p), ti(g)) = (1,0) and (u2(p), pa(q)) = (0, %).
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t

I I
' |
tau_q I tau_p tau_q || tau_p tau_q
| |
| delta_p elta_q |
' |
' |
' |
l |
' |
I delta_p elta_q I
' |
l |
' |
' |
| delta_p elta_q |
' |
' |
' |
l |
p q | P q | p q
: delta_p delta_q |
| |
l |
' |
| 1

Figure 6. ad Prop. left iy, middle i, right gy ; ad Prop. left ft;, middle fI, right fi;

Here the value us(q) € {0,1} is not yet known. With the notations from Proposition
* Triple (1, 7,,8,): Proposition 5.1} part 1) provides a pair
(74, 84) € en(TN, ly)q with || ][5, =0
see Figure[6] left-hand side.
* Pair (1, 7,): By enabling equivalence
T, €en(TN, ) = 14 €en(TN, )
* Triple (U, 7,,8,): Because ts(p) =0 Proposition part 1) provides a second pair
(p, 6p) € en(TN, l12), with [[1i2]|5, =0
see Figure[6] middle.
* Triple (11,7p, 6p): By enabling equivalence
T, €en(TN, o) = 1, € en(TN, ;)
In particular 7, # ¢. Firing u; NN p implies for the segment 8" := (7, ..., p) of §,

I'ls =2

because ;(p) = 1. Figure |§|, right-hand side shows the marking p;. But the frozen token due
to 1y (p) = 1 and the greediness of ¢/ ensure 7.; ¢ 6'. Hence Proposition part 2 ii) implies

l'llsr <1,

a contradiction.
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6. Enabling equivalence and marking equality in CP-subnets of
perpetual free-choice systems

In a perpetual free-choice system (N, i) the adapted CP-subnets N C N and their induced markings
have specific properties which are not shared by CP-subnets in general live and safe well-formed
free-choice systems. These properties derive from the interplay of the regeneration marking and the
shutdown sequences of N.

Proposition 6.1. (Token count in adapted CP-nets of perpetual free-choice systems)
Consider a perpetual free-choice system (N, o) with a regeneration cluster ¢/ C N. Let N C N be a
a cl-adapted CP-subnet.

1. The CP-subnet N has no circuits. In particular, each path in N is elementary.
In addition, let y be an arbitrary reachable marking of (N, o) and set fi :== u|N.
2. Each path § C N has token count ||u||s < 1.

3. Firing a shutdown sequence of N

Osd
H— W
removes all tokens from N, i.e.
[.Lsd|N =0

4. Each transition t € N with a path (p,...,t) C N, p € Np and fi(p) = 1, can be enabled by firing
an occurrence sequence of (N, {t)

A O A .
= fpos With t;, & ©.

Proof:

1. For an indirect proof assume the existence of a circuit ¥ C N. Because N C N is a T-net and
is cl-adapted, for each reachable marking u of (N, up):

[uelly = llperlly =0

Hence each transition from 7 is dead in (N, Lp), a contradiction to the liveness of (N, tp). The
second claim follows because a non-elementary path has a node of self-intersection, and the
latter produces a circuit.

2. The path § C N extends by concatenation to a path
3 - (til’l7 ---;tout)

leading in N from the way-in transition 7;, to a way-out transition 7,,,. Due to part 1) the path 5
is elementary. The complement N \ N is strongly connected. By concatenating 0 with an ele-
mentary path in the complement leading from 7,,, to #;, extends 0 - and a posteriori also § - to
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an elementary circuit 8y C N. The latter is contained in a P-component C C N, [6, Analogue of
Cor. 5.6]. Due to the fundamental property of perpetual free-choice systems

[ulle =1,
which implies ||u||s < 1.
3. Due to Remark [3.2] part 3) the free-choice system
(N, @) with N := N\ N and [T := pey|N

is live. There exists a reachable marking (1, of (N, ) which marks all places of ¢/ := NNcl.
Because N C N is place-bordered the extended marking i, 0f N defined as

Hpost N := H ot and pos |N = Ugq |N
is reachable in (N, o). Because ¢/ C N and ¢/ C N have the same places
ﬁpost > 252 - Hpost > U — Hpost = Hel

which implies
.usd|N = .upost|N =0.

4. The claim follows from the previous part because N is a T-net and #;, ¢ Oyq. 0

Proposition 6.2. (Enabling equivalence and marking equality in adapted CP-subnets)
Let (N, lo) be a perpetual free-choice system with regeneration cluster ¢/ C N and let

NCN
be a cl-adapted CP-subnet. Consider a pair (U, i) of reachable markings of (N, uy) and assume that
the restrictions
naj = /.Lj‘N, J=12,

are enabling equivalent, i.e.

A

en(N, 1) = en(N, ).
Then:
1. Marking equality on N:
= fi.
2. Common shutdown sequence: Each shutdown sequence of N at 11
(e}
H1 — U154

is also also a shutdown sequence of N at

(o)
Ho — U2 5q
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The idea of the proof of the first statement is the same as for the proof of Proposition The role
of the distinguished transition 7.; is now taken by the way-in transition f;, € N. The argumentation is
slightly different: The regeneration cluster ¢/ does not belong to N, and 7, has to be exempted from the
transitions under consideration. For the convenience of the reader we therefore give a complete proof.
The second result is a simple consequence of the first: A shutdown sequence fires only transitions
from Nz \ {tin}

Proof:
Alike to the notation used in the proof of Proposition[5.1and 5.2 we introduce for a given pair

(g,t) € Np x Ny with ¢* = {t}
the notation
engg(N, ), :={(7,8): T#tin,T €en(N,Q),8 = (1,...,q,t) CN}.
It denotes the set of pairs (7,8) with T # t;, enabled at fi and starting the path § C N to ¢ via q.
1. For an indirect proof of the first part of the Proposition assume
 #

There exists a place p € Np, marked at [1; but unmarked at fI;. Consider the well-determined
transition ¢ € N7 with p* = {¢}, in particular t € N\ {t;,}. The transition ¢ is not enabled at fl.
By enabling equivalence

t¢en(N,) = t ¢ en(N, Q).

As a consequence ¢ has a second pre-place ¢ € °f which is unmarked at fi;. W.l.o.g.

‘t={p.q}

and
(t1(p), i (q)) = (1,0) and (2(p), u2(q)) = (0, *).

Here the value u,(g) € {0, 1} is not yet known. The indirect proof continues along the following
steps:

* Triple ({11, 71,6,): Because
fu(p)=1land ft;(q) =0

the transition ¢ can be enabled without firing f;, by a reachable marking of (N, fi;) due to
Proposition[6.1] part 4). Because N is a T-net Proposition part 1) provides a pair

(T4,84) € ena(N, 1) with || ls,=0

see Figure[6] left-hand side.
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* Fuair (fly,7,): By enabling equivalence
7, €en(N, ) = 1, € en(N, 1)
s Triple ({12,7,, 8,): The transition 7, € en(N, 1) has a pre-place marked at f,.

Proposition part 4), applied to the path §,, shows that ¢ is enabled at a reachable
marking of (N, fI;). Because fI(p) =0 Proposition part 1) provides a pair

(TP’SP) € enSd(Na .a2)p with Huﬂ2||5p =0,
see Figure[6] middle.
* Triple ({11, 7,,0p): By enabling equivalence

7, €en(N, L) = 1, €en(N, Q)

Figure@ right-hand side shows fi;. After firing fI; N U’ the segment
8 == (1p,..,p)of §, CN
has token count
']l =2,

but due to Proposition part 2)
lulls < 1.

The contradiction refutes the assumption of the indirect proof, hence
=
2. Due to part 1)
WIN = [N

Remark (3.2/implies: Each marking ;, j = 1,2, enables a shutdown sequence of N. Because a
shutdown sequence has only transitions from N7 \ {#;,}, each shutdown sequence enabled at p,
is also a shutdown sequence enabled at L, and vice versa. O

7. Propagating perpetuality and enabling equivalence along
CP-exhaustions

Proposition 7.1. (Propagating perpetuality to the complement of an adapted CP-subnet)
Consider a perpetual free-choice system (N, ty) with regeneration cluster ¢/ C N, and a cl-adapted

CP-subnet
N C N with complement N := N\ .

Then for each reachable marking u of (N, uy) and for each shutdown sequence o

u g Hsa
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for N C N: The free-choice system
(N.[L), | = psalN,

is perpetual with regeneration cluster ¢/ := N Ncl.

Idea of the proof: Both clusters ¢/ C N and cI C N have the same places. And each enabled occurrence
sequence of (N, ) lifts to an enabled occurrence sequence of (N, tsy).

Proof:
Remark part 3) implies that (N, 1) is a live and safe free-choice system. We show that yi.|N is a
regeneration marking of (N, 1):

For each reachable marking V of (N,II) exists a reachable marking V. of (N,V) which enables
at least one transition and a posteriori - due to the free-choice property of N - all transitions of cl.
Hence V5 marks all places of cl. Because N C N is place-bordered, V,y extends to a reachable
marking Vo of (N, llp) with

vpost ‘N - Vpost and Vp()st ’N = WUsq ‘]AV

Proposition [6.T]implies
Vpost |N = .usd’N =0

The clusters
clCcNandcl CN

have the same places. Hence
Vpost > Het == Vpost = Hel

Asa consequence
Vposl = Ul ’N - .uz

is a regeneration marking of (N, ). O

Proposition 7.2. (Propagating enabling equivalence to the 7-net of an adapted CP-exhaustion)
Let (N, o) be a perpetual free-choice system with regeneration cluster ¢/ C N. Consider a c/-adapted
CP-exhaustion (N;);c; of N with the final strongly connected T-net

N:=N\{J_ N
Let (11, ) be a pair of reachable markings of (N, 1) with
en(N, 1) = en(N, 2).

1. For each i € I the CP-subnet N; C N has a common shutdown sequence o; for both markings
and W,. Both markings enable the concatenation

O = O *...* Oy,

named a global shutdown sequence.



J. Wehler | Perpetual Free-choice Petri Nets are Lucent 387

2. For j = 1,2 denote by U; s the marking of N obtained by firing o at u;, i.e.

(e}
Hj— Hjsd
Then the restrictions to N
Hj,sd = auj»"d|N
satisfy
Hy g —Hysq = (1 — 2)|N.
3. The pair of markings
(1 sa> B2 5a)
is reachable in the perpetual 7-system
(N, ) with ¢l :==NnNcl
and satisfies

en(ﬁ,ﬁ17sd) = en(ﬁvHZ,sd)‘

The idea of the proof is to compare the enabledness of each transition ¢ € N before and after firing ©.
The proof shows: A transition ¢ is enabled before firing ¢ at both markings (u;, Up) or at none of them
if and only after firing o the transition is enabled at both markings ({4 54, 12 s¢) OF at none of them.
Besides Proposition[5.1] and [6.2] the main ingredient is the fact that a live and bounded T-system is
cyclic.

Proof:
We set

Hj = ,LL]'|N, j=12.
Because N C N is place-bordered: For each transition ¢ € N and for j = 1,2 holds
t€en(N,u;) <= tcen(N,I;)

1. For each i € I Proposition provides a common shutdown sequence o; of N; with respect to
the markings p; and u,. For each pair i # k € I the pre-sets of the non way-in transitions of &;
and Ny, are disjoint, which proves part 1).

2. If p € N C N is not a way-in place of N then for j = 1,2

We(P) = Wk sa(p).-

And for a way-in place p € Np;, the change i s4(p) — i (p) of both markings depends only on
the transitions of ¢. Hence the change is the same whether firing o at y; or at L.

3. For j = 1,2 Proposition implies that (N, [t j’sd) is perpetual with regeneration marking fi.
Live T-systems are cyclic, hence [ ., is reachable in (N, tiz). Claim:

en (N’ Hl ,sd) =en (Na ﬁ2,sd)
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The proof distinguishes between non-critical transitions and critical transitions.

i) Non-critical transitions: If t € N7 \ N7.¢yir then
°t ﬂﬁg in=0.
Hence firing ¢ does not change the marking on °f. As a consequence

[en(Nv :ul) = e”(N»MZ)] - [t € en(ﬁ7ﬁl,sd) —1rec en(ﬁaﬁZ,sdﬂ

i1) Critical transitions: The proof of the claim is indirect. Assume the existence of a critical
transition ¢ € NT,M, which violates enabling equivalence, w.l.0.g.

t€en(N, Ity o)\ en(N, [y o)

Then ¢ is enabled at neither marking ; and W, and firing o at y; enables ¢, but firing ¢ at U,
does not. Hence ¢ has at least two pre-places, w.l.o.g. ¢ has exactly two pre-places

*t ={p,q} with p € Np;,

satisfying
(1 (p), t(g)) = (0,1) and (u2(p), p2(q)) = (0,0)

(1 5a(P), By 5a(gq)) = (1,1) and (K5 4(p), Ha sa(g)) = (1,0).

* Proposition part 2 i), applied to the perpetual 7-system (N, t) and its reachable
marking (I, .;, provides a pair

(7,8) € en(N, Iy 4)g, T #1, with ||y 4|5 = 0 and 17 ¢ &'

for the segment
& :=(1,...,q) of 8.

In particular T € en(N, I ).

¢ The transition 7 satisfies
T¢en(N, [ 5):

Otherwise, after firing I, = 1’ the path &' has token count

I'ls =2

because 1 44(¢q) = 1. Then Proposition 5.1} part 2 ii) implies the contradiction

lulls <1
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* By the previous step and by the assumed enabling equivalence
tden(N ) = T¢en(N,I,) = ¢ en(N,iiy)

As a consequence
TE en(N>H2,sd) \ €I’l(N,ﬁ2),

and the transition T becomes enabled at a reachable marking of (N, I,) not until firing a
way-out transition f,,; € N. Hence T € N 7.crir 18 @ further critical transition with

TE en(ﬁ7ﬁ2,sd) \en(ﬁvﬁl,sd)'

* The previous result implies that at least one pre-place 7 is marked at [I; ;, due to the firing
of t,,;. As a consequence

tyFt:
Otherwise the enabling ¢ € en(N, Hl,sd)’ the greediness of cl, and the fact, that places of
a T-net do not branch, imply ¢ = 7, which has been excluded above.

We now iterate the whole argument above: It derives from the critical transition
f1:=1 € Nrerig N (en(ﬁ,ﬁmd) \en(ﬁ,ﬁzrsd))
a second critical transition
tr:= T € Nrcrie N (en(N, [y 5) \ en(N, 1 )
and a path
61 :=08 = (t2,..,q1,11) C N with [[IL; lls, = 1, [[F24ll5, =0 and 17 & &1
see Figure
After finitely many steps we obtain a family of critical transitions
tx € Nrcrie, k=1,...,m,
and elementary paths

6k = (tk+17~-,CIk;tk) CN, k= 1,...,m— 1, tel Qé 51{7

Hi H _ 1 ifkodd Hi H B 1 if keven
Hisalae =30 ifpeven” "H20% =) 0 ifk odd

satisfying

Because N has only finitely many critical transitions, a subset of these paths concatenates and
induces a circuit
yC N withr; ¢ 7.
The circuit ¥ satisfies
tzzlly = 1 sally = [ 5ally > 1
Hence ¥ has at least one elementary subcircuit which is marked at ;. The result contradicts
the fundamental property of perpetual T-systems because the subcircuit does not contain 7.
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The contradiction refutes the assumption that the critical transition ¢ = #; violates enabling

equivalence. Hence all critical transitions ¢ € N7 satisfy

re en(ﬁvﬁl,sd) 1€ en(ﬁaﬁz,sd)
iii) Enabling equivalence: The two previous parts show
en(ﬁ’ﬁl,sd) = en(ﬁvﬁZ,sd)’

which finishes the proof of the Proposition.

N_hat t_out

N_overline
1
delta_1 delta_1 delta_1 delta_1
t1 <—©<— <—©<— t2
q_1
delta_2 gamma delta_2
delta_2 delta_2 delta_2 delta_2 q.2

Figure 7. Way-in places p;, critical transitions #;, paths §;, particular case t3 = 1,

Statement and proof of van der Aalst’s theorem

Theorem 8.1. (Van der Aalst’s theorem on lucency from [1])
Each perpetual free-choice system is lucent.

Proof:

Consider a perpetual free-choice system (N, L) with a regeneration cluster ¢/ C N and its regeneration

marking ;.

1. CP-exhaustion: Theorem 3.5|provides a cl-adapted CP-exhaustion of N

(N)ies» 1=10,...,n} CN,
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with CP-subnets N; C N, complements

N;:=Ni_1\N;, N_i :=N,
and the final strongly connected T -net

N:=N\{_,Ni

The disjoint union of full subnets of N

Np :=NUNy U ...URN,
is a subnet of N with the same nodes as N. The regeneration cluster ¢/ intersects each comple-
ment N;, i € I, and N in a non-empty cluster. Set

cl:=Nncl CN.

To continue the proof assume a pair of reachable markings (u;, ) of (N, o) with

en(N, 1) = en(N. ).
2. Marking equality in the CP-subnets: Proposition [6.2]implies for each i € I

(1 —w)|N; =0

3. Marking equality in the final T -net: Proposition considers simultaneously the collection of
all CP-subnets N, i € I. The proposition provides a global shutdown sequence ¢ enabled at
both markings u;, j=1,2,

Hj 2 Mj.sd
such that the resulting markings of N
Hjoqi= WjsalN
» are reachable in the T-system (N, 1),
* satisfy
Hl,sd _EZ,sd = (H’l _“2)’N
* and are enabling equivalent
en(ﬁaﬁl,sd) = en(ﬁ7ﬁ2,sd>'
Proposition [7.1|implies that (N, ,ug)) is perpetual. Proposition |5.2|concludes
Hl,sd - HZ,sd =0.
As a consequence
(1 —m2)[N=0
Combining part 2) and 3) of the proof shows
H1 = U
and finishes the proof. H]
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9. Concluding remarks

CP-subnets of a free-choice net have been introduced by Desel and Esparza. In [7] we used CP-nets
to show the theorem of Gaujal, Haar and Mairesse about the existence of unique blocking markings in
live and bounded free-choice systems.

The present proof of Theorem [8.T|does not presuppose the blocking theorem but it makes a similar
use of CP-nets. As van der Aalst remarks, for a perpetual free-choice system both his theorem and
the uniqueness part of the blocking theorem give the same result when applied to those reachable
markings, which enable the transitions of one single common cluster but no other transitions.

Our proof uses in an essential way the existence of adapted CP-exhaustions for well-formed free-
choice nets. Figure [3| visualizes the logical structure of the proof. The figure indicates the results
referring to the building blocks of the CP-exhaustion and their relations. If the underlying net lacks
well-formedness the proof does not apply. Therefore it would be interesting to isolate those conse-
quences of regeneration clusters in T-systems which underly the constructions from Section [5] and
notably Figure [6}

* Marking an unmarked pre-place of a transition by forwarding tokens along an elementary, ini-
tially token-free path, which starts at an enabled transition.

» Markings which are enabling equivalent but distinct create a distinguished elementary path: The
path has token count at least two and avoids the regeneration cluster.

* The greediness of the regeneration cluster ensures the safeness of each elementary path which
avoids the regeneration cluster.

How do these properties generalize in a direct manner from perpetual 7-systems to perpetual free-
choice systems - without using the CP-exhaustion? How far can one relax the assumptions of van der
Aalst’s theorem and still prove lucency?

In [4, Theor. 3, FN 2] van der Aalst mentions that he currently investigates his theorem in this
direction.
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