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Abstract. For a fixed type of Petri nets 7, 7-SYNTHESIS is the task of finding for a given tran-
sition system A a Petri net IV of type 7 (7-net, for short) whose reachability graph is isomorphic
to A if there is one. The decision version of this search problem is called 7-SOLVABILITY. If
an input A allows a positive decision, then it is called 7-solvable and a sought net N 7-solves A.
As a well known fact, A is 7-solvable if and only if it has the so-called T-event state separation
property (T-ESSP, for short) and the 7-state separation property (7-SSP, for short). The question
whether A has the 7-ESSP or the 7-SSP defines also decision problems. In this paper, for all
b € N, we completely characterize the computational complexity of 7-SOLVABILITY, 7-ESSP
and 7-SSP for the types of pure b-bounded Place/Transition-nets, the b-bounded Place/Transition-
nets and their corresponding Z; 1 -extensions.
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1. Introduction

The task of system analysis is to examine the behavior of a system and to derive its behavioral proper-
ties. Its counterpart, synthesis, is the task of automatically finding an implementing system for a given
behavioral specification. A valid synthesis procedure then computes a system that is correct by design
if it exists.
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In this paper we investigate a certain instance of synthesis: For a fixed type of Petri nets 7, 7-
SYNTHESIS is the task to find, for a given directed labeled graph A, called transition system (TS, for
short), a Petri net NV of type 7 (7-net, for short) whose state graph is isomorphic to A if such a net
exists. The decision version of 7-SYNTHESIS is called 7-SOLVABILITY.

Synthesis for Petri nets has been investigated and applied for many years and in various fields: It
is used to extract concurrency and distributability data from sequential specifications like transition
systems or languages [1]. Synthesis has applications in the field of process discovery to reconstruct
a model from its execution traces [2]]. In [3]], it is employed in supervisory control for discrete event
systems. It is also used for the synthesis of speed-independent circuits [4]]. In this paper, we investigate
the computational complexity of synthesis for certain types of bounded Petri nets, that is, Petri nets for
which there is a positive integer b that restricts the number of tokens on every place in every reachable
marking.

In [5} 6], synthesis has been shown to be solvable in polynomial time for bounded and pure
bounded Place/Transition-nets (P/T-nets, for short). The approach provided in [5, |6] guarantees a
(pure) bounded P/T-net to be output if such a net exists. Unfortunately, it does not work for prese-
lected bounds. In fact, in [[7] it has been shown that solvability is NP-complete for 1-bounded P/T-nets
(there referred to as elementary net systems), that is, if the bound b = 1 is chosen in advance. In [§]],
the type of pure 1-bounded P/T-nets is extended by the additive group Z, of integers modulo 2 (there
referred to as flip-flop nets). Transitions of these nets can simulate the addition of integers modulo
2. The result of [8]] shows that this suffices to bring the complexity of synthesis down to polynomial
time. In [9,[10], we progressed the approach of examining the effects of the presence and absence of
different interactions on the complexity of synthesis for the broader class of Boolean Petri nets that
enable independence between places and transitions. This class also contains the type of 1-bounded
P/T-nets and its Zs-extension. Although [9, [10] show that synthesis remains hard for 75 of the 128
possible Boolean types (allowing independence), [9] also discovers 36 types for which synthesis is
doable in polynomial time. The latter applies in particular for the Zy extension of 1-bounded P/T-
nets. As another aspect that possibly might influence the complexity of synthesis of (pure) 1-bounded
P/T-nets, the grade g of a TS A as has been introduced in [I1]]: A TS A is g-grade if every state of
A has at most g incoming and at most g outgoing labeled edges. There we showed that synthesis
of pure 1-bounded P/T-nets remains NP-complete even for acyclic 1-grade TS. In [12]], for any fixed
g € N, we completely characterize the computational complexity of synthesis from g-grade TS for
all Boolean Petri net types that enable independence. Surprisingly enough, for many other Boolean
types, synthesis remains hard for all g > 1. For example, this applies to the type of inhibitor nets and
the type of contextual nets, which have originally been introduced in [13] and [[14] and are referred
to as {nop, inp, out, free} and {nop, inp, out, used, free} in [12], respectively. However, there are
several types for which the complexity changes when g becomes small enough. This applies in partic-
ular to the Boolean type of trace nets that has originally been introduced in [[15] and is referred to as
{nop, inp, out, res, set, used, free} in [12]]. Synthesis for this type is hard if ¢ > 2, but polynomial
for g < 2. The same is true for the type of set nets that has originally been introduced in [16] and is
referred to as {nop, inp, set, used} in [12].

However, some questions in the area of synthesis for Petri nets are still open. Recently, the com-
plexity status of synthesis for (pure) b-bounded P/T-nets, where b > 2, has been reported as un-
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known [17]. Furthermore, it has not yet been analyzed whether extending (pure) b-bounded P/T-nets
by the group Zj,1 provides also a tractable superclass if b > 2.

Let b € N™. In this paper, we show that solvability for (pure) b-bounded P/T-nets is NP-complete
even if the input is an acyclic 1-grade TS. Moreover, for b > 2, we introduce (pure) Zp1-extended b-
bounded P/T-nets. This type originates from (pure) b-bounded P/T-nets by adding interactions between
places and transitions simulating the addition of integers modulo b 4+ 1. This extension is a natural
generalization of Schmitt’s approach that does this for b = 1 [8]]. In contrast to Schmitt’s result [8]],
in this paper, we show that solvability for (pure) Zi-extended b-bounded P/T-nets remains NP-
complete for all b > 2 even if the input is restricted to g-grade TS where g > 2. In particular, this
makes the synthesis of all of these b-bounded Petri net types NP-hard. The question arises whether
there are also types of b-bounded P/T-nets for which synthesis is tractable if b > 2. We affirm this
question and propose the type of restricted Z;1-extended b-bounded P/T-nets. This paper shows, that
synthesis is solvable in polynomial time for this type.

To prove the NP-completeness of solvability we use its well known close connection to the so-
called event state separation property (ESSP, for short) and state separation property (SSP, for short).
In fact, a TS A is solvable with respect to a Petri net type if and only if it has the type related ESSP
and SSP [6]. The question of whether a TS A has the ESSP or the SSP also defines decision problems.
The possibility to efficiently decide if A has at least one of both properties serves as quick-fail pre-
processing mechanisms for solvability. Moreover, if A has the ESSP then synthesizing Petri nets up
to language equivalence is possible [6]. This makes the decision problems ESSP and SSP worth to
study. In [18], both problems have been shown to be NP-complete for pure 1-bounded P/T-nets. This
has been confirmed for almost trivial inputs in [11}[19].

In this paper, for all b € NT, we show that ESSP and SSP are NP-complete for (pure) b-bounded
P/T-nets even if the input is an acyclic 1-grade TS. Moreover, for all b > 2, the ESSP is shown to
remain NP-complete for (pure) Zjp1-extended b-bounded P/T-nets for g-grade TS where g > 2. By
way of contrast, in this paper, we show that SSP is decidable in polynomial time for the type of (pure)
Zyy1-extended b-bounded P/T-nets, for all b € N. To the best of our knowledge, so far, this is the first
net family where the provable computational complexity of SSP is different to solvability and ESSP.

All presented NP-completeness proofs base on a reduction from the monotone one-in-three 3-SAT
problem that is known to be NP-complete [20]. Every reduction starts from a given boolean input
expression ¢ and results in an accordingly restricted g-grade TS A. The expression ¢ belongs to
monotone one-in-three 3-SAT if and only if A has the ESSP or the SSP or the solvability, depending
on which of the properties is queried.

The proofs of the announced polynomial time results base on a generalization of Schmitt’s ap-
proach [8]] that reduces ESSP and SSP to systems of linear equations modulo b+ 1. It exploits that the
solvability of such systems is decidable in polynomial time.

This paper is organized as follows: Section [2]introduces necessary definitions and provides them
with illustrating examples. Moreover, it also presents some basic results that are used throughout
the paper. Section [3 introduces the concept of unions applied by the proofs of our hardness results.
Section ] provides the NP-completeness results and presents the corresponding reductions that prove
their validity. Section[3]provide the announced tractability results. Finally, Section [6]closes the paper.
This paper is an extended version of [21} 22].
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2. Preliminaries

In this section, we introduce necessary notions and provide some basic results that we use throughout
the paper as well as some examples.

Definition 2.1. (Transition System)

A (deterministic) transition system (TS, for short) A = (S, E, 0) is a directed labeled graph with states
S, events E and partial rransition function § : S x E — S, where (s, e) = s’ is interpreted as the
edge s_©,s'. For s_© s’ we say s is a source and s’ is a target of e, respectively. An event e occurs at a
state s, denoted by s—©,, if §(s, €) is defined. A word w = ¢ ... e, € E* occurs at a state s, denoted
by s- ., if it is the empty word ¢ or there are states qq, . . ., g, such that s = gp and 6(g;, €;+1) = Gi+1
is defined for all ¢ € {0,...,n — 1}. An initialized TS A = (S, E,J,¢) is a TS with a distinct state
¢ € S such that every state s € S is reachable from ¢ by a directed labeled path. The language of A is
the set L(A) = {w € E* | 1 *.}.

In the remainder of this paper, if not explicitly stated otherwise, we assume all TS to be initialized
and if a TS A is not explicitly defined, then we refer to its components consistently by S(A) (states)
and F/(A) (events) and d 4 (transition function) and ¢ 4 (initial states).

Definition 2.2. (g-grade, linear)
Letg € N. ATS A = (S,E,4,.) is g-grade if, for every state s € S, the number of incoming

and outgoing labeled edges at s is at most g: [{e € E | .5} < gand [{e € E | s °.}|] <
g. If a TS is 1-grade and cycle free, that is, there are pairwise distinct states sg, ..., Sy, such that
A = sp-&, ... m.g,,, then we say A is linear; we call s,, the terminal state of A and, for all
i <je{l,...,m}, wesay e; and s; occur after e;.

In this paper, we deal with (different kinds of Petri) nets. Nets have places, transitions, a flow and
an initial marking. Places can contain fokens. A global marking of a net defines for every place p
how many tokens it contains initially. The firing of a transition can change locally the content of some
places and thus globally the marking of the net. The flow defines the relations between places and
transitions: how many token must a place contain to allow the firing of a transition and in which way
changes the firing of a transition the content of a place. Nets are classified by the number of tokens that
a place can maximally contain (markings) and according to how places and transitions may influence
each other (flow). This way to classify nets leads to infinite many different classes of nets. In order to
deal with these classes in a uniform way, the notion of types of nets has been developed in [6]:

Definition 2.3. (Type of nets)
A type of nets 7 is a (non-initialized) TS 7 = (S;, E;, d,) with S C N.

Based on this notion, we are now able to define 7-nets, where the states S, of 7 = (S;, E., d;)
correspond to possible contents of places, the events E. correspond to possible relations between
places and transitions and the partial transition function J,. describe how the contents of places can be
changed by the firing of a transition and, moreover, which contents can inhibit such a firing:
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Definition 2.4. (7-Nets)

Let 7 = (S:, E-,d;) be a type of nets. A Petri net N = (P, T, My, f) of type 7, (7-net, for short) is
given by finite and disjoint sets P of places and 7" of transitions, an initial marking My : P — S,
and a (total) flow function f : P x T — FE.. A T-net realizes a certain behavior by firing sequences of
transitions: A transition ¢t € T can fire in a marking M : P — S; if (M (p), f(p, t)) is defined for
all p € P. By firing, ¢ produces the next marking M’ : P — S; where M'(p) = 6 (M (p), f(p,t))

for all p € P. This is denoted by M_* ,M’. Givena t-net N = (P, T, My, f), its behavior is captured
by a transition system Ay, called the reachability graph of N. The state set of Ay is the reachability
set RS(IN), that is, the set of all markings that, starting from initial state M, are reachable by firing a

sequence of transitions. For every reachable marking M and transition t € T with M_% M’ the state
transition function 04, of Ay is defined by d4, (M, t) = M'.

Let b € NT be arbitrary but fixed. In this paper, the following types of (b-bounded Petri) nets are
the subject of our investigations:

Definition 2.5. (75)

The type of b-bounded P/T-nets T = (S s By 0. ) has the state set Sy = {0,...,b} and
the event set Ep = = {0,...,b}? and, for all s € S , and all (m,n) € E., . the transition function
is defined by & %T(s (m, n)) =s—m+nifs>m yand s —m + n < b, and undefined otherwise.

Definition 2.6. (75 )
The type 755 = (Sw, By 00 ) of pure b-bounded P/T-nets is a restriction of 7%, that
discards all events (m,n) from E o where both m and n are positive. To be exact, S,T_}bD _—— STIZ .

and B, =E, \{(m,n)|1<m,n <b}and forallse S, andalleec E_ ,wehave
PPT PT PPT PPT
0o (s,e) =01 (s,e).
PPT PT

Definition 2.7. (75 1)

The type Tg pr = (S,T_b ET%’P 5T£pT) of Zy41-extended b-bounded P/T-nets originates from legT by
extending the event set E b with the elements 0, . . ., b. The transition function additionally simulates
the addition modulo (b+1). More exactly, S-p = Sp» and B = (ETIb)T \ {(0,0)}) u{o,...,b}
and, forall s € S» andalle € E,  we have that 0.» (s,e) = 5le;T(s,e) ife e Ey ,else

5T£pT(S’ e)=(s+ e) "mod (b+1).

Definition 2.8. (75, o)

The type T2 ppp = (Swo o B 00 ) of pure Zb+1-extended b-bounded P/T-nets is a restric-
tion of 75 - such that STEPPT = ST%’PT and Ep = FEo \ {(m,n) | 1 <m,n < b} and, for all

s€S, andallee E_, ,the transition function is defined byds (s,e) =064 (s,€).
ZPPT ZPPT TzPPT TzpT

Definition 2.9. (7%, p7)
The type of restricted Zy1-extended b-bounded P/T-nets T%, pp = (S.» E_ 0 b ) has the

TrzpT' = TRZPT’ 'R
same state set S_» = S, and the same event set E =F, as ’7’2 P but a restrlcted
TRZPT TzpT TRZPT TzpT
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transition function §_» . In particular, 6_»  restricts d » in such a way thatfors € S_»  and
TRZPT TRZPT TzPT . _ TRzPT
(m,n) € E.  wehave th'at 5T§ZPT(S’ (m,n)) = 6T£pT(S’ (m,n)) if s = m; otherwise if s # m,
then §_»  (s,(m,n)) remains undefined. Hence, every (m,n) € E_»  occurs exactly once in
TRZPT TRZPT

78, pp. Furthermore, if (s,e) € {0,...,b}? then 571”2sz (s,e) = Op (s,e).

Figure 1: The 2-bounded types 73, (top) and 72 pr (middle) and 7%, -1 (bottom), respectively, with
states 0 and 1 and 2. Multiple edges with the same source and target (but different events) are repre-
sented as one edge with multiple events. For example, TIbDT has three edges from 2 to 2: one labeled
(0,0), another (1, 1), and a third labeled (2, 2). Similarly, 72, has two edges from 2 to 0: one labeled
(2,0) and another labeled 1.

Example 2.10. Figure [I] sketches TI%T (top) and 7'% pr (middle). Events separated by commas label
different edges. Omitting the events (1,1), (1,2), (2,1) and (2, 2) and the corresponding edges yields
7'123 pr and 7'% ppp- respectively. Moreover, Figure [Tl sketches T}%Z pr (bottom).
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Example 2.11. Figure 2 sketches the 7'123 pp-net Ny and its reachability graph Ay, . Ny has places Ry
and Ry, transitions a and b and flow f(R1,a) = (1,0), f(R2,b) = (1,0) and f(R1,b) = f(Re,a) =
(0,0) and initial marking M (R;) = My(R2) = 1. The (0,0)-labeled edges are omitted.

(1,0)

53— 53 Ry [a] 10 —2— 00
Aq: bT Tb Ny (1.0) ANl : bT Tb
e —— Ry —[b] - 11 —— 01

a a

Figure 2: The TS Ay, the 75 p-Net Ny and the reachability graph Ay, of Nj.

According to Definition for every 7-net IV, there is always a TS A, that reflects the global
behavior of N, namely the corresponding reachability graph. Moreover, by firing all possible se-
quences of transitions, the reachability graph Ay can be computed effectively. Naturally, this raises
the question whether a given TS A corresponds to the behavior of a 7-net V. Furthermore, in case of
a positive decision, IV should be constructed. This is the subject of the following search problem:

T-SYNTHESIS
Input: ATS A= (S,E,o,0).
Task: Find a 7-net N whose reachability graph is isomorphic to A if it exists.

If an input A = (S, E, d, ) of 7-Synthesis allows a positive decision, then we want to construct
a corresponding 7-net IV purely from A. Since A and the reachability graph Ay of N shall be
isomorphic, the events E of A become transitions of V. The places, the flow function and the initial
marking of IV originate from so-called 7-regions of A.

Definition 2.12. (7-Regions)

Let 7 € {75, 70, 78,78, 72} and A = (S, E,68,1) be a TS. A 7-region of A is a pair (sup, sig) of

support sup : S — S, and signature sig : E — E, such that for every edge s—¢.s’ of A the
sig(e)

image sup(s) =2, sup(s’) is present in 7. If sig(e) = (m,n), then we define sig~ (e) = m and
sigt(e) = n and |sig(e)| = 0, and if sig(e) € {0,...,b}, then we define sig~(e) = sigt(e) = 0
and |sig(e)| = sig(e).

A region (sup, sig) models a place p and its initial marking My (p) as well as the corresponding
part of the flow function f(p,-) of a sought 7-net if it exist. In particular, sig(e) models f(p,e) and
sup(t) models the number of tokens that p contains initially and, more generally, sup(s) models the
number of tokens M (p) in the marking M that corresponds to the state s according to the isomorphism
 that justifies A = Ap.

Definition 2.13. (Synthesized net)

Every set R of 7-regions of A = (S, E,d,.) defines the synthesized T-net N% = (R, E, f, M)
with set of places R, set of transitions E, flow function f((sup, sig), e) = sig(e) and initial marking
My ((sup, sig)) = sup(e) for all (sup, sig) € R and all e € E.
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To make sure that a synthesized net N realizes the behavior of a TS exactly, distinct states s and s’
of A must correspond to different markings M and M’ of the net. Moreover, the firing of a transition
e needs to be inhibited at a marking M, when the event e does not occur at the state s that corresponds
to M by the isomorphism . This is stated by so-called separation atoms and separation properties.

Definition 2.14. (7-State Separation)

Let 7 be a type of nets and A = (S, F, d,¢) a TS. A pair (s, s") of distinct states of A defines a state
separation atom (SSA, for short). A T-region R = (sup, sig) solves (s, s') if sup(s) # sup(s’). The
meaning of R is to ensure that N¥ contains at least one place R such that M (R) # M'(R) for the
markings M and M’ corresponding to s and s’, respectively. If s € S is a state of A and, for all states
s’ € S such that s’ # s, there is a T-region that solves (s, s) then s is called T-solvable. If every
state of A or, equivalently, every SSA of A is T-solvable, then A has the 7-state separation property
(7-SSP, for short).

Definition 2.15. (7-Event State Separation)
Let 7 be a type of nets and A = (S, F,d,¢) a TS. A pair (e, s) of event e € E and state s € .S where e

does not occur at s, that is ~s—¢_,, defines an event state separation atom (ESSA atom, for short). A 7-
region R = (sup, sig) solves (e, s) if sig(e) is not defined at sup(s) in 7, that is, =6, (sup(s), sig(e)).
The meaning of R is to ensure that there is at least one place R in N} such that 6, (M (R), f(R,e))
is not defined for the marking M that corresponds to s via the isomorphism, that is, e cannot fire in
M. If, for all s € S such that —s_©,, there is a 7-region that solves (e, s), then e is called 7-solvable.
If every event of A or, equivalently, every ESSA of A is 7-solvable, then A has the 7-event state
separation property (T-ESSP, for short).

Definition 2.16. (Witness, 7-admissible set)

A set R of T-region is a (7-) witness of the 7-(E)SSP of A if it contains for every (E)SSA a 7-region
that solves it. If A has the 7-SSP and the 7-ESSP, then A is called 7-solvable. A set R that is a witness
of both the 7-SSP and the 7-ESSP of A is called T-admissible.

The following lemma, borrowed from [6, p.163], summarizes the already implied connection be-
tween the existence of 7-admissible sets of A and (the solvability of) 7-synthesis:

Lemma 2.17. ([6])
Let Abe a TS and 7 a type of nets. The reachability graph Ay of a 7-net IV is isomorphic to A if and
only if there is a T-admissible set R of A such that N = N¥.

Example 2.18. Let 7 € {r%pp, 757 | b € Nt} The TS A; of Figure 2 has the 7-ESSP and the
7-SSP: The region Ry = (sup1, sigy ), which is defined by sup;(so) = supi(s2) = 1 and supi(s1) =
supy(s3) = 0 and sig(a) = (1,0) and sig(b) = (0,0), solves the ESSA (a, s1) and (a, s3) as well as
the SSA (so, s1) and (s, s3) and (s2, s1) and (s2, s3). Moreover, the region Ry = (supa, sig2), which
is defined by supa(so) = supa(s1) = 1, supa(s2) = supa(ss) = 0, sig(a) = (0,0) and sig(h) =
(1,0) solves the remaining ESSA (b, s2) and (b, s3) as well as the SSA (sg, s2) and (s1, s3) of Aj.
Since R; and Rs solve all SSA and ESSA, R = {R;, Rs} is a T-admissible set. Figure [2] sketches
the synthesized net Ny = N Zﬁ, where (0, 0)-labeled flow edges are omitted, and its reachability graph
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Ap, . The isomorphism ¢ between A; and Ay, is given by ¢(sg) = 11, ¢(s1) = 01, ¢(s2) = 10 and
©(s3) = 00.

— S — 0

Figure 3: The TS Aj, the 72, »-Net N and the reachability graph Ay, of Na.

Example 2.19. The TS A, of Figure 3l has no ESSA, since the only event a occurs at every state of
As. Consequently, A, has the 7-ESSP for all types of nets. However, As has the SSA (sq, s1), (S0, 52)
and (s1,s2). If 7 € {7%pp, 75 | b € Nt} then neither of these atoms is 7-solvable, since every
T-region R = (sup, sig) of Ay satisfies sup(sg) = sup(so) — 2sig™ (a) + 2sig™* (a), which implies
sig(a) = (0,0) and thus sup(sg) = sup(s1) = sup(s2). Nevertheless, if 7 € {75 ppp, Topp | b >
2}, then A has the 7-SSP, since the following 7-Region R = (sup, sig) solves all SSA in one blow:
sup(sg) = 0, sup(s1) = 1 and sup(s2) = 2 and sig(a) = 1. Since A has also the 7-ESSP, R = { R}
is a 7-admissible set of As.

Figure [3] sketches the synthesized net Ny = N}Q and its reachability graph Ap,. This example
also shows that the group-extended types 7zppr and 7zpr are strictly more powerful than the types
TPPT and 7 PT.

A purpose of this paper is to characterize the computational complexity of 7-SYNTHESIS for
all introduced b-bounded types of nets completely. Since the corresponding complexity classes are
defined for decision problems, we restrict our investigations to the decision version of 7-SYNTHESIS
that is called 7-SOLVABILITY. By Lemma[2.17] there is a 7-admissible set R of A if and only if there
is a 7-net N whose reachability graph is isomorphic to A. This allows us to formulate the solvability
problem for 7-nets as follows:

T-SOLVABILITY
Input: ATS A= (S,E,0,.).

Question: Does there exist a 7-admissible set R of A?

Although we are mainly interested in synthesis, the 7-SSP and the 7-ESSP are also interesting on
their own. This is because, for example, an algorithm that decides in polynomial time whether A has
the 7-SSP or the 7-ESSP could serve as a pre-synthesis method, which rejects inputs that does not
have the property in question. This leads to the following decision problems:

7-SSP
Input: ATS A= (S,E, ).
Question: Does there exist a witness R for the 7-SSP of A?
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7-ESSP
Input: ATS A= (S,E,d,¢).
Question:  Does there exist a witness R for the 7-ESSP of A?

In [7]], it was originally shown that T}, pr-SOLVABILITY (there referred to as elementary net syn-
thesis) is NP-complete. In [11,[19], we have shown that this remains true even for strongly restricted
inputs and applies also to 75 pp-SSP and 75, -ESSP. Moreover, the type 73 ppp coincides with
Schmitt’s type (flip-flop nets) for which the considered decision problems are tractable [8]. In [9,
p. 619], this characterization was found to be true for 7} o (there referred to as the Boolean type of
nets 7 = {nop,inp, out,used, swap}) as well. In this paper, we complete the complexity charac-
terization of 7-SOLVABILITY, 7-SSP and 7-ESSP for all introduced b-bounded types of nets and all
b € NT. (Observe that the problems are trivial if b = 0.) Figure 4 provides an overview over our
findings and shows, depending on 7 and b, which of the problems are NP-complete (NPC) and which
are solvable in polynomial time (P).

Bound Problem lep PT legT 7'2 PPT T% PT T%Z PT
SSP NPC | NPC P P P
b=1 ESSP NPC | NPC P P P
SOLVABILITY | NPC [ NPC P P P
SSP NPC | NPC P P P
b>2 ESSP NPC | NPC | NPC | NPC P
SOLVABILITY | NPC | NPC | NPC | NPC P

Figure 4: Overview of the computational complexity of 7-SOLVABILITY, 7-SSP and 7-ESSP for all
T € {Thpr: Thrs Thpprs Thpr: Thzpr) and allb € N¥.

In the following, if not explicitly stated otherwise, for all 7 € {TIIZ-,T, 7'11’3 PT}, we let b € NT and,
forall 7 € {185, T ppr}, Wwelet 2 < b € N be arbitrary but fixed, since the case b = 1 is already
solved for the latter. The observations of the next lemma are used to simplify our proofs:

Lemma 2.20. Let 7 € {7 p7, o7, Toprs Toppp and A = (S, E,§,1) be a TS.

1. Two mappings sup : S — S, and sig : E — E, define a 7-region of A if and only if for
every directed labeled path go-°L.... “m.q,, of A holds sup(q;) = sup(qi—1) — sig~(e;) +
sigt(e;) + |sig(e;)| forall i € {1,...,¢}, where this equation is to consider modulo (b + 1).
In particular, every region (sup, sig) is implicitly completely defined by sig and sup(¢).

2. If sp,81,...,8 € S, e € Fand sp—... s, then a T-region (sup, sig) of A satisfies
sig(e) = (m,n) with m # n if and only if (m,n) € {(1,0),(0,1)}. If sig(e) = (0, 1) then
sup(sp) = 0 and sup(sy) = b. If sig(e) = (1,0) then sup(sg) = b and sup(s;) = 0.
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Proof:
(ID): The first claim follows directly from the definitions of 7 and 7-regions. For the second claim, we
observe that every state s € S is reachable by a directed labeled path go-“L. ... ®m.q,,, where ¢y = ¢
and ¢,, = s. Thus, if sup(¢) and a valid signature sig are given, then, by the first claim, we get sup(s)
by sup(s) = sup(t) + S0, (—sig=(e;) + sig* (e;) + |sig(e;)])-

@): The If-direction is trivial. For the Only-if-direction we show that the assumption (m,n) ¢
{(1,0),(0,1)} yields a contradiction.

By (1), we have that sup(sp) = sup(so) +b-(n—m). If ]n—m| > 1, then either b- (n —m) < —b
orb-(n—m) > b;since 0 < sup(sg) < b, the first case contradicts sup(sp) > 0, and the latter case
contradicts sup(s,) < b, respectively. Hence, if n # m then |n — m| = 1. For a start, we show that
m > n impliesm = 1and n = 0. By n < m — 1 and sup(sg) < b we obtain the estimation

sup(sp—1) = sup(sp) + (b—1)(n—m) < b+ (b-1)(m—-1-—m) =1

By n < m < sup(sp—1) < 1 we have (m,n) = (1,0). Similarly, we obtain that (m,n) = (0,1) if
m < n. Hence, if sig(e) = (m,n) and n # m then sig(e) € {(1,0), (0,1)}.
The second statement follows directly from (). ad

The following lemma shows that if A is a linear TS and R is a witness of the 7-ESSP of A, then
R witnesses also the 7-SSP of A. In particular, this implies that a linear TS A is 7-solvable if and
only if it has the 7-ESSP. Notice that Lemma [2.21] provides a very general result, since its statement
is independent from the actual choice of 7.

Lemma 2.21. (ESSP implies SSP for Linear TS)
Let 7 be a type of nets and let A = s9-¢L,... °n,s, be aalinear TS and let R be a set of T-regions of
A. If R is a witness of the T-ESSP of A, then R witnesses also the 7-SSP of A.

Proof:

Let R be a witness of the 7-ESSP of A. Assume that there is an SSA that can not be solved by a
region of R. Then there is an SSA o = (2;;, 2;, ) of A, where ij,i; € {0,...,n}, such that the state
2;, has the maximum index among all states of A that participate at SSA of A that can not be solved
by a region of R: if (z;,, 2;,,) is an SSA of A that can not be solved by regions of R, then iy < i

and 4., < ig. In particular, this implies 7; < 4. Since 7; < iy, there is the edge zij%zijﬂ in A.
Since « is not solvable by regions of R, we have sup(z;;) = sup(z;,) for all (sup, sig) € R. This
implies, that the event e;, ;1 occurs at z;, , since the ESSA (e;; +1, 2, ) would not be solvable otherwise:

sig(ei;+1)

)M and —sup(z;, ) ———", implies the contradiction sup(z;;) # sup(z;,). Hence,

sup(z,
zik%zikﬂ is an edge in A. Since sup(z;;) = sup(z;,) for all (sup,sig) € R and since 0 is a

function, by Z@']~%Z@']~+1 and z;, 9tz 1, we get sup(zi;11) = sup(zi,41) for all (sup, sig) €
R. In particular, the SSA (zij+1, Zi,+1) is not solvable by regions of R. Since i;, < i) + 1, this
contradicts the choice of . Consequently, o does not exist and R witnesses the 7-SSP of A. a
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3. The concept of unions

For our reductions, we use the technique of component design [23]]. Every implemented constituent is
a TS (in the context of the reduction also referred to as gadget) that locally ensures the satisfaction of
some constraints. Commonly, all constituents are finally joined together in a target instance (TS) such
that all required constraints are properly globally translated. However, the concept of unions saves us
the need to actually create the target instance:

Definition 3.1. (Union)

If Ay = (So, Eo,00,0),---yAn = (Sn, En,dn,t,) are TS with pairwise disjoint states (but not
necessarily disjoint events) then we call U(Ay, ..., Ay,) their union with set of states S(U) = ;- S
and set of events E(U) = ;- Ei.

LetT = (Z;, E;,d;) beatypeofnetsand U = U(Ay,...,Ay)aunion, where A; = (S;, E;, §;, t;)
forall i € {0,...,n}. The concepts of SSA, ESSA, 7-regions, 7-SSP, and 7-ESSP as defined in the
preliminaries are transferred to U as follows:

Definition 3.2. (Region of a Union)
A pair (sup, sig) of mappings sup : S(U) — S; and sig : E(U) — E- is called a 7-region (of U), if

s_¢.s" € A; implies sup(s) Msup(s’) e rforallie {0,...,n}.

Definition 3.3. (7-State Separation in Unions)

A pair (s, s) of distinct states s, s’ € S(U) of the same TS A;, where i € {0,...,n}, defines an SSA
of U. A 7-region (sup, sig) of U solves (s, s’), if sup(s) # sup(s’). U has the 7-SSP, if all of its
SSA are T-solvable.

Definition 3.4. (7-Event State Separation in Unions)
A pair (e, s) of event e € E(U) and state s € S(U) such that —s_¢, defines an ESSA of U. A

T-region (sup, sig) of U solves it, if —sup(s)—. U has the 7-ESSP if all of its ESSA are 7-solvable.

In the same way, the notion of witness and T-admissible set and T-solvable are transferred to
unions. From the perspective of 7-SSP and 7-ESSP, unions are intended to treat a lot of unjoined TS
as if they were joined to a TS. To be able to do so, in the following, we introduce the linear joining
LJ(U) and the joining J(U) of a union U and argue that LJ(U) or J(U) has the 7-(E)SSP if and
only if U has the 7-(E)SSP.

Definition 3.5. (Linear Joining)

Let U = U(Ay,...,Ay) be a union such that, for all i € {0,...,n}, the TS 4; = (S;, E;, 0;,¢;) is
linear and its terminal state is ¢; and let Q = {q1,...,¢,} be a set of states, which is disjoint with
S(U),and W = {wy,...,w,} and Y = {y1,...,y,} be sets of events which are disjoint with E(U).
The linear joining of U is the linear TS LJ(U) = (S(U) U Q, E(U) U W UY,4,p) with transition
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function ¢ that is, foralle € E(U) UW UY and all s € S(U) U @, defined as follows:

di(s,e), ifse S;ande € E;andi € {0,...,n}
5(s,¢) qit1, ifs=t;ande = w;41 andi € {0,...,n — 1}
876 - . .
Li, ifs=g¢giande=y;andi € {1,...,n}

undefined, otherwise

Remark 3.6. The linear joining LJ(U) of U can be sketched as follows:

w1 n w2 Y2 Wp, Yn

LJ(U) =Ag Q@ Aq 2 e —— g —— A,

Definition 3.7. (Joining)

Let U = U(Ao,...,A,) be aunion of TS A; = (S;, E;, d;,¢;) forall i € {0,...,n}, and let Q =
{qo,-..,qn} be a set of states, which is disjoint with S(U), and W = {wy,...,w,} and Y =
{Y0,--.,yn} be sets of events, which are disjoint with E(U). The joining of U is the TS J(U) =
(S(U)Yu,E(U)UW UY,J, q) with transition function § that is, for alle € E(U) UW UY and all
s € S(U) U Q, defined as follows:

di(s,e), ifse S;ande € E;andi € {0,...,n}
5(s.¢) qit1, if s=g¢;and e = w4 and i € {0,...,n — 1}
s,e) =
Lis ifs=¢ ande=y;andi € {0,...,n}

undefined, otherwise

Remark 3.8. The joining J(U) of U can be sketched as follows:

w1 wo Wy,
q0 q1 su qn

Yo l Y1 l Yn J
Ao A, A,

The following lemma proves the announced functionality of unions. For technical reasons, we
restrict ourselves to unions U where for every event e € E(U) there is at least one ESSA (e, s)
to solve. The unions of our reductions satisfy this property, which is used to ensure that if U has
the 7-ESSP, then LJ(U) and J(U) have the 7-ESSP, too. Moreover, our reductions ensure that if
7 € {155, 7% 57}, then only the linear joining L.J(U) is to consider, and if 7 € {7857, TS ppp}, then
only the joining J(U) is used. Thus, for the sake of simplicity, the lemma is formulated accordingly.

Lemma 3.9.

1. Let U = U(Ay,...,A;) be a union of linear TS such that ¢; is the terminal state of 4; =
(Si, Ei, 0;,¢) forall ¢ € {0,...,n}, and for every event e € E(U) there is a state s € S(U)
with =s_¢. If 7 € {75, TS pp}, then U has the 7-ESSP, respectively the 7-SSP, if and only if
LJ(U) has the 7-ESSP, respectively the 7-SSP.



138 R. Tredup | The Complexity of Synthesis of b-Bounded Petri Nets

2. LetU = U(Ay,...,Ay,) be aunion such that A; = (S;, E;, ;,¢;) foralli € {0,...,n}, and
for every event e € E(U) there is a state s € S(U) with =s—_“. If 7 € {7} pp, o ppr}» then
U has the 7-ESSP, respectively the 7-SSP, if and only if J(U) has the 7-ESSP, respectively the
7-SSP.

Proof:
(1): The if-direction is trivial.

Only-if: Let R = (sup, sig) be a T-region of U, which solves an ESSA (a, z) or an SSA (z, 2’)
of U. We can extended R to a 7-region R’ = (sup’, sig’) of LJ(U) that also solves these atoms, by
defining R’ forall s € S(U)UQand alle € E(U) UW UY as follows:

sup/(s) = {sup(s), ifse S(U),
(

sup(z), ifseq
(sig(e), ifee E(U),
(sup(ti) — sup(z),0) if e = w;y; and sup(t;) > sup(z) andi € {0,...,n — 1}

sig'(e) = 4 (0, sup(z) — sup(t;)) if e = wiy 1 and sup(t;) < sup(z)andi € {0,...,n — 1}

(0, sup(e;) — sup(z)) if e =y; and sup(e;) > sup(z) andi € {1,...,n}
(sup(z) — sup(t;),0) ife=y; and sup(s;) < sup(z) andi € {1,...,n}

Notice that this extension also 7-solves (e, q;) for all i € {1,...,n}, since sup(¢g;) = sup(z).
Since, for every event e € E(U) there is an atom (e, s) to solve, this implies that all events of U
are T-solvable in LJ(U). Moreover, it is easy to see that the connector states ¢, ..., q, and the
connector events y1, ..., Yy, are T-solvable: If i € {1,... n} is arbitrary but fixed then the following

region R = (sup, sig) (by Lemma [2.20] completely defined) 7-solves ¢; and y;: sup(t9) = b; for
all e € E(LJ(U)), if e = vy, then sig(e) = (0,b); if e = w;, then sig(e) = (b,0); otherwise
sig(e) = (0,0).

So far, we have already proven that if U has the 7-SSP, then L.J(U) has the 7-SSP, too. Thus, to
prove that the 7-ESSP of U implies 7-ESSP of L.J(U), it remains to show that wy, . .., w, are solvable
if U has the 7-ESSP. Let ¢ € {1,...,n} be arbitrary but fixed. The following region R = (sup, sig)
solves (w;, s) forall s € S(LJ(U)) \ Si—1: if ¢ = 1, then sup(tp) = 0, otherwise sup(ty) = b; for
alle € E(LJ(U)), ifi # 1 and e = y;_1, then sig(e) = (b,0); if e = w;, then sig(w;) = (0,b);
otherwise, sig(e) = (0,0).

It remains to argue that (w;, s) is 7-solvable for all s € S;_;. Since U has the 7-ESSP, there is
a set R of regions that witnesses the 7-ESSP. In particular, for every ESSA (e, s) of A;_1 there is a
region of R that solves it. Restricting the corresponding regions to A; 1 yields a set of regions that
witnesses the 7-ESSP of A; ;. Since A; is linear, by Lemma these regions witness also the
7-SSP of A;_;. Consequently, for every state s € S;_1 \ {t;_1}, there is aregion (sup, sig) € R such
that sup(s) # sup(t;—1). We extend this region to a region of L.J(U) that solves (wj, s) as follows:
Besides of wj;, g; and y;, the extension of (sup, sig) is defined as R’ above; if sup(s) > sup(t;—1),
then sup(q;) = b, otherwise sup(q;) = 0; if sup(q;) = b, then sig(w;) = (0,b — sup(t;_1));
otherwise sig(w;) = (sup(ti—1),0); finally, if sup(q;) = b, then sig(y;) = (b—sup(¢;),0); otherwise
sig(yi) = (0, sup(s;)).
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(2): If: Again, the if-direction is trivial.

Only-if: Let R = (sup, sig) be a 7-region of U, which solves an ESSA (a, z) or an SSA (z, 2’)
of U. We can extended R to a 7-region R’ = (sup/, sig’) of J(U) that also solves these atoms, by
defining R forall s € S(U)UQ and alle € E(U) UW UY as follows:

sup(z), ifseq

sig(e), ifee E(U),

0, ifeeWw,

(sup(z) — sup(;),0) if e = y; and sup(e;) < sup(z) and i € {0,...,n}

sup/(s) = {sup(s), ifse S(U),

sig'(e) =
(0, sup(e;) — sup(z)) if e = y; and sup(e;) > sup(z) and i € {0,...,n}

Notice that R’ also solves (a,q;) for all i € {0,...,n} as sup(¢;) = sup(z). Consequently,
since there is at least one state s € S(U) for every event e € E(U) such that (e, s) is an ESSA of
U, the atom (e, g;) is solvable for every e € E(U) and every i € {0,...,n}. As aresult, to prove
the 7-(E)SSP for J(U) it remains to argue that the remaining SSA and ESSA at which the states of
@ and the events of W U Y participate are solvable in J(U). If i € {0,...,n} and s € S(J(U))
and e € E(J(U)) then the following region (sup, sig) simultaneously solves every valid atom (y;, ),
(gi,-) and (wiy1,-) in J(U) (f the latter exists):

0 if (0,b), ife=wy;or (i <nande=w;t)
, ifs=gq . . .
sup(s) = { e sig(e) = < (b,0), ifl <iande=w; 1

b, otherwise .
0, otherwise 0

4. NP-completeness results

The following theorem is the main contribution of this section:

Theorem4.1. 1. If 7 € {755, 75y}, then 7-SOLVABILITY and 7-ESSP and 7-SSP are NP-
complete, even when restricted to linear TS.

2. Let 7 € {72pp, Toppr}- Forany fixed g > 2, 7-SOLVABILITY and 7-ESSP are NP-complete,
even when restricted to g-grade TS.

For the proof of Theorem on the one hand, we have to argue that 7-SOLVABILITY, 7-ESSP
and 7-SSP are in NP. This can be seen as follows. By Definition 2.14] and Definition aTS
A = (S,E,6,1) has at most |S|?> SSA and at most |S| - |E| ESSA, respectively. This implies that
if a TS A is 7-solvable or has the 7-SSP or the 7-ESSP, then there is a set of 7-regions R of A of
size at most |S|? 4 |S| - | E| that witnesses the corresponding property of A. Consequently, there is a
non-deterministic Turing machine that guesses R in a non-deterministic computation and verifies the
validity of R in (deterministic) polynomial time.
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On the other hand, we have to argue that the decision problems are NP-hard for accordingly
restricted input TS. The NP-hardness proofs base on polynomial-time reductions of the following
decision problem, which has been shown to be NP-complete in [20]:

CuUBIC MONOTONE ONE-IN-THREE 3-SAT (CM1IN33SAT)

Input: A boolean expression ¢ = {(p, ..., n—1} of 3-clauses such that, for all i €
{0,...,m—1}, the clause (; = {X;,, X;,, X, } contains 3 distinct non-negated
variables, where iy < i1 < i9; every variable X € V() occurs in exactly three
distinct clauses, where V' (¢) = U;-Zgl (; denotes the set of all variables of ¢.

Question:  Does there exist a one-in-three model of ¢, that is, a subset M C V(¢) such
that [M N ¢;| =1foralli € {0,...,m —1}?

Notice that the characterization of the input ¢ implies |V (¢)| = m. The following example
provides —up to renaming— the smallest instance of CM 1IN33SAT that allows a positive decision:

Example 4.2. The boolean expression ¢ = {(,..., (5} with clauses {4 = {Xo, X1, X2}, 1 =
{X07X27X3}7 CQ = {X07X17X3}7 C3 = {X27X47X5}7 <4 = {X17X47X5}7 C5 = {X37X47X5}
is a well-defined input of CM 1IN33SAT and has the one-in-three model M = { X, X4 }.

General reduction approach. Let 7 € {75, 7% 57, T2pp, Toppp ). For the proof of the NP-
hardness of 7-SOLVABILITY and 7-ESSP we reduce ¢ to a union U, of gadget TS. The index 7
emphasizes that the actual peculiarity of the union depends on 7. In particular, if 7 € {75,, 7557},
then all these TS are linear, and JL(U,) is a well defined linear TS. Otherwise, if 7 € {75 p 7, o ppr s
then these gadgets are 2-grade TS where no initial state has an incoming edge, which implies that
J(U;) is a 2-grade TS.

In U, the variables of ¢ are represented by events and the clauses of ¢ are represented by paths

on which the variables of the clauses occur as events. More exactly, for every ¢ € {0,...,m — 1}
and clause ¢; = {Xj,, Xi,, Xj, }, the union U, contains (a gadget with) a directed labeled path P; =
Xl0 Xil X;

LN 4, ... 2%, ... on which the variables X, X;, and X;, of (; occur as events. Moreover,
by construction, the union U, provides an ESSA « whose 7-solvability is connected with the existence
of a one-in-three model of . In particular, we build the union U in a way such that there is a subset
¢ C E; of events of 7 so that the following properties are satisfied: If R = (sup, sig) is a T-region of
U, that solves «, then the variable events whose signature belongs to & define a one-in-three model of
o, that is, the set M = {X € V(y) | sig(X) € €} satisfies |[M N ;| =1foralli € {0,...,m — 1}.
Hence, if U, has the 7-ESSP, then « is 7-solvable and ¢ allows a positive decision. Moreover, the
construction of U ensures that if ¢ has a one-in-three model, then a as well as all the other ESSA and
SSA of U; are T-solvable. Thus, U, has the 7-ESSP if and only if ¢ is one-in-three satisfiable if and
only if U, has both the 7-ESSP and the 7-SSP. Since Lemma 3.9/ lifts these implications to the linear
joining LJ(U,), if 7 € {7bp, 7551}, and to the joining J(U,), if 7 € {T2pp, Toppr ), this proves
the NP-hardness of the 7-ESSP and 7-SOLVABILITY for accordingly restricted TS.
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Let T € {legT, T]IZ-, pr}- For the proof of the NP-hardness of 7-SSP we reduce ¢ to a union U of
linear TS. Since this union is the same for both 75 and 7% 5, U needs no index. Using essentially
the same approach as just sketched, the union U provides an SSA « that is 7-solvable if and only if
© has a one-in-three model. Moreover, if « is 7-solvable, then U has the 7-SSP. Consequently, again
by Lemma[3.9] this implies that L.J(U) has the 7-SSP if and only if ¢ has a one-in-three model. This
proves the NP-hardness of 7-SSP for linear inputs.

4.1. NP-hardness of 7% ,,-SOLVABILITY and 7% ,,-ESSP

In the remainder of this section, unless explicitly stated otherwise, let 7 = T}’, pr- In the following, we
first introduce the gadgets (TS) of the union U, and the atom «. Figure[3] presents a concrete example
of UT}% o where ¢ corresponds to Example Secondly, we argue that these gadgets collaborate
in a way such that if « is 7-solvable, then ¢ has a one-in-three model. Finally, we show that if ¢ is
one-in-three satisfiable, then U; is 7-solvable.

The union U has the following gadget H; that provides the announced ESSA o = (k, hy 2p44):

k k Yo 0o Y1 Yo
h10 hip h1pr1 —— hipyo higby2 — h12643 — h12p1a

[
k k

hi3pys —— -+ ——— h12py5

Forall j € {0, 1,2, 3}, the union U has the following gadget D; that provides the event k;:

(<] kj 01
Dj1 = djo dja dj2 dj3

For all j € {0,...,2m — 1}, the union U; has the following gadgets F; and G; that provide the
event z;:

0 zj ) Zj ) 0o _
F] = fj,o _ fjﬂl s fj72 G] = G50 —— 95,1 — Gj,2

For all i € {0,...,m — 1}, the union U has the following gadget M;, that uses the variable X; as
event:

k1 X X
M; = mip mi1 M bt-1

For all i € {0,...,m — 1}, the union U, has the following gadget 7; that uses the elements of
G = {Xi, Xi, Xi, } as events:

T, = tipo i1 e i b1 tibi2 tiop+2
KA

l 22i+1

3 i
i 3b+4 < ti3b+3 e i 2b+3
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09 k k Y1 Yo 01
ththl 4’h12*>h154’h14*>h154’h164’hl?"h184’h194’h1104’h111

0] (0,1) [1] (0,1) [2] (0,0) [2] (2,0) [0] (0,1) [1] (0,1) [2] (0,0) [2] (0,0) [2] (2,0) [0] (0,1) [1] (0,1) [2]

00 k; o1 ko 24

djo djn dj2 djz3 fro — foqg —— fo2 9e,0 N g1 %, 902
[2] (2,0) [0] (0,2) [2] (2,0) [0] [0] (0,2) [2] (0,0) [2] [2] (0,0) [2] (2,0) [0]

k1 Xo Xo k1 X1 X1 k1 Xo Xo
mop,0 — Mop,1 —— Mo,2 —— 10,3 mio0 — M1 — M12 — M13 m20 — M21 —— M22 —— M23

0] (0,2) 2] (1,0) 1] (1,0) [0]  [0o] (0,2) [2] (0,0) [2] (0,0) 2] [0] (0,2) [2] (0,0) [2] (0,0) [2]

k1 X3 X3 k1 Xy X4 k1 X5 X

5
m3o0 —s M31 —— M32 — M33 my0 —s M4l —— Mg 2 —— M43 ms50 —s M51 —— M52 —— M53

0] (0,2) [2] (0,0) 2] (0,0) 2] [0] (0,2) [2] (1,0) [1] (1,0) [o]  [0] (0,2) [2] (0,0) [2] (0,0) [2]

ks Xo Xo 20 X1 X 21 Xo Xo k3
to,0 to,1 to2 to3 to4 tos to6 to,7 tos to9 to,10

0] (0,2) [2] (1,0) [1] (1,0) [0] (0,0) [0] (0,0) [0] (0,0) [0] (0,0) [0] (0,0) [0] (0,0) [0] (0,2) [2]

ko Xo Xo 29 Xo Xo 23 X3 X3 k3
t1,0 t11 t12 t13 t14 tis t16 t17 t18 t19 1,10

0] (0,2) [2] (1,0) [1] (1,0) [0] (0,0) [0] (0,0) [0] (0,0) [0] (0,0) [0] (0,0) [0] (0,0) [0] (0,2) [2]

]fg XO XO zZ4 X1 Xl z5 X3 X3 k3
t2,0 ta1 a2 ta3 t4 tas ta6 ta 7 tas ta9 t2,10

0] (0,2) [2] (1,0) [1] (1,0) [0] (0,0) [0] (0,0) [0] (0,0) [0] (0,0) [0] (0,0) [0] (0,0) [0] (0,2) [2]

kg Xg X2 26 X4 X4 27 X5 X5 k‘g
3,0 t31 3.2 t33 t34 35 t36 t37 [ZX] 39 3,10

0] (0,2) [2] (0,0) [2] (0,0) [2] (0,0) [2] (1,0) [1] (1,0) [0] (0,0) [0] (0,0) [0] (0,0) [0] (0,2) [2]

kg X1 X1 Z8 X4 X4 Z9 X5 X5 k3
typ (28] ty2 ty3 tyq tys tye (2% tys ty9 ty10

0] (0,2) [2] (0,0) [2] (0,0) [2] (0,0) [2] (1,0) [1] (1,0) [0] (0,0) [0] (0,0) [0] (0,0) [0} (0,2) [2]

ks X3 X3 210 Xy Xy 211 X5 X5 k3
t5,0 t51 t52 t53 t5.4 ts5 ts6 ts,7 tss t5.9 t5,10

0] (0,2) [2] (0,0) [2] (0,0) [2] (0,0) [2] (1,0) [1] (1,0) [0] (0,0) [0] (0,0) [0] (0,0) [0] (0,2) [2]

Figure 5: The gadgets of the union UTI2) o that originates from the input ¢ of Example 4.2} we assume
j € {0,1,2,3} and ¢ € {0,...,11}. A number [i| and and a pair (k, /) below a state s and event
e define the support sup(s) = i and the signature sig(e) = (k,¢) in correspondence to the region
R = (sup, sig), which is defined to prove the 72 p,-solvability of o = (k, h1 g).

Altogether,
U, = U(HlaDOa--- aD3aF0a"' aF2mflaG0a"' aG2m71aMOa'"aMmflaTOa"'aTmfl)-
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Lemma 4.3. If U, has the 7-ESSP, then ¢ has a one-in-three model.

Proof:

Since U, has the 7-ESSP, there is a 7-region that solves «. Let R = (sup, sig) be such a region. In
the following we argue, that the set {X € V(p)|sig(X) = (0,1)} or the set {X € V (p)|sig(X) =
(1,0)} is a one-in-three model of ¢. Since R solves a, we have that sig(k) does not occur at
sup(hip4+4). This implies sig(k) # (0,0). By Lemma [2.200 we get sig(k) € {(1,0),(0,1)}.
In what follows, we let sig(k) = (0, 1) and show that M = {X € V(¢)|sig(X) = (1,0)} defines a
one-in-three model of . The arguments for the case sig(k) = (1,0) are quite similar and lead to the
fact that { X € V(p)|sig(X) = (0,1)} defines a searched model.

Let sig(k) = (0,1) and —sup(hi 2p+4) “198) We argue that this implies sig(op) = sig(o1) =
(b,0): For all s € {0,...,b — 1}, the event (0,1) occurs at s in 7. Since sig(k) does not occur at
sup(hi 2v44), this implies sup(hy 2p+4) = b. Moreover, by sig(k) = (0, 1) and Lemma[2.20] we get
sup(hyp) = b and sup(hy ptr2) = sup(hy 2p45) = 0. By sup(hyop+4) = b and sup(hy op45) = 0,
we obtain sig(o1) = (b,0). Moreover, sup(hip) = b and hy Y0, imply sig™(yo) = 0, and by
sup(hy 2p+4) = b and Y0,hy 9y imply sig™ (yo) = 0. (Recall that R is pure.) Hence, sig(yo) =
(0,0), which implies sup(hy p4+1) = b. Thus, by sup(hipy1) = band sup(hipi2) = 0, we obtain
sig(og) = (b,0).

The gadgets Dy, ..., D3 use the signatures of oy and o; to determine the signatures of ko, . . ., k3.
More exactly, sig(og) = sig(o1) = (b,0) implies sup(d;1) = 0 and sup(d;2) = b forall j €
{0,1,2,3}. Consequently, this implies sig(ko) = - -- = sig(ks) = (0,b).

Let j € {0,...,2m — 1} be arbitrary but fixed. The gadgets F; and G; ensure that sig(z;) =
(0,0): By sig(og) = (b,0) and sig(ko) = (0,b), we get sup(f;1) = band sup(g;1) = b. Since R is

pure, that is sig?(z;) = 0 or sig=(z;) = 0, by f; 2., we get sig—(z;) > sigt(z;). Similarly, by

51.g;1, we get sigt(z;) > sig”(z;). Consequently, sig~(z;) = sig™(z;), which implies sig(z) =
(0,0), since R is pure.

Leti € {0,...,m — 1} be arbitrary but fixed. The gadget M; ensures for X; that sig(X;) €
{(1,0),(0,0)}: By sig(k1) = (0,b), we have sup(m;1) = b, which implies sig™ (X;) > sig™ (X;).
Since X; occurs b times in a row at m; 1, by Lemma[2.20] this implies sig(X;) € {(1,0), (0,0)}.

The gadget T; ensures that there is exactly one event X € {X;,, X, X;,} such that sig(X) =
(1,0): By sig(ka) = sig(ks) = (0,b), we have that sup(t; 1) = b and sup(t; 3p13) = 0. Conse-

quently, the image of the sub-path tmﬂ e &ti,ggﬂrg under (sup, sig) is a path of 7 that starts
at b and terminates at 0. Hence, there is an event e on this path that satisfies sig—(e) > sig™ (e).
Since sig(z9;) = sig(zei+1) = (0,0), we obtain that e € {X;,, X;,, X;,}. Moreover, since each
of X;,, X;, and X;, occurs b times in a row, if sig~(e) > sig*(e), then sig(e) = (1,0). In the
following, we argue that if e € {X;,, X;,, X, } such that sig(e) = (1,0), then sig(e’) # (1,0) for all
e € {Xio’ Xl'l ) XiQ} \ {6}

If sig(X;,) = (1,0), then we get sup(t; p11) = 0, by Lemma[2.20l By sig(z2;) = (0,0), this
implies sup(t;p+2) = 0 and sig™(X;,) = 0. Thus, by sig(X;,) € {(1,0),(0,0)}, we conclude
sig(Xi,) = (0,0). By sup(tip2) = 0, sig(X;,) = (0,0) and sig(22i41) = (0,0), we have that



144 R. Tredup | The Complexity of Synthesis of b-Bounded Petri Nets

sup(ti2p+3) = 0. This implies sig™ (X;,) = 0 and, thus, sig(X;,) = (0,0). In particular, we have
sig(Xi,) # (1,0) and sig(X;,) # (1,0).

If sig(X;,) = (1,0), then we get sup(tip1) = b and sup(t; 2p43) = 0, by Lemma [2.20] and
sig(z2i) = sig(22i4+1) = (0,0). By sup(t;p+1) = b, we get sig(X;,) # (1, ) Moreover, just like
before, by sup(t; 2p4+3) = 0, we have sig(X;,) # (1,0).

If sig(X;,) = (1,0), then we get sig(X;,) # (1,0) and sig(X;,) # (1,0), since sig(X;,) =
(1,0) or sig(X;,) = (1,0) imply sig(X;,) # (1,0), as just discussed.

Altogether, we have shown that if R = (sup, sig) is a 7-region that solves « such that sig(k) =
(0,1), then, for all ¢ € {0,...,m — 1}, there is exactly one event e € {X;,, X;,, X;, } that satisfies
sig(e) = (1,0). As aresult, the set {X € V(y) | sig(X) = (1,0)} defines a one-in-three model of
. It is noteworthy that we use the pureness of 7 only for the functionality of H; and (by the signature
of o1, implicitly) for Dy, ..., Ds. That is, once we have that sig(kg) = --- = sig(ks) = (0,b)
and sig(op) = (b,0), the arguments for the functionality of the remaining gadgets essentially work
also for the (impure) b-bounded type TIbDT. The only difference then is that we can not conclude that
sig(z;) = (0,0), since sig(z;) = (m,m) would also be possible for 75,.. The same is true for ¢/ €
{ X0, Xiy, Xiy } \{e} ife € {X;,, Xi,, Xi, } such that sig(e) = (1,0). However, if sig(e) = (m,m),
then s_¢ s’ implies also sup(s) = sup(s’), and that is what actually matters in our arguments. Thus,
we will reuse the corresponding gadgets for the type legT.

If sig(k) = (1,0) and sup(hq 2p+4) = O, then one argues similarly that the set {X € V(y) |
sig(X) = (0,1)} defines a one-in-three model of . Altogether, this shows that if U, has the 7-ESSP,
which implies the 7-solvability of «, then ¢ has a one-in-three model. a

For the opposite direction, we have to prove the following lemma:

Lemma 4.4. If © has a one-in-three model, then U has the 7-ESSP and the 7-SSP.

For the proof of Lemma[4.4]it is sufficient to show that if ¢ has a one-in-three model M, then U,
has the 7-ESSP. Since all introduced gadgets are linear TS, by Lemma[2.21] this implies that U, has
the 7-SSP, too. The brut-force approach of this proof would be to explicitly present for every ESSA of
U a T-region that solves it. In fact, for some atoms of U, we need to explicitly present regions that
solve them. In particular, this applies to (k, k1 2514). On the other hand, the gadgets and the events of
U meet some regularities that allow us to solve many events homogeneously. In the following, for the
purpose to discover these regularities, we first introduce the notions of consistent and thinly distributed
events. After that we present a lemma that uses these notions and exploits a certain structure of U to
solve most events uniformly.

Definition 4.5. (c-consistent)

Let U = U(Ay,...,A,) be a union, where A; = (S;, E;, ;,¢;) is a linear TS for all i € {0,...,n},
and let ¢ € N. We say an event e € E(U) is c-consistent (in U), if the following condition is satisfied
foralli € {0,...,n}: if s—<.s' € A;, then e occurs always exactly ¢ times in a row in A;, that is,
there are states s, s’ € {sg,...,s.} C S; such that so—°..._¢.s.and =—°_sg and —s...
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Definition 4.6. (thinly distributed)

Let U = U(Ay,...,Ay) be aunion, where A; = (S;, E;, 0;,¢;) is a linear TS for all i € {0,...,n},
and let e € E(U) such that e is c-consistent for some ¢ € {1,b}. We say e is thinly distributed (in U)
if the following condition is satisfied for all i € {0,...,n}: if e € F;, then there is exactly one path
(with pairwise distinct states) so—¢, ... .s.in A;.

Example 4.7. Every event of U, is either b-consistent as, for example, k£ and X, ..., X,,—1, or 1-
consistent as, for example, oy and o1. Moreover, the event 01 occurs once at the edge Ay op14-2h1 2p45
and, for all j € {0, 1,2, 3}, the it occurs once at the edge d;»-?1.d; 3. No other gadget of U applies
o01. Thus, o1 is thinly distributed in U,. Moreover, for all i € {0,...,m — 1}, if X; occurs in a gadget
of U, then it occurs exactly once b-times in a row in this gadget. Hence, X is thinly distributed.

Lemma4.8. LetT € {T}’,T, T}’,PT}. Let U = U(Ay,...,A,) be aunion, where A; = (S;, E;, d;, ;)
is a linear TS for all ¢ € {0, ...,n}, such that every event e € F(U) is 1-consistent or b-consistent,
and let @ € E(U) be a thinly distributed event and ¢ € S; a state such that =%, where i € {0,...,n}
is arbitrary but fixed. If one of the following conditions is satisfied, then there is a 7-region of U that
solves (a, q):

1. a ¢ E; ore € E; and q occurs after a;
2. a € E; and a occurs after ¢ and there is an event x € E; \ {a} such that * .z %, in A; and

(a) « is thinly distributed and
(b) forall j € {0,...,n},if a,x € Ej, then x does not occur after a in A; and

(c) if a is b-consistent, then x is 1-consistent.

Proof:
(1): The following 7-region R = (sup, sig) solves (a q): Forall j € {0 —1},ifa € Ej,
then sup(t;) = 0, otherwise sup(t;) = b; foralle € E(U), ife = a and a is b consistent, then
sig(e) = (0,1); if e = a and e is 1-consistent, then sig(e) = (0, b); otherwise sig(e) = (0,0).

(2): The following 7-region R = (sup, sig) solves (a,q): forall j € {0,...,n},ifa € E; and
x ¢ Ej, then sup(;) = 0, otherwise sup(t;) = b; for all e € E(A), if e = a, then sig(e) = (0,1)
if a is b-consistent, else sig(e) = (0,b); if e = x, then sig(e) = (1,0) if = is b-consistent, else
sig(e) = (b,0); otherwise sig(e) = (0,0). 0

Armed with these results, we are now able to provide the proof of Lemma 4.4t

Proof:
[Lemmal4.4]] Let M be a one-in-three model of . We proceed as follows. First, we apply Lemmal4.§]|
to solve most of U;’s ESSA. After that, we explicitly present 7-regions that solve the remaining
atoms and, in particular, solve a. This proves that U, has the 7-ESSP and, by Lemma 2.21] the
T-SOLVABILITY, too.

Lete € E(U;) \ {k,v0,y1}, let G be a gadget of U, and let s € S(G) such that —s_€,, where all
of e, G and s are arbitrary but fixed. For a start, we notice that e is thinly distributed. Moreover, recall
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that, for all 7 € {0,...,m — 1}, the clause (; = {X;,, X;,, X;, } satisfies ip < i; < 7. Consequently,
if e & {0p,01} orif e € {0g,01} and G # Hj, then e satisfies Condition [I] or Condition [2 of
Lemmal4.8 Thus, by Lemmal4.8| the atom (e, s) is 7-solvable.

It remains to argue that the remaining atoms are also 7-solvable. For convenience, we let I =
{tc | G is a gadget of U} be the set of the initial states of the gadgets of U.

For a start, we argue for the solvability of k. The following region R = (sup, sig) solves (k, s)
for all relevant s € S(H1); in particular, it solves (k, k1 9544). Figure [Slpresents a concrete example
of R for the union U, that originates from ¢ of Example Let’s start with the support of the
initial states: if s € {hl,o, f070, e ,f2m,170, mo0s- -« Mm—1,0,10,0, - - - ,tmfl,(]}a then sup(s) =0
if s € {doo,...,d30,900---,92m—1,0}, then sup(s) = b. The signature is defined as follows: for all
e € E(U,), if e = k, then sig(e) = (0,1); if e € {00, 01}, then sig(e) = (b,0); if e € {ko,...,k3},
then sig(e) = (0,b); if e € M, then sig(e) = (1,0); otherwise sig(e) = (0,0).

The following region R = (sup, sig) solves (k, s) for all other relevant states of U,: sup(hy ) =
0;forall s € I\ {h1o}, sup(s) = b;foralle € E(U,), if e = k, then sig(e) = (0, 1); if e = yo, then
sig(e) = (b,0); otherwise sig(e) = (0,0). This proves the solvability of k.

In the following, we argue that (0g, q) is solvable for all relevant ¢ € S(H1): The following region
R = (sup, sig) solves (0g, s) for all s € {hypt2,...,h1 345} for all gadgets G € U, we define
sup(ta) = 0 for G’s the initial state t;; for all e € E(U;), if e = 0y, then sig(e) = (0, b); otherwise
sig(e) = (0,0).

The following region R = (sup, sig) solves (og, s) for all s € {h1,...,h1p}: sup(hig) = b;
forall s € I\ {h1,0}, we define sup(s) = 0; for all e € E(U), if e = o, then sig(e) = (0,b); if
e = yo, then sig(e) = (b,0); otherwise sig(e) = (0, 0).

Similarly, one argues that (01, q) is solvable for all relevant ¢ € S(H;). So far, we have proven
the solvability of all e € E(U-) \ {k, yo, y1}. It remains to argue for the solvability of yo and y;.

The following region R = (sup, sig) solves (yo, s) forall s € {h1,...,h1p—1}: foralls € I, we
define sup(tc) = 0; forall e € E(U;), if e = yp, then sig(e) = (b,0); if e = k, then sig(e) = (0, 1);
otherwise sig(e) = (0, 0).

The following region R = (sup, sig) solves (yo,s) for all s € S(Hy) \ {h1,0,...,h1p-1}:
sup(hip) = band forall s € I\ {h;o}, we define sup(s) = 0; for all e € E(U;), if e = yo,
then sig(e) = (b,0); if e = yy, then sig(e) = (0,b); otherwise sig(e) = (0,0).

It is easy to see, that y; is solvable. O

Altogether, since the construction of U, and thus A, is obviously polynomial, by Lemma
Lemma [4.3] and Lemma [4.4] and the NP-completeness of CM1IN33SAT, we have finally proven that
7% op-ESSP and 75 5--SOLVABILITY are NP-complete for all b € N*.

4.2. NP-hardness of 7%,-SOLVABILITY and 75,-ESSP

In the remainder of section, unless stated explicitly otherwise, we assume that 7 = 7%.. The union
U- has the following TS Hj that provides the ESSA a = (k, ho ap11):
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k k z z 0o k k
Hy =hoyp hoy ho,2p ho2or1 —— -+ —— ho3pr1
Lz
01 01 4
ho,6b+1 ho sp11 hoabt1 ——— -+

For every j € {0,1,2, 3}, the union U has the following gadget C; that provides k;:

00 kj 01 01
Cj= <o €1 €2 e G2

Finally, for all j € {0,...,2m — 1} and for all ¢ € {0,...,m — 1}, the union U, has the gadgets
F;,G;, M; and T; as defined in Section 4.1l Altogether,

U, = U(Ho,CO,. .. ,Cg,FQ, - ,Fgm_l,Go, .. .,Ggm_l,Mo,. .. 7]\4771_1,710,. .. 7Tm—1)-

Lemma 4.9. If U, has the 7-ESSP, then ¢ has a one-in-three model.

Proof:
Since U, has the 7-ESSP, there is a 7-region of U that solves cv. Let R = (sup, sig) be such a region.
In the following, we argue that either sig(ko) = - - - = sig(ks) = (0,b) or sig(ko) = - - - = sig(ks) =

(b,0). As already argued at the end of the proof of Lemma 4.3 by the functionality of the remaining
gadgets, this implies that {X € V(¢) | sig(X) = (1,0)} or {X € V(p) | sig(X) = (0,1)} is a
one-in-three model of .

Let Ey = {(m,m) | 0 < m < b}. By definition, if sig(k) = (m,m) € Ey then sup(hgsp4+1) >

m and sup(hgsp+1) > m. Event (m,m) occurs at every state s € S, that satisfies s > m.

Hence, by —hg ap+1 (m, m) , we get sup(ho.apr1) < m. Since sup(ho sp11) > m and sup(ho ap+1) <

m, we have sig~(z) > sigt(z). Observe, that z is b-consistent. Thus, by Lemma 220, we have
sup(z) = (1,0). Similarly, we get sig(o1) = (0,1). This immediately implies sup(ho.2,) = 0 and
sup(hosp+1) = b. Moreover, by sig(k) = (m,m) and sup(ho sp+1) = b we get sup(ho2p+1) = b.
By sup(ho2p) = 0, this implies sig(op) = (0,b). Thus, we have sig(op) = (0,b) and sig(o1) =
(0,1).

Otherwise, if sig(k) € Ey, then Lemmal2.20 ensures sig(k) € {(1,0),(0,1)}. If sig(k) = (0,1)

then we have sup(hoapy1) = b, since s (1) for every state s € {0,...,b — 1} of 75,. Moreover,
again by sig(k) = (0, 1) we have sup(hop) = sup(hosp+1) = band sup(hg 2p41) = sup(hosp+1) =
0. By sup(hosp+1) = sup(hoap+1) = b we have sig(z) € Ep, which together with sup(hgp) = b
implies sup(hg2,) = b. Thus, by sup(ho o) = b and sup(ho2p+1) = 0, it is sig(og) = (b,0).
Moreover, by sup(hoap+1) = b and sup(hgsp+1) = 0, we conclude sig(o1) = (1,0). Hence, we
have sig(op) = (b,0) and sig(o1) = (1,0). Similar arguments show that sig(k) = (1,0) implies
sig(oo) = (0,b) and sig(o1) = (0,1).

So far we have argued that if (sup, sig) is a T%p-region of U, that solves «, then either sig(0g) =
(0,b) and sig(o1) = (0,1) or sig(og) = (b,0) and sig(o;) = (1,0). One easily finds out that if
sig(oo) = (0,b) and sig(o1) = (0, 1), then sup(c;1) = b and sup(c;2) = 0 and thus sig(k;) = (b,0)
for all j € {0,...,3}. Similarly, if sig(op) = (b,0) and sig(o1) = (1,0), then sup(c;1) = 0,
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sup(cj2) = band sig(k;) = (0,0) forall j € {0,...,3}. By the functionality of F}, G; this implies
z; € Ey. Moreover, by the functionality of M;, this implies if sig(k;) = (0,b), then sig(X;) €
{(1,0)} U Ey and if sig(k1) = (b,0), then sig(X;) € {(0,1),(0,0)} forall i € {0,...,m — 1}.
Similar to the arguments for T}’, pr» one argues that the gadgets T, ..., T,,—1 then ensure that {e €
V(e) | sig(e) = (0,1)} or{e € V(¢) | sig(e) = (1,0)} defines a sought model of ¢. Thus, if U has
the 7-ESSP or is 7-solvable, which implies that « is 7-solvable, then ¢ has a one-in-three model. O

The following lemma is dedicated to the opposite direction:
Lemma 4.10. If  has a one-in-three model, then U has the 7-ESSP and the 7-SSP.

Proof:

In the following, we argue that if M is a one-in-three model of ¢, then U has the 7-ESSP and thus has
also the 7-SSP, since all gadgets are linear. Notice that if e is an event and G is a gadget of U.- such that
e does not occur in G, then (e, s) is 7-solvable for all s € S(G). A solving region R = (sup, sig) is
defined as follows: for all gadgets G’ of U, if e € E(G"), then sup(tg’) = b, otherwise sup(tcr) = 0;
for all events ¢’ € E(U;), ife’ = e, then sig(e’) = (b,b); otherwise sig(e’) = (0,0). Thus, in the
following, we only argue for valid atoms (e, s) where e and s occur in the same gadget.

Lete € E(U;) \ {k, z}, let G be a gadget of U, and let s € S(G) such that —s_¢,, where all
of e, G and s are arbitrary but fixed. The event e is thinly distributed. Moreover, if e ¢ {0g,01} or
if e € {op,01} and G # H,, then e satisfies Condition [I] or Condition [2] of Lemma 4.8l Thus, by
Lemmald.§ in these cases, the atom (e, s) is 7-solvable.

For convenience, let I = {1 | G is a gadget of U, } be the set of the initial states of the gadgets
of U,.

To complete the proof for the solvability of oy and oy, it remains to argue that (og, s) and (o1, s)
are solvable for all relevant s, s’ € S(Hy): By Lemmald.8l[] the atoms (0, s) and (01, s") are solvable
for all s € {ho2p+1,---,hoev+1} and for all s' € {hospt1,...,ho66+1}. The following region
R = (sup, sig) solves (0g, s) forall s € {hop,...,ho2—1}: sup(hoo) = b;forall s € I\{hoo}, we
define sup(s) = 0; for all e € E(U,), if e = oy, then sig(e) = (0,b); if e = z, then sig(e) = (1,0);
otherwise sig(e) = (0, 0).

The following region R = (sup, sig) solves (o1, s) for all s € {hoo,...,hoap} \ {ho2} and
uses the model M of ¢: We start with the support of the initial states: sup(hoo) = 0; if s €
{f070, .. 7f2m—1,07 Moo, - -« Mm—1,0,10,05-- - ,tm_Lo}, then sup(s) =0;if s € {0070, e ,0370} @]
{90,05---,92m-1,0}, then sup(s) = b. The signature is defined as follows: for all e € E(U,), if
e = o1, then sig(e) = (b,b); if e = z, then sig(e) = (0,1); if e = og, then sig(e) = (b,0); if
e € {ko,...,ks}, then sig(e) = (0,b); if e € M, then sig(e) = (1, 0); otherwise sig(e) = (0, 0).

The following region R = (sup, sig) solves (01, hgap): sup(s) = 0 forall s € I; forall e €
E(U;), if e = o1, then sig(o1) = (b, b); if e = oy, then sig(e) = (0,b); otherwise sig(e) = (0,0).
This proves the solvability of o;.

Since z occurs only in Hy, for the solvability of z, it remains to argue that (z, s) is 7-solvable for
all relevant s € S(Hj). The following region R = (sup, sig) does this for all s € S(Hy) \ {ho,6p+1}
and uses the model M of . Moreover, this region also solves (k,s) for all s € S(Hy) and, thus,
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proves the solvability of k: if s € {ho, f0.0,- - fom—1,0,M0,05- - -, Mm—1,0,0,05- - -, tm—1,0}» then
sup(s) = 0;if s € {co0,...,¢30,900;---,92m—1,0}, then sup(s) = b; forall e € E(U,), ife = z,
then sig(z) = (b,b); if e = k, then sig(e) = (0,1); if e € {09, 01}, then sig(e) = (b,0); if
e € {ko,...,ks}, then sig(e) = (0,b); if e € M, then sig(e) = (1,0); otherwise sig(e) = (0, 0).

One easily finds that (2, hogp+1) is T-solvable. Altogether, this proves that if ¢ is one-in-three
satisfiable, then U has the 7-ESSP. Since all gadgets are linear, this completes the proof. ad
4.3. NP-hardness of 75,,.-SSP and 75,-SSP

In the remainder of this section, unless stated explicitly otherwise, let 7 € {75y, 751} be arbitrary
but fixed. The union U has the following gadget H> that provides the atom o = (ha g, hay):

k k 0o k k 02 k k
Hy =hap ha ha b1 hoopr1 —— hogpra —— -+ —— hagpy2

Moreover, the union U, has every gadget that has been defined for Ule; or in Section [4.1] except for
H;. Altogether, U is defined as follows:

UT = U(HQ, Do, c. ,Dg, FQ, . ,Fgm_l, GQ, . ,Ggm_l, MQ, ey Mm_l,TQ, . 7Tm—1)-
Lemma 4.11. If U, has the 7-SSP, then ¢ has a one-in-three model.

Proof:

Since U, has the 7-SSP, there is a 7-region that solves . Let R = (sup, sig) be such a region.
We argue that the signature of the variable events define a sought model of ¢: The event k occurs
b times in a row at hg . Thus, by Lemma [2.20] a region (sup, sig) solving (ho, hay) satisfies
sig(k) € {(1,0),(0,1)}. If sig(k) = (1,0), then sup(hayp) = sup(hgp+1) = b and sup(hopt1) =
sup(ha2p12) = 0. This implies sig(op) = sig(o2) = (b,0) and, thus, sig(k;) = (0,b) for all
j €10,...,3}. Otherwise, if sig(k) = (0, 1) then sup(hayp) = sup(he2p+1) = 0 and sup(ho pt1) =
sup(ha2p+2) = b. This implies sig(og) = sig(o2) = (0,b) and sig(k;) = (b,0) for all j €
{0,...,3}. Just like before, this proves the one-in-three satisfiability of . O

The following lemma addresses the opposite direction:
Lemma 4.12. If ¢ has a one-in-three model, then U, has the 7-SSP.

Proof:

Let M be a one-in-three model of . We briefly argue, that U, has the 7-SSP. For start, let e €
E(U:) \ {k} be arbitrary but fixed. The event e is thinly distributed. Moreover, if s € S(U;) \ S(H2)
and —s_“_,, then, by Lemma[4.§] (e, s) is 7-solvable. By Lemma[2.21] this implies that if (s, s’) is an
SSA of U, such that s, s’ & S(Hz), then (s, s") is 7-solvable. Thus, it remains to show that any SSA
(s,s') of U, where s, s’ € S(Hy) is T-solvable, too. The corresponding regions can be defined similar
to those from Section4.1]and Section 4.2l In particular, the atom (hq,, ho,5) can be solved by a region
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that is defined in accordance to the region R = (sup, sig) of Section 4.1l that solves (k, hq 2p+4); one
simply has to replace sup(hi,0) = 0by sup(ha ) = 0 and to ignore the events yo and y;. The resulting
region also solves (s, s’) if s # ' € {hag,...,hoptors # s € {hapy1,...,hompr1} ors #s' €
{h22b+2, .., ha3p12}. Finally, it is easy to see that all states of {hay,...,ho;} are separable from
all states of {h27b+1, ceey h272b+1}U {h272b+2, cey h2,3b+2}7 and that all states of {h27b+1, ey h272b+1}
are separable from all states of {h2 9512, ..., 2 3p12}. Altogether, this proves that if M has a one-in-
three model, then U, has the 7-SSP. O

4.4. NP-hardness of 7-SOLVABILITY and 7-ESSP for 7 = mppr and 7 = mpr

In the remainder of this section, unless stated explicitly otherwise, let 7 € {Tg P 7’2 pprt and let
Ep = {(m,m)|1 < m < b} U{0}. The union U, has the following TS Hj that provides the atom
o= (k,hg1p-1):

k k k
H3 = h3p0 —— -+ —— h3op-1 — h30p
u
l k k z
h3pg —— -+ —— h31p-1

Moreover, for all j € {0,...,m — 1}, the union U; has the following gadgets F; and G; that use the
variable X; as event:

ko, k k k X
F; = fijoo —— -+ —— fjop-1 — fiop Gj= 9gjo 9ib 9ib+1
%l k k /X
fito —— o+ —— fi1p-1 !

Finally, for all i € {0,...,m — 1}, the union U, has the following gadget 7; that uses the variables of
the clause ¢; = {X,,, Xi,, Xi, } as events:

k k Xio Xil Xiz z k k
T, = tio tip i b+1 tibr2 — tip+3 i btda ti2b+a

Altogether,
Ur = (Hs3, Fy,Go, -, Fn1,Gr1, T, - o, T 1).

Lemma 4.13. If U, has the 7-ESSP, then ¢ has a one-in-three model.

Proof:

Since U, has the 7-ESSP, there is a T-region, that solves .. Let R = (sup, sig) be such a region. In
the following, we first argue that sig(k) € {(1,0),(0,1)} and sig(z) € Ey. Secondly, we show that
this implies that M = {X € V(¢) | sig(X) = 1} is a one-in-three model of .

Let (sup, sig) be a T-region that solves «, that is, ~sup(h3 1 5—1) sigk) yf sig(k) € Ep, then we

inductively obtain sup(hs 1,0) = sup(hs 1 —1). This contradicts =sup(hg 1 p—1) % . Moreover, if

e€{0,...,b}, then s ¢ for all s € S;. Consequently, we have sig(k) & Eo U {1,...,b}.
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The event k occurs b times in a row. Therefore, by Lemma[2.20] we get sig(k) € {(1,0), (0,1)}.
Moreover, if sig(k) = (1,0), then sup(hsop) = 0 and if sig(k) = (0,1), then sup(hgop) = b. If

s € {0,...,b— 1} then SM is true, and if s € {1,...,b}, then sﬂ} is true. Consequently,

by —sup(h31p-1) siglk) i sig(k) = (0,1), then sup(hs1p—1) = b, and if sig(k) = (1,0), then
sup(hs 1,—1) = 0. For both cases, this implies sup(hs ) = sup(hs 1,—1) and thus sig(z) € Ej.

We now argue that this makes M a one-in-three model of . Let i € {0,...,m — 1} be arbitrary
but fixed. By the definition of 7-regions, if p; is defined by

o Sig(XiU) Sig(Xil) Sig(Xiz)
Pi = sup(tip) ———— sup(tipi1) sup(tipya2) —— sup(tipis)

then p; is a directed labeled pathin 7. By sig(2) € Eyand t; j43—=-t; ;4.4 We obtain that sup(t; p43) =
sup(t; p+4). Moreover, k occurs b times in a row at t; o and ¢; py4. By Lemma[2.20] this implies if
sig(k) = (0,1), then sup(t;p) = b and sup(t;p+4) = 0. Similarly, and if sig(k) = (1,0), then
sup(t;p) = 0 and sup(t; p+4) = b. Altogether, we obtain that the following conditions are true: If
sig(z) € Ey and sig(k) = (1,0), then the path p; starts at 0 and terminates at b, and if sig(z) € Ey
and sig(k) = (0, 1), then the path p; starts at b and terminates at 0. In particular, both cases imply
that there has to be at least one event X € {X,,, X;,, X;, } whose signature satisfies sig(X) ¢ Ey.
Via the functionality of the gadgets Fy, Go, .. ., Fin—1, Gmm—1, our reduction ensures that X is unique.
More exactly, the aim of Fy, Gy, ..., Fy,—1, Gim_1 is to restrict the possible signatures for the variable
events as follows:

e If sig(k) = (1,0), then X € V() implies sig(X) € Ep U {b}, and
e if sig(k) = (0,1), then X € V(¢) implies sig(X) € Ey U {1}.

Before we argue that Fy, G, ..., Fin—1,Gpm—1 satisfy the announced functionality, we first argue
that these restrictions of the signature of X;,, X;,, X;, ensure that there is exactly one variable event
X € {X,,,Xi,, X, } with sig(X) ¢ Ep. Remember that, by definition, if sig(X) € E; then
sig” (X) + sig™ (X) = |sig(X)| = 0.

For a start, let sig(z) € Ey and sig(k) = (1,0), which implies that p; starts at 0 and terminates at
b. Moreover, assume sig(X) € Ey U {b}. By Lemmal[2.20, we obtain
(Isig(Xio)| + [sig(Xiy )| + |sig(Xi,)|) = bmod (b + 1) ey

If sig(Xi,), sig(Xi,), sig(Xi,) € Eo, then |sig(X;,)| = |sig(Xi,)| = |sig(Xi,)| = 0. This contra-
dicts Equation 1. Hence, there has to be at least one variable event X € {X;,, X;,, X;,} such that
sig(X) = b. In the following, we argue that X is unique.

0 19

Assume, for a contradiction, that there are two different variable events X,Y € {X;,, X;,, X, }
such that sig(X) = sig(Y) = b and that sig(Z) € Ey for Z € {X;,,X;,, Xi, } \ {X,Y}. By
symmetry and transitivity, we obtain
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b= (|sig(Xip)| + [sig(Xi, )| + [sig(Xi,)[) mod (b+1) (1) )
(Isig(Xio)| + |sig(Xi,)| + |sig(Xi,)|) = 2b mod (b + 1) lassumpt. 3)
b= 2bmod (b+ 1) 12), (3) )
2b=(b—1)mod (b+1) |def. = )
b=(b—1)mod (b+1) 1(4), (5) ©6)
ImeZ:mb+1) =1 1(6) %)

By Equation 7, we get b = 0, a contradiction. Similarly, if we assume that |sig(X;,)| = |sig(X;,)| =
|sig(X;,)| = b, then we obtain

(Isig(Xio)| + |sig(Xi, )| + |sig(Xi,)|) = 3bmod (b + 1) lassumpt. (8)
b=3bmod (b+ 1 1(2), (8) )
3b=(b—2)mod (b+1) |def. = (10)
b=(b—2)mod (b+1) 1(9), (10) (11)

ImeZ:mb+1) =2 |(11) (12)

By Equation 12, we have b € {0, 1}, which contradicts b > 2. Consequently, if sig(z) € Ey and
sig(k) = (1,0) and sig(X) € EyU{b}, then there is exactly one variable event X € {X;,, X;,, X;, }
with sig(X) & FEy.

Otherwise, if sig(z) € Ep, sig(k) = (0,1), implying that p; starts at b and terminates at 0, and
sig(X) € Eg U {1}, then the following equation is true:

(b + |sig(Xig)| + |sig(Xi, )| + [ig(Xi,)]) = 0 mod (b +1) (13)

This implies |sig(X;,)| + |sig(Xiy )| + |si9(Xi,)]) = 1mod (b + 1). If there is more than one
X € {X,,, Xi,, Xi, } such that sig(X) = 1, then 2= 1mod (b + 1) or 3 = 1 mod (b + 1) is true. If
2=1mod (b+1),then b = 0, and if 3 = 1 mod (b + 1), then b € {0,1}. Since b > 2, both cases
yield a contradiction. Consequently, there is exactly one X € {X;,, X;,, Xi, } such that sig(X) = 1,
and if Y € {X;,, X;,, Xi, } \ {X}, then sig(Y') € Ej.

Under the assumption that the gadgets Fy, Go, ..., Fin—1,Gn—1 behave as announced, we have
shown the following: If (sup, sig) is a 7-region of U, such that sig(k) € {(0,1),(1,0)} and sig(z) €
E, then, for every i € {0,...,m — 1}, there is exactly one variable event X € {X;,, X;,, X;, } such
that sig(X) & Ep. As aresult, the set M = {X € V(¢)|sig(X) & Ep} defines a one-in-three model
of .

It remains to argue that the gadgets Fpy, G, ..., Fin—1, Gm—1 behave as announced. Let j €
{0,...,m — 1}. In the following, we show that if sig(k) = (1,0), then sig(X;) € Eo U {b}, and if
sig(k) = (0, 1), then sig(X;) € Ey U {1}.

To begin with, let sig(k) = (1,0). The event k occurs b times in a row at f; o and gjo and b — 1
times in a row at f; 1 0. By Lemmal[2.20/this implies sup(fj05) = sup(g;p) = 0 and sup(fj1p-1) €
{0,1}. Clearly, if sup(fj0.) = sup(fj1,5—1) = 0 then sig(X;) € Ey. We argue that sup(fj1p-1) =
1 implies sig(X;) = .
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Assume, for a contradiction, that sig(X;) # b. If sig(X;) = (m,m) for some m € {1,...,b},
then —sig™ (X;) + sig™ (X;) = |sig(X;)| = 0. By Lemma [2.20] this contradicts sup(f;op) #
sup(fj1p-1). If sig(X;) = (m,n) with m # n, then |sig(X;)| = 0. By Lemma [2.20] we have
sup(fiop) = sup(fiip-1) — sig” (X;) + sig™ (X;), which implies sig(X;) = (1,0). But, this

(1,0)

sig(X;) , since sup(g;p) = 0 and -0, in 7. Finally, if sig(X;) = e €

contradicts sup(g; )

{0,...,b—1}, then we have 14+e # 0 mod (b+1). This contradicts sup(fj717b_1)M}sup(fj,ovb).
Hence, we have sig(X;) = b. Overall, it is proven that if sig(k) = (1,0), then sig(X;) € Ey U {b}.

To continue, let sig(k) = (0,1). Similarly to the former case, by Lemma [2.20] we obtain that
sup(fjop) = sup(g;p) = band sup(fj1p—-1) € {b—1,b}. If sup(f;1—1) = b, then sig(X;) € Ey.
We show that sup(f;14—1) = b—1implies sig(X;) = 1. Assume sig(X;) = (m,n) € E..Ifm =n
orm > n, then, by sup(f;05) = sup(fji1p—1) —sig” (X;)+ sig™ (X;), we get sup(f;0p) < b. This
is a contradiction. If m < n then, by sup(g;p+1) = sup(g;p) — sig~ (X;) + sig™ (X;), we get the
contradiction sup(g;p+1) > b. Hence, sig(X;) € {0,...,b} and (b—1+|sig(X;)|) = bmod (b+1).
This implies that (b + 1) divides (|sig(X;)| — 1) and thus |sig(X;)| = 1 mod (b + 1). Consequently,
we obtain sig(X;) = 1. This shows that sig(k) = (0,1) and z € E implies sig(X;) € EqU{l}. O

Conversely, a one-in-three model of ¢ implies the 7-ESSP and the 7-SSP for U :
Lemma 4.14. If ¢ has a one-in-three model, then U, has the 7-ESSP and the 7-SSP.

Proof:
Let M be a one-in-three model of o, and let I = {hs30,0,%;0, fj,0,0,950 | 0 < j < m — 1} be the set
of the initial states of the gadgets of U..

We start with the solvability of k. The following 7-region R = (sup, sig) solves a = (k, h3 1 p—1)
and thus & completely in Hs: for all s € I, sup(s) = 0; for all e € E(U,), if e = k, then sig(e) =
(0,1);ife € {z} U (V(p) \ M), then sig(e) = 0; forall j € {0,...,m —1},ife =vjand X; € M,
then sig(e) = 0; forall j € {0,...,m —1},if e = v; and X; ¢ M, then sig(e) = 1; otherwise holds
e € M U {u}, and we define sig(e) = 1.

Notice that this region solves also a lot SSA of Uy. In particular, if go—*..._% g, then this
region solves (s, s’) forall s # s’ € {1¢,...,q}-

The following region R = (sup, sig) solves (k, s) for all remaining relevant states of U : for all
s € I, sup(s) = 0; forall e € E(U,), if e = k, then sig(e) = (0,1); if e € {z} U{vo,...,Um-1},
then sig(e) = 1; otherwise, sig(e) = 0.

We proceed with the solvability of z. Let i € {0,...,m — 1} be arbitrary but fixed. Let j,¢ €
{0,...,m — 1} \ {4} such that j # ¢ and X;, € FE(Tj) and X;, € E(T}). The following region
solves (z,s) for all s € {h3goo} U S(T;): forall s € {h30,0,%i0,t50, te0}. sup(s) = b; forall s €
{f0,00:950 7 €1{0,...,m—1}}, sup(s) = 1;foralls € {t;o | j € {0,...,m=1}}\{tio, tjo0.te0}
sup(s) = 0; for all e € E(U;), if e = z, then sig(z) = (0,b); if e = Xj,, then sig(e) = 1; if
n € {0,...,m — 1} and e = v, and X;, € E(F,), then sig(e) = b; if e = u, then sig(e) = 1;
otherwise sig(e) = 0. By the arbitrariness of i, this proves also the 7-solvability of (z, s) for all
relevant s € U;r!Ol S(Ty).
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q0 q1 q2 q3
Yo l Y1 l () l Y3 l
k
h300 — h3p1 — h3o2 fo00 — foo1 — foo2 fi00 — fi01 — fio2 Jfe00 — f201 — foo2

ul /z UOJ & /Xo vll & /X1 UQJ k /X2

h — h y
L0 St foi,0 — fo1 fiio — fi11 fea0 —— fo11
We ws Wy
(3 g5 q4
Y6 J Ys J Ya J
k k k k k k
f500 — f501 — f502 [fa00 — fi01 — fao2 300 — f301 — f302
wr
7 v | /e S vl /
k X5 koo Xy k X3
f51,0 — fs11 fap0 — fan f310 — f311
Y7 k k Xo X1 Xs z k k
q7 to,0 o1 to2 to3 to4 tos toe to,7 tos
ws
ys k k Xo Xo X3 z k k
qs t10 t1,1 t12 t13 t14 t15 t16 t17 t18
wy
Y9 k k X1 Xo X3 z k k
q9 too ta1 a2 ta3 a4 tas ta6 ta7 tas
w10
Y10 k k Xa X4 X5 z k k
q10 t3,0 31 3.2 t33 3.4 > t35 t36 t37 [ZX]
w11
Y11 k k X1 Xy X5 z k k
q11 tap ta1 ta2 a3 a4 tas (23 ta7 tag
w12
Y12 k k X3 Xy X5 z k k
q12 t5.0 t5.1 t5.2 t53 5.4 55 ts6 ts,7 58
w13 ‘
w14 w15
13 q14 15
Y13 l Y14 l Y15 l
k k Xo k k X k k X
90,0 — 901 — 902 —> 90,2 91,0 — 91,1 —> 91,2 —> 912 92,0 —> 92,1 —> 922 — G222
w1 w17 w16
q18 qi7 q16
Y18 l Y17 l Y16 l
k k X k k X k k X3

950 —> 951 —> 952 25 952 94,0 —> 94,1 —> G42 . ga2 93,0 —> 93,1 —> 932 —> g32
Figure 6: For all T € {725 pp, T2pp}, the joining J (U, ) where ¢ corresponds to Example 4.2]
Notice that if s € {h3,070, Ceey hS,O,b} and s’ € {h371,0, L. ,h3,1,b—1} orif s € {f@o,o, cey hi,O,b}

and s’ € {s;1,0,...,fi1,-1}. then this region also solves (s, s’). Thus, altogether, we already have
proven the solvability of all states of Hs, Fy, ..., Fi—1.
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The following region R = (sup, sig) solves (z, s) for all relevant s € S(Hs) \ {h30,0}: for all
selI\{tio|ie{0,...,m —1}}, sup(s) = 0;forall s € {t;o | i € {0,...,m — 1}, sup(s) = 1,
forall e € E(U,), if e = z, then sig(e) = (0,b); if e = k, then sig(k) = 1; if e = u, then u = 2;
otherwise sig(e) = 0.

The following region R = (sup, sig) solves (z,s) for all remaining relevant states: for all s €
{h37070} @] {fj7070,gj70 ‘ j € {O, e, m = 1}}, sup(s) = b; forall s € {t@o ‘ S {0, cee, M — 1},
sup(s) = 0; for all e € E(U;), if e = z, then sig(e) = (0,b); if e = u, then sig(e) = 1; otherwise,
sig(e) = 0.

We proceed by arguing for the solvability of w. The following region R = (sup, sig) solves
(u,s) forall s € {h3o1,...,hgop}: forall s € I, sup(s) = 0; forall e € E(U;), if e = u, then
sig(e) = (0,b); if e = z, then sig(e) = 2; of e = k, then sig(e) = 1; otherwise sig(e) = 0.

If b > 2, then the following region R = (sup, sig) solves (u, s) for relevant states s € S(U;) \
{h3,0,1,--.,h30p}: forall s € I, if s = ha o, then sup(s) = 0; otherwise, sup(s) = 1; for all
e € E(U;), if e = u, then sig(e) = (0,b); if e = z, then sig(e) = 1; otherwise sig(e) = 0. If b = 2,
then we additionally need a slightly modified region that maps sup(s) = 0 for all s € {t;o | j €
{0,...,m — 1}}. This proves the solvability of w.

We proceed with the solvability of the events vy, ..., v,,—1. Leti € {0,...,m — 1} be arbitrary
but fixed. The following region R = (sup, sig) solves (u;,s) forall s € {fio1,..., fiop}: for all
s € I, sup(s) = 0; forall e € E(U;), if e = w;, then sig(e) = (0,b); if e = X, then sig(e) = 2; if
e = k, then sig(e) = 1; otherwise sig(e) = 0.

If b > 2, then the following region R = (sup, sig) solves (v;, s) for all remaining relevant states
SU)\{fio1,---s fiopt: sup(fioo) = 0;forall s € I\ {fioo0}, sup(s) = 1; forall e € E(U;),
if e = w;, then sig(e) = (0,b); if e = X;, then sig(e) = 1; otherwise sig(e) = 0. If b = 2, then
we additionally need a slightly modified region that maps sup(s) = 0 for all s € {gj0,tj0 | j €
{0,...,m — 1}}. This proves the solvability of v;. Since ¢ was arbitrary, this proves the solvability of
all vy, ..., Um—1.

It is easy to see, that the variable events X, ..., X,,_1 are solvable. Thus, for the sake of sim-
plicity, we refrain from the explicit representation of the corresponding regions. Moreover, one easily
verifies that the remaining regions that complete the 7-ESSP of U, also solve the remaining SSA of
U,. Altogether, we have finally proven that if M has a one in three model, then U, has the 7-ESSP
and the 7-SSP. a

5. Polynomial time results
The following theorem states the main result of this section:

Theorem 5.1. 1. T}I’%Z pr-ESSP can be solved in time polynomial in the size of input A.

2. If 7 € {mpr, Topprs Tezpr ) then 7-SSP can be solved in time polynomial in the size of
input A.

The contribution of Theorem [3.1]is threefold. Firstly, 7-ESSP and 7-SOLVABILITY are NP-complete
for all 7 € {785y, 72 p pr} by Theorem 1l However, Theorem [5.112] states that 7-SSP is solvable in
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polynomial-time for these types. Hence, to the best of our knowledge, Theorem 3.1l discovers the first
Petri net types for which 7-SSP and 7-ESSP as well as 7-SSP and 7-SOLVABILITY provably have a
different computational complexity.

Secondly, in [8], Schmitt extended the type T}; pr by the additive group of integers modulo 2,
which leads to the tractable (super-) type to 7'% ppr- Moreover, in [9)], we argued that Schmitts ap-
proach transferred to T};T yields the tractable type 7'% pr- However, by Theorem [4.1] lifting Schmitts
technique to 7'11’3 pp and legT does not lead to superclasses with a tractable synthesis problem for all
2 < b € N. Hence, Theorem [5.]] proposes the first tractable type of b-bounded Petri nets, where
b > 2, so far. Finally, Theorem 3.1l gives us insight into which of the 7-net properties, where
T € {TII’DT, 7'11’3 pr}. cause the hardness of 7-SYNTHESIS and the corresponding separation problems.
In particular, flow arc relations (events in 7) between places and transitions in a 7-net define con-
ditions when a transition is able to fire. For example, if N is a 7-net with transition ¢ and place p
such that f(p,t) = (1,0) then the firing of ¢ in a marking M requires M (p) > 1. By Theorem [5.1]
the hardness of finding a 7-net NV for A originates from the potential possibility of T-nets to satisfy
such conditions by multiple markings M (p) € {1,...,b}. In fact, the definition of 7%, implies
that f(p,t) = (m,n) requires M (p) = m for the firing of ¢ and prohibits the possibility of multiple
choices. By Theorem [3.1] this makes T%Z pr-synthesis tractable.

While the question of whether there are superclasses of T}’,T, T}’, pp» b > 2, for which synthesis
is doable in polynomial time remains unanswered, the following lemma shows that the type T}I’%Z pr
yields at least a tractable superclasses of Schmitt’s type T%Z pr [8]. More generally, if b < b’ then the
class of T}I’%Z pp-nets is strictly more comprehensive than the class of T%Z pp-hets:

Lemma5.2. If b < I/ € N* and if 7 is the set of 75, p- -solvable TS and 77 the set of T4, pp-
solvable TS then 7 C 7.

Proof:
We present a TS A that is 7%, p,-solvable but not 7%, p-solvable: Let A = ({sq, ..., sy}, {a},d, o)
be the TS with transition function d(s;,a) = s;41 fori € {0,...,b — 1} and 6(sy,a) = so. By other

a a a

words, A is a directed labeled cycle sg sy—%.s9 where every transition is labeled by a.
Notice, that A has no ESSA. Hence, it has the 7-ESSP for every type of nets 7. Consequently, A is
T-solvable if and only if it has the 7-SSP.

Assume, for a contradiction, that A is T%Z pp-solvable. By b < ¥/, A provides the SSA (so, Sp+1)
and the T%ZPT-solvability of A implies that there is a T%ZPT-region (sup, sig) that solves it. If

sig(a) = (m,n) then sup(s1) = sup(sg) — m +n # sup(sp) and, by definition of 7%, -7,
—sup(sy) (1) This is a contradiction to s1-%,. Hence, sig(a) € {1,...,b}. By induction,

sup(sp+1) = sup(sg) + (b + 1) - sig(a) = sup(sp) mod (b + 1) implying sup(sp+1) = sup(so).
Thus, (sup, sig) does not solve (s, sp41), Which proves that A is not 7%, pp-solvable.

On the contrary, it is easy to see that the 7%, »-region (sup, sig), which is defined by sup(so) =
0, sig(a) = 1 and sup(s;+1) = sup(s;) + sig(a) fori € {0,...,b — 1}, solves every SSA of A.
Hence, A is ng pp-solvable. O
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5.1. Abstract regions and fundamental cycles

In the remainder of this paper, unless explicitly stated otherwise, we assume that A = (S, F,d,¢) is
an arbitrary but fixed (non-trivial) TS with at least two states and event set £ = {eq,...,e,}. Recall
that 7 € {7} pp, Topprs Tazpr t and b € NT are also arbitrary but fixed.

The proof of Theorem [5.1] bases on a generalization of the approach used in [8] that reduces the
solvability of ESSA and SSA to the solvability of systems of linear equations modulo b+ 1. It exploits
that the solvability of such systems is decidable in polynomial time:

Lemma 5.3. ([24])
Let M € Zlb“:f and c € Z§ 1~ There is an algorithm that decides in time O(nk - max{n, k}) whether
there is an element x € Zy ; such that Mz = c.

Essentially, our generalization composes for every ESSA and every SSA o = (z,y) of the TS
A a system of equations modulo b + 1 that has a solution if and only if « is 7-solvable. Hence, the
TS A has the 7-ESSP, respectively the 7-SSP, if and only if every system, defined by the ESSA of A,
respectively by the SSA of A, has a solution.

We proceed by deducing the notion of abstract regions. Our starting point is the goal to obtain
T-regions (sup, sig) of A as solutions of linear equation systems modulo b + 1. By Definition
and the definition of 7, (sup, sig) is a T-region of A if and only if for every transition s_¢ s’ it is true
that

sup(s') = (sup(s) — sig~(e) + sig™ (e) + |sig(e)|) mod (b+ 1) (14)

Hence, installing for every transition s—¢.s’ the corresponding Equation [14] yields a linear system
of equations whose solutions are regions of A. If (sup, sig) is a solution of this system such that
sig(e) = (m,n) € E; \ {0,...,b} for e € E(A) then, by definition, for every transition s_¢_s’ it
has to be true that m < sup(s) and sup(s’) — m + n < b. Unfortunately, the conditions m < sup(s)
and sup(s’) —m +n < b can not be tested in the group Zp 1. To cope with this obstacle, we abstract
from elements (m,n) € E; by restricting to regions (solutions) that identify (1, n) with the unique
element x € {0,...,b} such that x = (n — m) mod (b 4+ 1). This leads to the notion of abstract
T-regions.

Definition 5.4. (Abstract Region)

A T-region (sup, sig) of A = (S, E,¢,¢) is called abstract if the codomain of sig is restricted to the
elements of Zy 1, that is, sig : E — {0, ..., b}. If (sup, sig) is an abstract region, then we call sig
an abstract signature.

Remark 5.5. (Notation of abstract regions)
For the sake of clarity, we denote abstract signatures by abs instead of stg and abstract regions by
(sup, abs) instead of (sup, sig). For convenience, we also identify abs = (abs(e1), ..., abs(ey)).

By definition, two mappings sup : {0,...,b} — {0,...,b} and abs : E — {0, ...,b} define an
abstract 7-region if and only if for every transition s—¢_s’ of A it is true that

sup(s’) = (sup(s) + abs(e)) mod (b + 1) (15)
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Obviously, for abstract regions, the Equation [I4lreduces to Equation Installing for every transition
s—¢,s’" of A its corresponding Equation [T3]yields a system modulo b + 1 whose solutions are abstract
regions. However, such systems require to deal with sup and abs simultaneously, which is very
inconvenient. It is better to first obtain abs independently of sup and then to define sup with the help
of abs. The following observations show how to realize this idea.

By induction and Equation [I3] one immediately obtains that (sup, abs) is an abstract region if and

only if for every directed labeled path p = ¢, ... “™,s. of A from the initial state ¢ to the state s,,
the path equation holds:

sup(sm) = (sup(t) + abs(e}) + - - + abs(el,,)) mod (b + 1) (16)
In order to exploit Equation[16] we first introduce the following notions:

Definition 5.6. (Parikh-vector)

Let p = zp-%, ... %m 2. be a path of the TS A on pairwise distinct states zg, . .., z,,. The Parikh-
vector of p is the mapping v, : {e1,...,e,} — {0,...,b} such that ¢,(e) = [{i € {0,...,m — 1} |
zi—°.} mod (b + 1) for every event e € {ej,..., ey}, that is, 1), assigns to e the number of its
occurrences on p modulo b + 1. For convenience, we identify ¢, = (¢ (1), ..., ¢¥p(en)).

Definition 5.7. (Product)
Ifz = (1,...,2,) and y = (y1,...,yn) are two elements of Zj, ,, then we say z -y = (1 - y1 +
“+«+ Xy - Yp) mod b+ 1 is the product of x and y.

Definition [5.6/ and Definition [5.7] allow us to reformulate the path equation [I6as follows:
sup(sy,) = (sup(t) + p - abs) mod (b + 1) (17)

Notice that if p, p’ are two different paths from ¢ to s,,, then 1, - abs = 1), - abs. Thus, the
support sup is fully determined by sup(t) and abs. We obtain sup explicitly by sup(s) = (sup(t) +
Yp - abs) mod (b + 1) for all s € S, where p is an arbitrary but fixed path of A that starts at ¢ and
terminates at s. Consequently, every abstract signature abs implies b + 1 different abstract 7-regions
of A, one for every sup(t) € {0,...,b}. Altogether, we have argued that the challenge of finding
abstract regions of A reduces to the task of finding the abstract signatures of A. In the following, we
introduce the notion of fundamental cycles, defined by so-called chords of a spanning tree of A, which
enables us to find abstract signatures.

Definition 5.8. (Spanning tree, chord)

A spanning tree A’ of TS A is a sub-transition system A’ = (S, E’,d/,¢) of A with the same set of
states S, an event set £/ C F and a restricted transition function 0,4/ such that first § 4/ (s,e) = '
entails d4(s,e) = s’ and, moreover, for every s € S there is exactly one path p = - “1,... m g in
A’. Every transition s—¢s’ of A which is not in A’ is called a chord (of A).

Remark 5.9. (Parikh-vector of a state in the spanning tree)
For every s € S, by 15 we denote the Parikh-vector ¢, of the unique path p = ¢ €, ... “m,sin A’
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67’74’4

Figure 7: Left: An input TS A. Right: A spanning tree A’ of TS A. The unique Parikh vec-
tors g, ...17 of A’ (written as rows) are given by ¢y = (0,0,0,0),11 = (1,0,0,0),¢9 =
(1,1,0,0),%3 = (1,1,1,0),94 = (1,1,2,0),95 = (0,0,1,0), ¥ = (0,0,2,0) and vy =
(1,0,2,0). The transitions 04(7,d) = 4, d4(4,¢) = 2 and 04(6,c) = 0 of A define the chords
of A’. The corresponding fundamental cycles are given by ¢y = ¥7 + (0,0,0,1) — ¢4 = (0,2,0,1)
and ¥y = 14 +(0,0,1,0) — 5 = (0,0,0,0) and ¥ = v+ (0,0, 1,0)— 1 = (0,0,0,0). Hence, if
abs = (T4, Tp, Tc, Tq) then Py-abs = 0-xy+2-2p+0-xo 424 = 2-2p+24. By Yy -abs = ppr-abs = 0
for every map abs, only the equation 2 - x; + x4 = 0 contributes to the basic part of every upcoming
system.

Notice that the underlying undirected graph of A’ is a tree in the common graph-theoretical sense.
The chords of A’ are exactly the edges that induce a cycle in the underlying undirected graph of A’.
This gives rise to the following notion of fundamental cycles:

Definition 5.10. (Fundamental cycle)
Lett = s—¢.s' be a chord of A’. The fundamental cycle of t is the mapping ¢; : {e1,...,en} —
{0,...,b} that is defined as follows for all i € {1,...,n}:

¥ ( ) _ T,Z)s(ez')—¢s'(€1) mOdb+1, ifei#e
ne = s(e;) —g(e;) +1mod b+ 1, else.
For convenience, we identify ¢, = (¢r(e1), ..., ¥ (en)).

By the following lemma, we can use the fundamental cycles to generate abstract signatures of A:

Lemma 5.11. If A’ is a spanning tree of a TS A with chords t1, . .., t; then abs € Zy, 1 1s an abstract
signature of A if and only if ¢, - abs = 0 for all ¢ € {1,...,k}. Two different spanning trees A’ and
A" provide equivalent systems of equations.

Proof:

We start with proving the first statement. [f: Let abs € Zy, | such that ¢y, - abs = 0 for all i €
{1,...,k} and sup(t) € {0,...,b}. Let sup(r) € {0,...,b} be arbitrary but fixed and, for all
s € 8, let sup(s) = sup(t) + 15 - abs. We show that (sup, sig) is an abstract region of A, that
is, for all edges t = s—%.s" of A holds sup(s’) = sup(s) + abs(a) mod b + 1: By definition, we
have sup(s) = sup(t) + s - abs and sup(s’) = sup(t) + g - abs. If t is not a chord, then
g (a) = Ys(a) + 1 mod b + 1 and ¢y (e) = ¢s(e) for all e € {eq,...,e,} \ {a}. This implies
sup(s") = sup(t) + s - abs + abs(a) mod b + 1 and thus sup(s’) = sup(s) + abs(a) mod b + 1.
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Otherwise, if ¢ is a chord of A’, then it holds ¢;(a) = 1s(a) — ¥s(a) + 1 and the following
implications (considered modulo b + 1) are true:

0 =1y - abs —
0= 3 ((@sler) — Yler)) - abs(es) + abs(a) -
i=1
0= Zws(ei) -abs(e;) — Zws/(ei) -abs(e;) + abs(a) —
i=1 i=1
g - abs = 1) - abs + abs(a) =

sup(t) + g - abs = sup(t) + s - abs + abs(a)
sup(s’) = sup(s) + abs(a)

Hence, abs is an abstract signature of A and the proof shows how to get a corresponding abstract
region (sup, abs) of A.

Only-if: If abs is an abstract region of A then we have sup(s’) = sup(s) + abs(e) for every
transition in A. Hence, if t = s_¢ s’ is a chord of a spanning tree A’ of A then working backwards
the equivalent equalities above proves 1) - abs = 0.

The second statement is implied by the first: If A’, A” are two spanning trees of A with fun-

damental cycles wﬁ/, . ,wé/ and wéﬁ, .. ,w;‘i”, respectively, then we have for abs € Zjy , that
w;‘}/ ~abs = 0,71 € {1,...,k} if and only if abs is an abstract signature of A if and only if wﬁﬁ -abs =
0,i € {1,...,k} 0

In the following, justified by Lemma we assume A’ to be a fixed spanning tree of A with
chords t1,...,t;. By M4 we denote the system of equations that consists of v, - abs = 0 for all
i €{1,...,k}. A spanning tree of A is computable in polynomial time: As d4 is a function, A has
at most |E||S|? edges and A’ contains |S| — 1 edges. Thus, by 2 < |S|, A" has at most |E||S]? — 1
chords. Consequently, a spanning tree A’ of A is computable in time O(|E||S|?) [25].

To get polynomial time solvable systems of equations, we have restricted ourselves to equations
like Equation [16] or its reformulated version Equation This restriction results in the challenge to
compute abstract signatures of A. By Lemma [5.11] abstract signatures of A are solutions of M 4.
We get an (abstract) 7-region (sup, abs) of A from sup(¢) and abs by defining sup(¢) and sup(s) =
sup(t) + 15 - abs for all s € S. However, if (s,s’) is an SSA of A then sup(s) # sup(s’) is not
implied. Moreover, by definition, to solve an ESSA (e, s), we need (concrete) 7-regions (sup, sig)
such that sig : E — E.. The next section shows how to extend M 4/ to get such solving T-regions.

5.2. The Proof of Theorem 5.1]

This section shows how to extend M4 for a given (E)SSA « to get a system M,, whose solution
yields a region solving « if there is one. But first we need the following lemma that tells us how to
obtain abstract regions from (concrete) regions:
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Lemma 5.12. If (sup, sig) is a 7-region of a TS A = (S, E, 0,¢) then we obtain a corresponding
abstract 7-region (sup, abs) by defining abs for e € E as follows: If sig(e) = (m,n) then abs(e) =
—m + n mod (b + 1) and, otherwise, if sig(e) € {0,...,b} then abs(e) = sig(e).

Proof:

We have to show that s—¢ s’ in A entails sup(s) abs(e) sup(s’) in 7. If abs(e) = sig(e) € {0,...,b}

this is true as (sup, sig) is a T-region.

If sig(e) = (m,n) then, by definition, we have sup(s’) = sup(s) —m+n mod (b+ 1) implying
sup(s') — sup(s) = —m +mnmod (b+ 1). By abs(e) = —m + n mod (b + 1) and symmetry, we get
—m+n = abs(e) mod (b+ 1) and, by transitivity, we obtain sup(s’) — sup(s) = abs(e) mod (b+1)

which implies sup(s’) = sup(s) + abs(e) mod (b + 1). Thus sup(s) abs(e) sup(s'). 0

If v is an SSA (s, s’) then we only need to assure that the (abstract) region (sup, abs) built on
a solution of My satisfies sup(s) # sup(s’). By sup(s) = sup(t) + 15 - abs and sup(s’) =
sup(t) + g - abs, it is sufficient to extend M 4/ in a way that ensures 15 - abs # ¢ - abs. The next
lemma proves this claim.

Lemma 5.13. If 7 € {7057, 70 ppp, Toypr ) then an SSA (s,s) of A = (S, E,6,1) is T-solvable if
and only if there is an abstract signature abs of A with 1 - abs # 1y - abs.

Proof:

If: If abs is an abstract signature with 15+ abs # 1 -abs then the 7-region (sup, abs) with sup(t) = 0
and sup(s) = 1, - abs satisfies sup(s) # sup(s’). Only-if: If (sup, sig) is a T-region then we obtain
a corresponding abstract T-region (sup, abs) as defined in Lemma[5.12] Clearly, abs is an abstract
signature and satisfies the path equations. Consequently, by sup(sg)+s-abs = sup(s) # sup(s') =
sup(sg) + 1 - abs, we have that 15 - abs # 1y - abs. O

The next lemma applies Lemmal[5.13]to get a polynomial time algorithm which decides the 7-SSP
if 7 € {1dpp, 5 —
ZPT> TZPPTs TRZPT

Lemma 5.14. If 7 € {357, 5 pprps T%ZPT} then to decide whether a TS A = (S, E, ,¢) has the
7-SSP is doable in time O(|E|? - |S]5.).

Proof:

If o = (s, ") is an SSA of A then the (basic) part M 4 of M, consists of at most | E|-|S|? — 1 equations
for the fundamental cycles. To satisfy s - abs # )¢ - abs, we add the equation (s — ¥s) - abs = g,
where initially ¢ = 1, and get (the first possible) M. A solution of M, provides an abstract region
satisfying 15 # 1. By Lemma[3.13] this proves the solvability of «. If M, is not solvable then
we modify M, to M/ simply by incrementing ¢ and try to solve M/ . Either we get a solution or
we modify M/, to M/ by incrementing g again. By Lemma[5.13] if (s, s’) is solvable then there is a
q € {1,...,b} such that the corresponding (modified) system has a solution. Hence, after at most b
iterations we can decide whether (s, s’) is solvable or not. Consequently, we have to solve at most b
linear systems with at most |E| - |:S|? equations for (s, s’). The value b is not part of the input. Thus,



162 R. Tredup | The Complexity of Synthesis of b-Bounded Petri Nets

by Lemma [5.3] this is doable in O(|E|? - |S|*) time. We have at most |S|? different SSA to solve.
Hence, we can decide the 7-SSP in time O(|E|? - |S|°). O

As a next step, we let 7 = T%Z pr and prove the polynomial time decidability of 7-ESSP. Let « be
an ESSA (e, s) and let s1, ..., s be the sources of e in A. By definition, a 7-region (sup, sig) solves

« if and only if sig(e) = (m,n) and —sup(s) 519) for a (m,n) € E;. By definition of 7, every

element (m,n) € E. occurs at exactly one state in 7 and this state is m. Hence, sup(s;) = -+ =
sup(sg) = m and sup(s) # m. We base the following lemma on this simple observation. It provides
necessary and sufficient conditions that an abstract region must fulfill to imply a solving (concrete)
region.

Lemma 5.15. Let 7 = 74,0 and A = (S, E,0,¢) be a TS and let s1-¢.s}, ..., s5 s} be the
e-labeled transitions in A, that is, if s’ € S\ {s1,..., s} then =s'_,. The atom (e, s) is T-solvable
if and only if there is an event (m,n) € E. and an abstract region (sup,abs) of A such that the
following conditions are satisfied:

1. abs(e) = —m +mnmod (b+ 1),
2. g, -abs = m — sup(t) mod (b+ 1),
3. (s, —s;) -abs =0mod (b+ 1) fori € {2,... k}

4. (s, —1s) - abs # 0mod (b+ 1).

Proof:
If: Let (sup, abs) be an abstract region that satisfies the conditions 1-4. We obtain a 7-solving region
(sup, sig) with (the same support and) the signature sig defined by sig(e’) = abs(¢’) if ¢/ # e and

sig(e') = (m,n) if ¢ = e. To argue that (sup, sig) is a T-region we have to argue that ¢_¢ ¢/ in A

implies sup(q) sg(@) sup(q’). As (sup, abs) is an abstract region this is already clear for transitions

q-% ¢ where ¢/ # e. Moreover, (sup, abs) satisfies 5, - abs = m — sup(¢) mod (b + 1) and the
path equation holds, that is, sup(s1) = sup(t) + s, - abs mod (b + 1) which implies sup(s;) =
(m,n)

m. Consequently, by definition of 7, we have sup(s;) — % n in 7. Furthermore, by abs(e) =

abs(e)

—m 4+ nmod (b+ 1) we have m + abs(e) = n mod (b + 1). Hence, by sup(s1) —— sup(s}), we

conclude sup(s}) = n and, thus, sup(s1) (m,n) sup(s)). By (s, — 1s,) - abs = 0 mod (b + 1) for

i €{2,...,k}, weobtain that sup(s1) = - - - = sup(si) = m. Therefore, similar to the discussion for

s1-¢.s!, we obtain by sup(s;) abs(e) sup(s}) that the transitions sup(s;) (m,n) sup(s}) are present

in7fori € {2,...,k}. Consequently, (sup, sig) is a T-region.

Finally, by (¢5, —1)5)-abs # 0 mod (b+1), have that sup(s;) # sup(s) and thus —~sup(s) sigle) |
This proves (e, s) to be T-solvable by (sup, sig).
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Only-if: Let (sup, sig) be a T-region that solves (e, s) implying, by definition, —sup(s) sigle)

We use (sup, sig) to define a corresponding abstract 7-region (sup, abs) in accordance to Lemmal[5.12

If sig(e) € {0,...,b} then sup(s) M, a contradiction. Hence, it is sig(e) = (m,n) € E; such

that sup(s;) ) por e {1,...,k} and —sup(s) () Thig immediately implies sup(s) #
sup(s1) and, hence, (v5, — ¥s) - abs # 0mod (b + 1). By sup(s;) mgup(sg) and definition
of 7, we have that sup(s;) = m and sup(s,) = n fori € {1,...,k} implying (5, — ¥s,) -

abs(e)

abs = 0mod (b+ 1) fori € {2,...,k}. Moreover, by sup(s1) — 2 sup(s}) we have abs(e) =
sup(s}) — sup(s1) mod (b + 1). Hence, it is abs(e) = —m + n-mod (b + 1). Finally, by the path
equation, we have sup(s1) = sup(t) + 95, - abs mod (b + 1) which with sup(s;) = m implies
s, - abs = m — sup(t) mod (b + 1). This proves the lemma. O

The proof of the following lemma exhibits a polynomial time decision algorithm for the T%Z P
ESSP: Given a TS A = (S, E,6,¢) and a corresponding ESSA a, the system M 4/ is extended to a
system M,. If M, has a solution abs, then it implies a region (sup, abs) satisfying the conditions
of Lemma [5.13] and thus implies the 7-solvability of .. Conversely, if « is solvable, then there is an
abstract region (sup, abs) that satisfies the four conditions of by Lemma[5.15l The abstract signature
abs is the solution of a corresponding equation system M. Hence, we get a solvable M,, if and only
if «v is solvable. We argue that the number of possible systems is bounded polynomially in the size of
A. The solvability of every system is also decidable in polynomial time. Consequently, by the at most
|E| - |.S| ESSA to solve, this yields the announced decision procedure.

Lemma 5.16. If a TS A = (S, E, 6, ) has the 75, »-ESSP is decidable in time O(|E|* - |S]?).

Proof:

To estimate the computational complexity of deciding the T}b%Z pr-ESSP for A observe that A has at
most | S| - |E| ESSA to solve. Hence, the maximum costs of deciding the 75, »~-ESSP for A equals
|S| - | E'| times the maximum effort for a single atom.

In order to decide the T-solvability of a single ESSA (e, s), we compose systems in accordance to
Lemma[5.73l The maximum costs can be estimated as follows: The (basic) part M4, of M, has at
most | E|-|S|? equations. Moreover, e occurs at most at | S| —1 states. This makes at most |.S| equations
to ensure that e’s sources will have the same support, the third condition of Lemma[3.13l According
to the first and the second condition, we choose an event (m,n) € E,, a value sup(c) € {0,...,b},
define abs(e) = —m+mn mod (b+ 1) and add the corresponding equation s, -abs = m — sup(¢). For
the fourth condition we choose a fixed value ¢ € {1, ..., b} and add the equation (¢5, —15) - abs = q.
Hence, the system has at most 2 - |E| - |S|? equations.

By Lemma [5.3] one checks in time O(|E|? - |S|*) if such a system has a solution. Notice, we
use that 2 - |E| - |S|? = maz{|E|,2 - |E| - |S|*}. There are at most (b + 1) possibilities to choose
a corresponding (m,n) € E; and only b 4 1 possible values for = and for ¢, respectively. Hence,
for a fixed atom (e, s), we have to solve at most (b + 1)* such systems and b is not part of the input.
Consequently, we can decide in time O(|E|? - |S|*) if (e, s) is solvable. A provides at most |S| - |E|
ESSA. Hence, the 7%, »-ESSP for A is decidable in time O(|E|* - [S]%). O



164 R. Tredup | The Complexity of Synthesis of b-Bounded Petri Nets

The following lemma completes the proof of Theorem and, moreover, shows that T}b%z T
SYNTHESIS is solvable in polynomial time.

Corollary 5.17. There is an algorithm that constructs, fora TS A = (S, E,d,1), a T%Z pp-net N with
a state graph A isomorphic to A if it exists in time O(|E}3 - | S| - maz{|E|, |S|}).

Proof:

By [6], if R is a set of regions of A containing for each ESSP and SSA of A a solving region, respec-
tively, then the 7-net NX = (R, E(A), f, Mo), where f((sup, sig),e) = sig(e) and Mo ((sup, sig)) =
sup(e) for (sup, sig) € R,e € E(A), has a state graph isomorphic to A. Hence, the corollary follows
from Lemma[5.14]and Lemma[5.16l O

Example 5.18. We pick up our running example TS A and its spanning tree of Figure[7l We present
two steps of the method given by Lemma [5.16] for the type 77 and check 72-solvability of the ESSA
(c,1).

For a start, we choose (m,n) = (0,1) and sup(0) = 0 and determine abs(c) = -0+ 1 =1
which yields abs = (x4, zp, 1, 24). We have to add v - abs = m — sup(0) = 0 which, by ¢y =
(0,0,0,0), is always true and do not contribute to the system. Moreover, for i € {0,2,3,4,5,6}, we
add the equation (19 — v;) - abs = 0. We have ¢y — ¢¥g = (0,0,—2,0) and (0,0, —2,0) - abs =
0 24 —0-2, —2—0-x4 = 0 yields a contradiction. Hence, (c, 1) is not solvable by a region
(sup, sig) where sup(0) = 0 and sig(c) = (0,1). Similarly, we obtain that the system corresponding
to sup(0) € {1,2} and sig(c) = (0,1) is also not solvable.

For another try, we choose (m,n) = (2,2) and sup(0) = 2. In accordance to the first and
the second condition of Lemma [5.15] this determines abs = (x4, xp,0,z4) and yields the equation
g - abs = m — sup(0) = 2 — 2 = 0 which is always true. For the fourth condition, we pick ¢ = 2
and add the equation (19 — 1) - abs = 2 -z, = 2. Finally, for the third condition, we add for
i €{0,2,3,4,5,6} the equation (¢9 — v;) - abs = 0 and obtain the following system of equations
modulo (b + 1):

Yy - abs = 2-xp + x4 =0
(Yo — 1) -abs =2 -z, =2
(o — h9) - abs =2 -z, +2-x =0
(Yo —93) - abs = 2 - x4 + 212 +2-0 =0
(o — 1by) -abs = 2 - x4 +2-1 +1-0
(o — 1s) - abs = 2.0 =0
(o — tg) - abs = 1-0 =

This system is solvable by abs = (1,2,0,2). We construct a region in accordance to the proof of
Lemma 5.5} By sup(0) = 2 we obtain sup(l) = 2 + 1 - abs = 2+ (1,0,0,0) - (1,2,0,2) = 0.
Similarly, by sup(i) = 2 + 1; - abs for i € {2,...,7} we obtain sup(2) = sup(3) = sup(4) =
sup(5) = sup(6) = 2 and sup(7) = 0. Hence, by defining sig(c) = (2,2), sig(a) = 1, sig(b) = 2
and sig(d) = 2 we obtain a fitting 7%, »-region (sup, sig) that solves (c, 1).
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6. Conclusion

In this paper, for all b € N, we completely characterize the computational complexity of 7-SSP and
7-ESSP and 7-SOLVABILITY for the types of pure b-bounded P/T-nets, b-bounded P/T-nets and their
corresponding Zp1-extensions. This answers an open problem posed by Schlachter et al. in [[17].

Some open problems in the field of Petri net synthesis concern the computational complexity of
T-synthesis up to language equivalence (T-LANGUAGE SYNTHESIS) and 7-synthesis from modal TS
(T-MODAL SYNTHESIS):

7-LANGUAGE SYNTHESIS is the task to find for a given TS A = (S, E,d,¢) a 7-net N whose
state graph Ay has the same language as A, that is, L(Ay) = L(A). If there is a sought 7-net N for
A, then A is called T-solvable up to language equivalence. To attack this problem, in [6] p. 164], the
language L(A) of A is viewed as the TS Ly = (L(A), E,dr,¢) where 01, (w,e) = we if and only if
we € L(A). By the result of [6, p. 164], there is a 7-net N that solves A up to language equivalence
if and only if the TS L 4 has the 7-ESSP. Since there might be exponentially (or even infinite) many
paths in A, computing L 4 and then checking the ESSP yields an algorithm that, in general, is at least
exponential in the size of A. Anyway, the exact computational complexity of 7-language synthesis
has not yet been proven, and, so far, there has been also no lower bound. For 7 € {75, 75571,
our results imply a lower bound, to be seen as follows: If A = 591,57 “2,... °n g, is a linear TS,
then Ly = e L.e1-%,... e ...¢, (the states of L4 are e; and ejeg and ... and e;...e,). In
particular, it is easy to see that A and L 4 are isomorphic. Consequently, by [6, p. 164], a linear TS
A is T-solvable up to language equivalence if and only if it has the 7-ESSP. Thus, by Theorem
T-language synthesis is NP-hard, since there is a trivial reduction from 7-ESSP to 7-LANGUAGE
SYNTHESIS.

7-modal synthesis [[17] is the task to find for a given modal TS M a T-net N such that the state
graph Ay implements A: A modal TS M = (S, E, Smust, Omay, So) has a set of states S, events E,
an initial state sg, a (partial) function st : S X E — S that defines the must-edges and a (partial)
function d,qy : S X B — S that defines the may edges of A; moreover, 0,5t and 0,4,y satisfy that
if Opust(s,e) = &', then dpnqay(s,e) = &', that is, every must-arc is a may-arc, but not every may-
arc is necessarily a must-arc. A TS A that has the same event set as M implements M if a relation
R C M(S) x A(S) exists such that (sg ar,¢) € R and forall (s,q) € Rand e € E(M) = E(A) the
following holds:

1. If §pust(s,€) = &', then there is a ¢’ € S(A) such that d4(q,e) = ¢’ and (s',¢') € R.
2. If 64(q,e) = ¢, then there is a s € S(M) such that 4, (s,€) = s" and (s, ¢') € R.

If there is a searched net NV for M, then M is called 7-implementable. The computational complexity
of 7-modal synthesis has been stated as an open problem in [17]. While at least an (exponential)
upper bound is given in [[17], a lower bound has not yet been stated. Our results imply a lower bound
fort € {TIIZ-,T, T]IZ-, prt- This can bee seen as follows: Every TS A can be interpreted as a modal TS
where the must-edges and the may-edges coincide. For such a TS, the just introduced implementation
relation then reduces to the well known relation of bisimulation [26) p. 22]. Moreover, it is also known
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that deterministic TS Ay and A; are bisimilar if and only if they are language equivalent (also-called
trace equivalent) 26, p. 26].

Altogether, we have justified that a linear TS A has the 7-ESSP if and only if it is 7-solvable up
to language equivalence if and only if, interpreted as modal TS, it is implementable by the state graph
Ap of a 7-net N. Thus, for 7 € {legT, T]IZ-, pr}. the following theorem is a corollary of Theorem
and, at least, gives lower bounds for the computational complexity of both 7-language synthesis and
7-modal synthesis:

Theorem 6.1. Let 7 € {7%, 7% 5 }. Deciding for a TS A if it is 7-solvable up to language equiva-
lence or deciding for a modal TS M if it is 7-implementable is NP-hard.

It remains for future work to settle the exact complexity of 7-language synthesis and 7-modal
synthesis. Moreover, one might investigate if 7-SOLVABILITY and 7-ESSP remain NP-complete for
1-grade TS if 7 € {75 pp, Toppr}-
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